Math 5652: Introduction to Stochastic Processes: Spring 2008
Homework Assignment 4 (due on Tuesday, March 25).

60 points are distributed between 4 problems, 15 points each. Problems 1 and 2 are taken from
the textbook by R. Durrett (Exercises 9.32 and 9.48 in Section 1.9).

1. Ehrenfest chain. Consider the Ehrenfest chain with thansition probability
p(i,i+1)=(N—14)/N, and p(i,i—1)=i/N for 0<i<N.

Let p, = E.(X,). (a) Show that p,+1 =1+ (1 —2/N)u,. (b) Use this and induction to conclude
that N 5
= (1— —> ~ N/2).
=7+ (1-5) @=-N/2)
2. Consider the Markov chain with state space S = {0, 1,2,...} and transition probability

p(m,m+1):1<1—;) for m>0

2 m+2

and p(0,0) =1 —p(0,1) = 3/4. Find the stationary distribution .
3. Consider the Markov chain with state space S = {0,1,2,...} and transition probability

1
par+l) =pler+2 =5, w20

Find
Ey(Ty), where Tnx =min{n>0: X, >N}, N>1.
4. Show that for arbitrarily small € € (0, 1), there is a random variable Y with distribution

[e.9]

ap=PY =k), k=012, Y a=1ao>0,
k=0

such that p = E(Y) = 1, E(|[Y]*™°) < oo, and the corresponding branching process starting from
Xo = 1 satisfies
Ei(Ty) < oo, where Ty=inf{n >0: X, =0}.
Hint. Try Y with ¢(¢) = E(t") satisfying
at oo+ 1)
gOll(t):C-(l—t)fa:C- [14_?4_(2—')_'_...}’
where 0 < a < ¢, and ¢ = const > 0. Use one of the following two facts:

(I If ¢,>0 and Cnt1 <1- T forall n >1 with = =const > 1, then ch < 0.
Cn n
n=0
(I1) If ¢,>0 and Entl > 12 forall n>1 with ~=const <1, then ch = 00.
Cn n



