Math 8583, Fall 2001

Problems for Final Exam (due on Friday, December 21, till 3:30 pm)

The exam consists of 5 problems, 10 points each. The adjusted score for the course is
S=(sum of 2 best HW)*34(Midterm)*5+ (Final)*9.

1. Let functions a;; = a;j(z,t), 4,5 =1,2,---,n be defined for z € R*,¢ > 0, and let

n n
aij = aji, Z al; <v7?, and Z ai;j&& > v|Ef? forall € €R” (1)
i,j=1 6,j=1
with a constant v € (0,1]. Consider the function

2
lz]

Kop(z,t)=t"% 5, ze€R" t>0.

Show that there exist positive constants «y, s, 51, B2, depending only on n and v, such that for all
reR" t>0,

a n
LK, g (z,t) := (E — Z aijDij) Ko, p,(z,t) >0, LK,,g,(z,t) <O0.
ij=1

2. Use the previous result to show that the problem
Lu=0 in Hp:=R"x(0,7), wu(z,00=0

has at most one solution in the class of functions u € C*! (Hy)NC (H—T) , satisfying the inequality
lu(z,t)| < Nexp (a \x\2) in Hr with some positive constants N and a.

3. Let Q be a connected open set in R*, and let u € C? () satisfy

Lu:=— Z a;;Diju + ZbiDiu +cu<0 in Q and supu=u(z) =0, €,

ij—=1 i=1 Q

where a;; satisfy (1) and b;, ¢ are bounded in 2. Show that v =0 in Q.

4. Show that there are no strictly positive solutions of the equation
Ay = u? on R".
Hints. Step 1 (3 points). Show that the function
vo(@)=(1—-z?)""  satisfies  Avg< Nov? in By ={|z| <1}, where No=Ny(n).
Step 2 (2 points). For some positive constants r and ¢, the function
v (z) = evy (r'z) satisfies Av <v? in B,={z] <r}.

Step 8 (5 points). Do the rest.
(over)



5. Let Q be a bounded open set in R™, such that for any zy € 052, the ball B, (xy) :=
{z € R": |z — x| < r} contains a smaller ball B, (yo) of radius Ar, which does not intersect 2,
i.e. By (v0) C By (z0) \ Q. Here r € (0,1] and A € (0,1/2] are fixed constants not depending on
zo € 0Q. Let u € C?(Q) N C (©2) be a solution to the problem

Lu=— Z a,-jDiju = f in Q, u=0 on 89,

7,7=1
where a;; satisfy (1), and f is such that
f=0 in Q :={zreQ: dist (z,00) >r}, |f|<1 on Q\Q".

Show that |u| < Nr? with a constant N depending only on n, v, \.

(Partial credit of 5 points for solution in a particular case Q2 = B;(0).)

For solving this problem, one can use the following

Lemma. Let coefficients of operator L := — ) a;;D;; be defined and satisfy (1) in an open set
Q C R™, and xg,yo € R™\ Q and constants r > 0, X € (0,1/2] be such that By, (yo) C B, (zo) \ Q2.
Then for arbitrary function v € C* (Q)NC (ﬁ) such that

Lv=— Z aijDijv S 0 in QN B47- (.’l?()) , U S 0 on (8Q) N B47- (330) ,

i,j=1

we have

sup vt <6. sup o,

QN By (xo) QNBar(xo)

where vt =max (v,0), and 6 € (0,1) is a constant depending only on n,v and ).
Proof of Lemma. Without loss of generality, we may assume

r=1, y=0, and M:= sup v>0.
QOB4(1‘0)

From our assumptions it follows
B,\ (0) C Bl (IL'()) \ QcC B1 (370) C B2 (O) C B3 (0) C B4 (.To) .
Choose m = m (n,v) > 0 such that L (Jz] ™) < 0 for z # 0, and consider the function

M _
wI:U—W(Aim—‘QA m) in Q,:QmBg(O)CQﬂB4($0)
It is easy to see that
Lw<0 in €, v<0 on 0.

By the maximum principle, w < 0 in €. Therefore,

M
= (A™™ —|z[ ™) <OM in (2N B () C (2N By (0))
with \-m _ 9-m
3w



