Math 8583: Theory of Partial Differential Equations: Fall 2003
Solutions for Midterm Exam

1. Let uq,us,... be sequence of harmonic functions, which is defined on the ball
By :={x € R": |z| < 2} and converges to a harmonic function u in L?*(By), i.e.

/|uk—u|2d:v—>0 as k — o0.
Ba

Show that sup |uy — u| — 0 as k — 0.
|z<1

Solution is similar to Drill Problem 1 (iv).

O
2. Show that there are no positive classical solutions u = u(t, z) to the Cauchy problem
Uy = Uy, in (0,1) x RY, (0, 7) = exp(a?).
Solution: see solution to Drill Problem 2.
3. Let f(x) = e~17” on R™. Find the convolution f * f.
Solution. We know that the fundamental solution to the heat equation,
n 22
[(t,x) = (4rt) 2 e %, t>0, has Fourier transform F[I' (¢,-)](&) = ¢ .
Since f(z) = e *" = 73T (1,2), we have
W)’ ¢2 1
Fpf) = FU-Ff = (xfeT) —wes = [or (5]
1 n/2 22
f*f(r) = =" (5,1’) = <g> ez
O

4. Let u,v be functions with compact support in (—1,1) € R!, such that

[u]o.0 = supw_uiy)| < oo, and [v]og < o0,
wty T =Yl
with some constants «, 3 € (0,1). Show that in the case o+ 3 < 1, the function w := u* v satisfies

[w]O,a-&-ﬁ < 0.

Solution: see solution to Drill Problem 5 (i).



5. For given constants A > 0 and R > 0, let €2 be the cylinder
Q:={zx=(a",x,) eR": 2| <1, |z,| < A}.
Let u be a function in C2(Q2), such that
u>0, Lu= Z a;Diju<0 in Q, and w>1 on (99Q)N{|z,| = A},
ij=1

where the matrix a = [a;;] satisfies the uniform ellipticity condition

ai; = azi, vIE]* < (ag &) <vTUEP,
with a constant v € (0, 1]. Show that

u(0) > ¢ =c¢(n,v, A) > 0.

Solution. We will solve this problem in two different ways.
1st solution. Introduce the function
n—1
v(r) = v(2/,1,) = ¢" cosh(\z,), where ¢q:=1—|2'?=1- ZJ??,
j=1

and the constants p > 2 and A > 1 will be selected below. For 1 <14,7 <n — 1, we have

Dw = —2uz;-¢" 'cosh(Az,), Dijv = [4u(p — 1)ziz; — 2pq;5] - ¢* 2 cosh(Azy,),
Dipv = —2pAz; - ¢ 'sinh(Az,), Dpnv = A2g" cosh(Axz,,).

Further, denote w := ¢*~2 cosh(A\z,,) and

& = —20pux; for i<n-—1, x,: =M\, where @:=tanh(\z,) € (—1,1).

Then
Djjv = [&& + 4p%(1 — 02)xixj —dpxxy —2pq6;) - w  for 0,5 <n—1,
Do = && -w for i <n—1, Dnnvzfi'w.
Using matrix notations with matrices a := [a;|?,_; and @’ := [a;]}';L;, we can write
Lv = (aDv, Dv) = [(a&, &) + 4(1 — 0*)p? - (a2, 2") — 4p - (a2, 2") — 2uq - trd] - w.
Here

(ag, €) vIE? = b - 2] + A,

>
vl < (dd, ) <v )R, trd < (-1



Then
Lo > [vN2@ +dvp® - |2 —dv - |2/ = 2(n — 1)vug] - w = Qu,

where
Q=Qu A\ q) =vX¢ +4p- (vp—v™) - (1—q) —2(n— v 'pug.
It is easy to see that one can choose p = p(n,v) > 1, such that

1
Qu, A q) 2 Q1 0,9) 20 for 0<g=; andall A
and then A = A(n,v) > 1, such that
1

QuAq) 20 for o <g<1.

Then Lv > Qw >0 > Luin Q = {|2/| < 1, |x,| < A}, and also
1
u>cv on 0f, where c=c(n,v,A):= m > 0.

By the comparison principle, © > cv in €2, hence u(0) > cv(0) = ¢ > 0. 0O

2nd solution involves more general arguments, which also work in many other situations. After
we prove the following lemma and its corollary, the solution itself becomes very short.

Lemma. There exists a constant v = y(n,v) > 0 such that the function v(x) := |z|™7 satisfies
Lv(z) > 0 for x # 0, where Lv := (aD, Dv) and a = [a;;j(x)] is the matriz function satisfying the
uniform ellipticity condition

vIE] < (ag,€) <vTHEP forall EERT,

with a constant v € (0, 1].
Proof. We have

Dw(x) = —la| 2, Dyv(x) =ylz| 72 [(w 2>% ~ %l
xr
o ar,xr Y _
L) = Alel 2 [0+ 95 tra] 2 9lel 7 [+ 2 -] > 0
for x # 0, provided v > nv=2 > 0. O

Corollary. Let u € C? (Q)NC(Q), u >0 and Lu = (aD, Du) <0 in Q. Lety € R™ and r > 0

loc
be such that
u>M=const >0 on (0Q)NBy(y), and QN B.(y)N{u< M} =10.

Then
QN By (y) N{u< M} =0,

where the constant 0 = 0(n,v) € (0,1). In other words, w > OM on the set QN Ba,.(y), if this set is
non-empty.



Proof. Without loss of generality, we may assume y = 0,7 = 1, and M = 1. Consider the

function
|x|7'y —477 /
w(x) = i on the set Q' := QN By(0) N {u < 1},
where v = (n,v) > 0 is the constant in the previous lemma. We assume that ' is non-empty,
because otherwise there is nothing to prove. By our assumptions,

NB0)=0NB(0)N{u<1} =0,

hence 09 C B4(0) \ B1(0). Moreover,

v = 1>w on (9)N(B4(0)\ Bi(0)),
u > 0=w on (9Q)NIB40),

ie. u > w on 0FY. In addition, Lu < 0 < Lw in €. By the comparison principle, we get v > w in

€Y. Note that
2= _ 4

1—4-
hence u > w > 6 in ' N By(0), which yields the desired property

w(z) >0 =0(n,v):= € (0,1) for 0<|z| <2,

QN By (0)N{u <0} =2 NBy(0)N{u<0}=0.

Corollary is proved. O

Solution to Problem 5. Fix the minimal natural number m > 4A, take r := % € (O, l} , and

4
consider the sequence of balls
B.(P;), j=0,1,---,m, where P;:=(0,(m+1—j)r)eR"

The union of these balls looks like a “caterpillar” with its “head” B,.(Fp) being outside of
Q={]2'| <1, |z,| < A=mr}, the “neck” B,(P;) penetrating through the disk {|z'| < 1, =, = A}
which is a portion of 02 with boundary values u > 1, the rest of the “body”, B,(P;) C  for
Jj=2,3,---,m, and finally, the “tail” B,.(F,,) touching the origin, i.e. 0 € dB,.(P,,). Using the
previous corollary with y = Py, M = 1, we get

u>60=0(n,v)e (0,1) on QN By (F) DN B.(P).
Then we can use it again with y = P;, M = 6:
u>60> on QN By (P) D B.(P).
Continuing this procedure, we have u > 67 on B,(F;) for j =2,3,---,m, and finally,

w(0) > inf uw>60"=:c=c(n,v,A) > 0.
Br(Pm)



