Math 8583: Theory of Partial Differential Equation: Fall 2003
Homework 2. Problems and Solutions

1. Show that (n — 1)- dimensional surface area of 0B; := {x € R" : |z| = 1} is

(e 9]

,  where I'(a) ::/t“_le_tdt for a>0.

0

27/

r(z)

Wp = |8B1| =

Solution. Using the polar coordinates in R”, and then substituting » = (225)%, we obtain

n :I,’Q T 7*2 < 7,.2
(2m)2 = /exp (_7> dr = /dr / exp <—5) ds, = / |0B,| - exp (_E) dr
0 OB, 0

R
= |0By]- /r"l - exp (—5) dr = |0B,|-227" /t2letdt = |0B,]-227'T <§> :
0 0
and the desired equality follows. O

2. Let u(z) be a harmonic function in a ball By := {x € R" : |z| < R}. Show that for
0<a<b<c< R, with b?> = ac, we have

/ u(aw) - u(cw) dS,, = / u?(bw) dS,.
0B, 9B,

Solution. We know (see solutions to Drill Problem 1 (i-iv)) that the function u is represented
in the form

u(z) =Y Pi(zr) in Bg (1)

where for each k, P, is a homogeneous harmonic polynomial of degree k. Moreover, the convergence
in (1) is uniform on any ball B, with r < R, and polynomials {P;} are orthogonal in L*(0B,):

/Pjpkdsx:o for j#£k r>0.

0B,

The uniform convergence of the series (1) means

lim sup |S,, —u| =0 for 0<r< R, where S, =5,(x):= ZPk(a:)

m—0o0 Br



For any m > 0, we have

L, : = / Sm(aw) - Sy (ew) dS,, = / ZPj(aw) : Z Py(cw) dS,

9B, oB, 170 k=0
_ Zajck/Pj(w)Pk(w) dsw:Z(ac)k/Pg(w) dSw:sz’“/P,f(w) ds.,
k=0 5B, k=0 0B k=0 oB,
R, : = / S2 (bw) dS,, = / > Pi(bw) - Y Pi(bw) dS,
0B, oB, 770 k=0
— ij+k/13j(w)Pk(w) dSw:Zb%/P,f(w) dS.,,
J,k=0 9B, k=0 5B,

ie. L,, = R, for all m. By the uniform convergence S,, — u on compact subsets of B, L,, and
R,, converge correspondingly to the left and right sides in our formula:

/u(aw)-u(cw) dS, = lim L, = lim R, = /u2(bw) ds,.

o m—o00 m—o00 o
|
3. Let f(z) be a function in C§°(R'). For 0 < a < 1, define
(£l = sup |[f(z+h) = f(2)| o — sup LE TR —2f(@) + flz = h)] @)
Y o] Y [fa]e '

(i) Show that [f]% < 2-[f]a-
(ii) For 0 < a < 1, show that [f], < N - [f]%, with a constant N depending only on «a.

Solution. For functions f defined on R, and x, h € RY, define T, f(z) := f(z + h), If(x) :=
Tof(x) = f(z). It is easy to see that

[flo =suph™|[(Th = Dfllee,  [fIa =suph™?||(Th — 1)*flloc, where ||| :=sup]-|.
h>0 h>0

Rl

(i) follows immediately from
(T = 1) flloo = I1(Th = DT = D )lloe < 2/(Th = 1) f]oc-
(ii) Using the algebraic identities
1
= I=5lT =)= (M= 17, Ty =Tu,
we can write

1T = Dflloe = 5l1(Ton = 1) = (T = 12l < ST = Dl + 51T~ 177l



and for arbitrary h > 0,

h= (T = 1) fl 2070 (20) 7 |(Ton = D flloo + 271 B ||(Th = 1)*f]

<
< 270 [fla+ 270 [fla

Note that the right-hand side does not depend on h > 0. Since f € C§°, the seminorm |[f], is finite,
and moreover,

[fla =sup h™|[(Th = 1) flloo <277 [fla + 27" [f]5-
h>0
Finally, since a < 1, we have 2°7! < 1, and
2-1 1

[f]aSN[f]27 where N::1_2a71:2_2a<

Q.

4. Consider the function
f(z):=xln|z| for 0<|z|<1, f(z)=0 otherwise.

Show that the quantities in (2) with o = 1 are such that [f]; = oo, while [f]} < oo.
Solution. The first property of the function f is obvious:

[.ﬂl := sup |f($+}|l})L|_ f(x)‘ > sup ‘f(h) — f(O)‘ = sup |1nh| = 0.

h 0<h<1 h 0<h<1

In order to prove the estimate [f]} < N = const < oo, we need to demonstrate that the function
F(z,h):= f(x+h) —2f(z)+ f(x —h) satisfies |F(z,h)] < Nh (*)

for all z € R! and h > 0. Since f is bounded, it suffices to consider 0 < h <
symmetry we can assume x > 0. If z > %, then

1
7. Moreover, by

|F(z, W) < |f(x+h) = fo)| + |f(z = h) = f(z)] < 2Kh,

where K := sup |f’| > 0 is the Lipschitz constant of the function f on [}, 00). Now it remains to

49
(1/4,1)
prove the estimate (¥) for 0 <z <1, 0 <h < ;. We will do it in two different ways: (a) by direct
calculation, and (b) using the mean value theorem.
(a) Direct calculation. In the interval [—1, 1], the function f(z) is continuous and has deriva-
tive f'(z) = In|z| 4+ 1 for 0 < |z| < 1. Consequently, for fixed 0 < h < 1, the functions F(z, h) is
continuous in the interval (—3, 3), and its derivative

Fl(x,h) = f(x+h)—=2f(x)+ f'(x —h)=In|z+h|—2In|z|+In|z — A

2 —h2 h2 3
‘ for =€ (‘Z’%) \ {~h,0,h}.

x? =

=In
22

= In

We see that

3
Fl(x,h) >0 for 0<|z|<ch, F.(x,h)<0 for ch<|z|< 7 where ¢:=2"2.



therefore,

s F(z,h) _ F<C;}Z’ h) _ (c+ 1) In((c+ 1)h) — 2¢ - In(ch) + (c — 1) In((1 — c)h)

3 3

= (c+1)In(c+1)—=2c-lnc+ (c—1)In(1 —¢)

= c¢-In 1-¢ +1n 1+c =1In 1+c
N c? 1—¢c) 1—c

~ (2 i ‘/5) — In(3 + 2V2).

2-v2
Since F'(—x,h) = —F(x, h), we obtain the desired estimate

1 1
|F(z,h)] < Nh for O§x<§,0<h<1,

with N := In(3 + 2v/2).

(b) Proof by the mean value theorem. Our argument will be different in the cases x > 2h
and z < 2h.
(b1) 0 < 2h < z < 3. Note that

flx)=zlnz, f(x)=1+Inz, ['(z)= é for 0<z<l.
Applying the mean value theorem twice, we get
F(z,h) =gz +h) —g(x) = h-g'(x1) = h-[f'(21) = f'(21 = h)] = h* - f"(x2),
where 21 € (z,2+ h), x2 C (x; — h,z1), hence

1
and O<F(q:,h):h2~f”(x2)<h2~E:h.

1
0< f"(ag) = — < —
f (CE2) I’Q h7
(b2) 0 < 2 < 2h < 4. In this case, the points « + h,z,z — h € (=3h,3h) C (—%,%). Note
that F'(x,h) does not change if we replace f by f = f — A with an arbitrary linear function

A= ANz) = 1z + ¢o. Take A(z) = 2 - In(3h). Then

|F(x,h)] = [f(x+h) —2f(x) + flx —h)| <4- sup |f|=4-sup |f—Al
(—3h,3h) (0,3h)

By the mean value theorem, for arbitrary y € (0,3h), we have
1
Ay) = fy) =y - In(3h) —Iny] =y - (3h —y) - o where y; € (y,3h),

and 0 < AN(y) — f(y) < 3h —y < 3h. Therefore, |F(x,h)| < 4-3h = 12h.
We have proved the estimate |F'(z, h)| < Nh for arbitrary 2 € R and h > 0,1.e. [f]; < N < 0o



5. For r > 0, denote Q, := {z = (z1,22) € R* : |z5] < 21 < r}. Let u be a function in
C?*(QR), R > 0, such that

2
Lu:ZaijDiju:O in Qp, and u=0 on (9Qg)N{|xz| =121},

ij=1
where the matrix a = [a;;(z)] satisfies the uniform ellipticity condition

aij = aji, v|E]? < (a€, &) <vTEP,

with a constant v € (0, 1]. Show that

9 14+
Mr i= sup |u| S (Er) MR for O0<r S R, (**)
Q

r

where the constant o > 0 depends only on v.

Solution. This problem is easily reduced to the estimate
M, <27'72M,,. for 0<2r <R. (**%)

Indeed, for arbitrary r € (0, R], there exists an integer k£ > 0 such that % <2k < R. If k=0, then
R < 2r and (**) is obvious. If £ > 1, then by iterating (***) we get

MT S 27(1+06)M2r g 272(1+04)M22r S ... S 27k(1+01)M2kT S 27k(1+04)MR

The inequality & < 287 implies 27% < 20 27k(1te) < (%’)Ha, and the estimate (**) follows.

This it suffices to prove the estimate (***) with a constant o = «a(v) > 0. For the proof of this
estimate, we can assume r = 2, because the general case follows by rescaling x — const-x. Consider
the functions

1 .
U(z) =U(zy,x9) := ZM4x1 tu(zy,xe) in Q= {|zs| <21 <4}

It is easy to see that LU = 0 in Q4 and U > 0 on 0€24. Then by the maximum (or comparison)
principle, we get U > 0 in {4, in particular,

1 1
+u < ZM4$1 < §M4 in QQ = { |.1'2‘ <r < 2},

i.e. My < 27'M,. The desired estimate (¥**) is a bit stronger: we heed to replace 27! with a smaller
constant 2717, a > 0. For this purpose, one can use either of the two methods of solving Problem
5 in Midterm Exam.

Here we use the first of these two methods, which is based on the properties of the function

v(x1,29) == (1 — 22)" cosh(Axs).
We know (see solutions for Midterm Exam) that one can choose the constants y = p(v) > 0 and
A = A(v) > 0 in such a manner that

2
Lv=> a;Dyv>0 in (=1,1) xR'

ij=1



for any matrix a = [a;;(x)] satisfying the uniform ellipticity condition with the constant v € (0, 1].

Then obviously
Lv(xy —2,09) >0 in Q' :={1 <z <3, |12 <21} C Q.

Since
l<x < 3, ‘:CQl =T,

1
Uy, zy) > ZLM4 > cMy-v(xy — 2,29) for
r1=1or 3, ‘332’ < 7,

U(I‘l, ZL’Q) Z 0= CM4 : U($1 - 2, Ig) for

V

where ¢ = ¢(v) := m > 0, we have
U(xy, ) > cMy-v(xy —2,25) on 9Q, and LU(zy,22) =0 < cMy- Lo(zy — 2,29) in Q.

By the comparison principle, U(xy, z2) > c¢My - v(xy — 2, z5) in €', in particular,

27 My £ u(zy, x0) = U(2,29) > cMy for |zy] < 2.

27172 we obtain 2717M, £

Choosing the constant @ = a(r) > 0 from the relation 27! — ¢
u(zy,x2) > 0 on 0§y, and by the comparison principle,

My = sup |Ju| < 2717*My,
Qo

which is the estimate (***).



