Math 8583: Theory of Partial Differential Equations: Fall 2007
Midterm Exam, November 7. Problems and Solutions

1. Let Q be a bounded domain in R”, and let v € C2(2) N C(2) be a functions satisfying
v>0, Av+Alv=0 in €, v=0 on 09,
where A =const. Show that the problem
Au+Adu=1 in £, u=0 on 0f,

cannot have solutions in C*(Q2) N (ﬁ_)
Solution. If u,v € C?(Q) N CY(NQ) and 9N € C*, one can get a desired contradiction using
Green’s formula:

/vdm:/ (Au+ Au) dx—/u(Av—i-)\v)da::O.
0

Q

In general, ) is an arbitrary bounded domain in R™, and u,v € C?(Q2) N C(Q). Note that for
any € > 0, the function (u(z) —¢)/v(xz) — —oo as dist(z, d2) — 0. Therefore, this function attains
its maximum on {2 at some interior point xq € €

u—=e u—=e

M := sup = (o).
0 v v
Then the function
U :=u—ec—Mv<0 in €, and  u.(zg) = 0.

At the point of maximum, we must have
0> Au.(zg) = (Au— MAv)(z9) = (—Au+ 1+ MAv)(xo) = —Auc(xg) + 1 —Ae=1—Ae >0

if € > 0 is small enough. This contradiction proves our statement.

2. For a fixed constant a € (0, 1), find

1

inf/r[f’(r)]zdr, where A := {f c CY([a,1]), f(a) =1, f(1) = 0}.

A

a

Solution. Using polar coordinates, we can write

/T[f’(T)}QdT _ L / |Du(z)*dz, where u(z):= f(|z]).

a {a<|z|<1}
It is known that the right side attains its minimum on the solution of the problem

Au=0 in B\ B,, u=1 on 0B,, u=0 on 0B;.
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The solution of this problem is u(x) := In|z|/Ina, which corresponds to f(r) := Inr/Ilna. Then
the minimum of the given functional is

/lr[f’(r)}zdr = jr(ria)zdaﬁ: %

a a

3. Describe all the vectors v = (a, 8) € R? such that the function

~1/2
u(wy, xe, X3, 14) 1= [:L‘% + 25 + (axs + ﬁm)Q]

is harmonic for % + z3 > 0.
Solution. Note that the function w(y1,y2,y3) := |y|~' is harmonic in R?\ {0}. The given
function v can be written as

U(.I'l, Xo, T3, .T4) = w(xla XTo, XT3 + ﬁxll)
By the chain rule

Au = Dnu + DQQU -+ D33u —+ D44u = DHU) -+ D22w -+ (OCZ + ﬁQ)Dggw
= Aw+ (o®+ % = 1)Dssw = (a? + 3> — 1) Dszw.
Hence u is harmonic for 23 + 23 > 0 if and only if o® + > =1, ie. |v| = 1.

4 (a). Let a € (0,1) be a fixed constant. Show that there is a constant ¢ = ¢(n, ) > 0 such
that the function

v(z) = |z|* + c-a; satisfies Av <0 in R} :={x=(21,...,20-1,2,) : x, > 0}.

4 (b). Let © be a bounded open convex set in R”, and let u € C?(Q) N C(Q) be a classical
solution to the problem
Au=0 in Q, u=g on 09,

where g satisfies
lg(z) —g(y)| < |z —y|* forall z,yeR" with «a=conste (0,1).
Show that there is a constant K > 0 such that
lu(z) —u(y)| < K- |z —y|* foral ze€Q, yed.

4 (c). Show that the previous estimate holds true for all z,y € Q.

Solution. In the case n = 1, all the statements are true with ¢ = 0 and K = 1. Therefore, we
only consider the case n > 2.

(a). Denote r := |z|. Then

Alz]Y) = AFE® =770 0)) = ala+n—2) 72
A(z2) = Dpu(2)) = ala—1)a0>

«
n n
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Taking ¢ := (o +n—2)/(1 — «) > 0, we get
Alz|* + ) =ala+n—=2)(r*?—207?) <0 in R}

(b). Fix y € 09. Since the given equation is invariant with respect to rotations and translations
in R", we can assume y = 0 € 9 and 2 C R”. We have

+A(u(z) —u(0)) = 0>Av in Q,
£(u(x) —u(0)) < |o(e) — g(O0)| < ol < v(z) on A0,

By the comparison principle,

n+1

lu(z) —u(0)] <v(z) < K|z|* where K:=1+c= . > 0.
-«
(c). This part is completely similar to Problem 2 in Homework 1.
5. Let u € C*(R™) be such a function that
u>0, Au+uf <0 on R", where p = const > 0. (1)

Show that u =0 on R"if n >3, p <n/(n—2).
Step 1. Show that
Mp = i}glfu >R M, forall R>1.
R

Here Br := {z € R": |z| < R}.
Step 2. Show that
u>c-R*- M}y on OBag,

where the constant ¢ = ¢(n,p, My) > 0 if M; > 0.

Step 3. Do the rest.

Step 4, for extra credit. Try to extend the previous argument to show that the statement
also holds true for p = n/(n — 2).

Solution. Since the case 0 < p < 1 has already been considered in Problem 4, Homework 2, we
can assume p > 1. Let u be a function satisfying the assumptions (1), which is not identically zero.
Then u must be strictly positive on R", because by the strong maximum principle, is u(z¢) = 0 for
some zg € R™, then v =0 on R™.

For fixed constants R; > Ry > 0, introduce the function

I e

v(x) :

- Mp,, where Mpg, :=supu = sup u > 0.

N Rg_” - Rf_” Br, 8B,
We have
u(z) > Mg, =v(z) for |z|= Ry,
u(x) > 0=wv(z) for |z|]= Ry,
Au(z) < 0= Awv(z) for Ry < |z| < Ry.



By the comparison principle, u(z) > v(z) for Ry < |z| < Ry, and sending R; to +o00, we get

2—n
u(z) > mﬂ - Mg, for |z|> R,.
Ry
This implies
R2fn
MRZW'MRO for RZRO

0

In other words, R""2Mp, is a non-decreasing function of R € (0,00). As a byproduct, we have the
estimate in Step 1.

Next, since
: . (3R>27n 2—n
1191;£U:- M3p > W‘MR = 37" Mg,
we also have
Au < —uP < =3P = —coME  on  Bsg.

For an arbitrary point xzy € 0Bag, the ball Br(xg) is contained in Bsg \ Bg. Compare u(z) with
the function

|=[>7" o P 2 2
w(x) Rz_n-MR—i-%-MR-(R—M—xOH.
We have
|x|2—n
u(z) > = -Mpr =w(x) on 0Bg(xg),

Au(z) < —coMp = Aw(x) in Bg(xg).

By the comparison principle,

Co

u(zo) > w(xg) = 2°"Mp + cR2M?,  where ¢ := 2 >0
n
Since x( is an arbitrary point in 0By, it follows
Myp > 227" Mp + CRzMg. (2)

In particular, we get the estimate in Step 2.

Further, from Mg > Msp > ¢cR*M?% and p > 1 it follows
Mg < (eR?) V0D = ¢ p2/0-D),

On the other hand, Mz > M;R?*™" for all R > 1. Then we must have

n

2
2—-n<—, e > .
= p—1’ e p_n—Q
In the critical case p = n/(n — 2), we can write

Mp > MR*™ = MR™Y® D RMP' > MP' >0 forall R>1.
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Then by virtue of (2),
Mg > (227" + cRPME Y Mp > (227" + eMP™' ) Mp =: 227" Mp,
where v = const > 0. By iterating this inequality, we obtain
My > 224Ny > 0> 2R@ N for £ =1,2,3,....
This means that instead of Mp > M;R* ™ we have a stronger estimate
Mg > MiR>™™® for R=2F k=0,1,2,....

Then instead of (3) we must have
2
2-—-n+a< —=2—n.
p—1
This contradiction proves that the case p = n/(n — 2) is also impossible.

Remark. If p > n/(n — 2), then there are strictly positive solutions to the above problem.
Indeed, for positive constants ¢ and -y, the function uy(z) := c|x| ™7 satisfies

Aug(z) = —cy(n —2 =) |z|7? for x #0.

The right side coincides with —uf, if we choose v > 0 from the equality

2
Y+2=py, le vi=——<n—2,
p—1

and then ¢ from the equality
cyn—2—7)=c, ie c:=[yn—-2-)]Y"V>0.
Therefore, the function ug satisfies ug > 0 and Awug + uf = 0 on R™ \ {0}.
Further, fix a function 7 satisfying the properties
neCyP(R"), n>0 in R" and /17(33) de =1.
R
Then the function
u(z) == (up *n)(x) = /uO(x —y)n(y) dy = /uO(y)n(ﬂc —y)dy (4)
Rn Rn
is non-negative and belongs to C*°(R™). Moreover,

|Dijup(x)| < const - lz|77"% € L,.(R™), because ~+2 < n.

loc

Hence we can differentiate twice inside of the first integral in (4):

Au(z) = / Aol — y) - nly) dy = (Do % 1) () = — (ul) # ().

R



Moreover, by Holder’s inequality,

1/p
u(z) = / wo( — y)n(y) dy < [ / By dy| = [() *n] ", (5)

Rn R

which implies
Au=—(uf) *xn < —u” in R"

Thus u(x) is a strictly positive smooth function satisfying (1) with p > n/(n — 2).
Alternatively, instead of Holder’s inequality in (5), one can use Jensen’s inequality

Dug +n) < (P(uo)) * 7, (6)

which is true for any convex function ® (in our case, ®(t) = t%, p > 1). For the proof of (6), note
that any convex function is a supremum of linear functions:

O(t) = sup(axt + by), ar and by are constants.
k
For each k,
ay,(uo * 1) + by, = (agug + by) * 1 < (®(uo)) * 1,
so that

D(ug xn) = s%p [ak(uo * 1) + bk} < (CID(uo)) * 1
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