Math 8583: Theory of Partial Differential Equations: Fall 2007

Homework Assignment 2, corrected (due on Wednesday, October 17, till 10:10 am)

52 points are distributed between 5 problems
1 (10 points). Show that the convolution
O () := (Pg*n°)(x — 2¢), where Py(z) := x4 = max(zx,0),
satisfies all the properties
P, P, >0 onR', & =0 on(—o0,e], and ®. =1 on [3¢,00),

if we take n°(z) := e "n(e~'z), where the function 7 is defined in Notes (1.12).
2 (10 points). Let f be a functions on a set K C R", such that

wo(p) = sup{[f(x) = f(y) : =,y € K, |v —y| < p} < w(p),

where w(p) is a non-decreasing continuous function on [0, 400) such that w(0) = 0 and w(a + b) <
w(a) + w(b) for all a,b > 0. Show that the function

F(e) = inf [f(z) +w(lz — 2)] = f(z) on K,

zeK

and it satisfies |F(z) — F(y)| < w(|z — y|) for all z,y € R™.
Hint. Use the inequality |inf fi(z) — inf fo(2)| < sup|fi(z) — f2(2)].

3 (10 points). Let u € C%(Q2)NC(Q) be a harmonic function in an unbounded domain 2 C R™,
such that u = 0 on 9€2. Suppose that the measure |2QN By (x)| < p|By| for all z € R™ with a constant
€ (0,1), and let the origin 0 € Q, and «(0) > 1. Show that there is a constant ¢y > 0 such that

Mpg:= sup u>coe®® forall R>0.
QNBR(0)

Hint. Use the Growth lemma to show that Mgz < - Mg, for all R > 0.
4 (10 points). Let u € C*(R™) be such a function that
u>0, Au+u? <0 on R"  where p=conste (0,1].
Show that © =0 on R".
5 (12 points). Let u = (u(zy,z2) € C*(Q) N C(Q) be a solution to the problem
Au=—-1 in :=(0,1) x (0,1), u=0 on Of.

Show that:
(a) u € CY(Q).
(b) |D11U|, |D22U,| S 1in Q.
(c) Diou is unbounded in 2.



