Math 8583: Theory of Partial Differential Equations: Fall 2007
Homework Assignment 3. Problems and Solutions

1. Forn=1,2,..., denote @, := {z = (z1,...,2,) ER": 0 <z; <1 forall i}.
Let u, € C%*(Q,) N C(Qy) be a solution to the problem

Aup, =-1 in Qn, up, =0 on 0Q,.
Show that
Un(z1, ..y 2n) < um(xr, ... zy) forall 1<m<n, z=(z1,...,2,) € Qn.

Solution. We have @, € @Q,, for n > m. Therefore, u,, > 0 in Q,, implies v, = 0 < wu,, on
(0Qn) C Q. We also have Au,y, = Au, =0 in Q. By the comparison principle, u, < t, on Q.

2. Evaluate the integral

+oo
/e_$2 cosz dzx.
—0oQ
Solution. The Cauchy problem
Up = Ugyy Tor t>0, —00 < x < +00, u(0,z) = ug(x) := cosx

t

has a bounded solution u(t,x) := e~ " cosx. On the other hand, this solution can se represented in the form

—+00

1 x?
u(t,y) = / I'(t,y — x)up(z)dx, where I'(t,z):= i exp ( - E)
—00
In particular,
“+oo
—t — u(t,0) / ! ( wQ) d t>0
e " =u(t,0) = exp ( — — ) cosx dx, .
4rt P 4t
—00
Taking ¢t := 1/4, we get
“+o0o
/ e~ coszdr = e /4 /7.
—o0

3. Let Q1 C Qs be bounded smooth domains in R”. For k = 1,2, let functions u; € C?(€;) be such that
up >0, Augp + Agup =0 in  Qy, ur =0 on 0, where M\, = const.

Show that 0 < Ay < Aq.
Solution. Using Green’s formula (Lemma 1.16), we obtain

(A —X2) /u1u2 dx = / [ul < (=Aqug) — ug - (—Alul)} dx

91 951

ou ou
= /(ulAug — ugAuy) dx = / <u161/2 — “23,,1>d5 >0,
(951 oN



because u; = 0 on 90, us > 0 on 1 D 004, and since u; > 0 in Q, the derivative in the direction of the
unit outward normal du; /Ov < 0 on 9€2;. Since ujug > 0 in 1, we must have A\; > Ao.

Remark. Let Q be a bounded smooth domain in R”, and let u € C%(Q) be a function satisfying
u>0, Aut+Alu=0 in u=0 on 0. (1)

One can show that

A= AQ) = g PV

>0, where A(Q):={veC(Q): v=0 on 0N} 2

By definition of A\(€2), there exists a sequence u; € A(), such that

Huk||2:1 for all k‘, and )\§/|Duk]2dx—>)\ as k — oo.
Q

Rewriting this property in the form

0 <my ::/(|Duk|2—)\ui)dm—>0 as k — oo,
Q

one can show that wuy, converges in L?(Q) to a weak solution u of the problem (1) in the sense
/u (Ap+ Ap)dz V¢ € C5°(Q).
Q

This weak solution (possibly after modifying on a set of zero measure) is in fact a classical solution of (1),
normalized by the condition ||u||s = 1.
The equality (2) means that A is the maximal constant such that

Aol :—/\-/vzdaﬁg I|Dv 2 :—/\Dv\de,
Q Q
or equivalently, N := A~/2 is the best (smallest) constant in the Poincaré inequality
lvlla < N -|[Doll2,  ve AQ).

Vote that each function v € A(Q2) can be approximated, with respect to the norm ||v||2 + ||Dv||2, by
functions v* € C§(Q). For example, one can take

V"= O (vg) — P (vo), where v4 := max(0, +v),
and @, are functions used in the proof of Growth Lemma 1.20. Therefore,

D 2
M) = inf ”|2|2>0. (3)
vech @) |[vlf3

We assume that functions v € C$(Q) are extended as v = 0 on R™ \ Q. Then for Q1 C Qo, we have
Ci (1) C CL(Q2), and from (3) it follows A(Q1) > A(22) > 0.



4. Show that arbitrary vector field F' = (F, Fy, F3) € CSO(R%) can be decomposed into two: F =
G + H, such that
curl G : =V x G =0, divH : =V -H =0.

Moreover, curl F' = 0 if and only if F' = gradU for some scalar function (potential) U, and divF = 0 if
and only if F' = curl V' for some vector field V.
Solution. Using formula

curl (curl A) = grad(divA) — AA with A:=TxF,
where I' is the fundamental solution for the Laplacian, we can write
F=ATxF)=AA=G+H,
where

G := grad(divA) satisfies curl G =0,
H := —curl(curl A) satisfies divH =0,

because curl (grad) = 0 and div(curl) = 0.
If curl F :=V x F =0, then

crlA:=VxA=Vx(['«F)=Tx%(VxF)=0,

which implies H = 0. Then F' = G = gradU, where U := divA.
If divF :=V - F =0, then

divA:=V - A=V .-(I'xF)=T=%(V-F)=0,
which implies G = 0. Then F = H = curl V, where V := —curl A.
5. Let u € C°(R") satisfy
>0, Au=0 in R} :={z=(z,) €eR": z, >0}, u(x’,0) = 0.

Show that u(z', z,) = const - z, in R’}.
Solution. We will use the estimate

sup@SN-inf@

P e where B :={r eR": |z|<r, z, >0},
By n T n

with a constant N depending only on n. From this estimate it follows

M := sup = lim sup < lim inf (z) =N -m, where m :=inf ( )
R? T r—-+00 Bt In r—+00 gt Tp RY  Tp
s

Note that the function v(x) := u(z) — m - x, also satisfies all the assumptions v > 0, Av =0 in R"}, and
v(z’,0) = 0. Applying the above estimate to this function, we get

OSM—m:supMSN-infv(x):O,
R” Tn R} Zp

ie. M =m, and u(x) =m -z, in R7.



