Math 8602. April 6, 2016. Midterm Exam 2. Problems and Solutions.

Problem 1. Show that for any two Borel measurable sets E;, E, C R! with finite Borel
measure, the convolution

@) = (I 1) (@) i= [ (o= ) (0) i,
R1
where Ip(y) =1 if y € E, and Ig(y) =0 if y ¢ F, is continuous on R*.

Proof. Both functions I, and I, belong to L' := L'(R'), so that they can be
approximated in L' by continuous functions with compact support (Theorem 2.41 on p.70).
For a fixed € > 0, choose such a function ¢ for which the norm in L', ||Ig, — g||; < /2. Then
the function f; := g * I, satisfies

(f = )@)] = |(Is, = 9) * I, (@) < 1y = glh < ¢/2, Vo € R
Hence
[f@+h) = f@)] < |filz+h) = fi(@)[+2-suwp|f = il < |filz +h) = fiz)| +e, Yo, heRL
By Theorem 2.27 (a) on p.56, the function f; is continuous on R'. Therefore,

limsup |f(z +h) — f(z)] <e, VaecRhL
h—0

Since € > 0 is arbitrary, f is continuous.

Problem 2. (a). Let K be a nonempty closed set in R”. Show that for every ¢ > 0,
the sets
Kf:={reR": dist(x, K) <e} areclosedin R".

(b). Let K; be a sequence of nonempty compact sets in R”, such that K; O Ky D ---.
Set K := () K;. Show that for every ¢ > 0, there exists a constant N = N(e) such that

K; C K¢, Vj > N.

Proof. (a). Taking the infimum over y € K in the inequality |21 —y| < |z2 —y|+ |21 — 22/,
we see that the distance function d(z) := dist(z, K) := inf{|z — y| : y € K} satisfies
d(zy) < d(za) + |z1 — z2|. By symmetry, we always have

|d(x1) — d(z2)] < |21 — 22|, Vi, 29 € R

In particular, d(z) is continuous, and K* = d~1([0,]) is closed.



(b). The compact set
F=Kn{dz)>e} CK =K

where K are open. Therefore, F' C K§ for some IV, and
KCKN (Fc)mch{d()<€}gK6, V7 > N.

Problem 3. Let fs f1, f2,- -+ be real measurable functions on R, such that f,, — f almost
everywhere (a.e.) as n — oo, and

/f =1, /fn(x) dr=1, and f,>0 forall n.
R

(a). Show that f,, — f in L'(R) as n — oo.
(b). Show that (a) may fail if the assumption [ f(z)dz =1 is dropped.
R

(c). Show that (a) may fail if the assumption f,, > 0 is dropped.
Proof. (a). We have 0 < g, := min{f, f,} < f € L', and g, — f a.e. By the Dominated
Convergence Theorem,

/gndx%/fdle as n — Q.

R
Moreover, it is easy to see that |f, — f| = fn + f — 2g,,. Therefore,

/|fn—f]d:c:/fndx+/fd:r;—2/gnd:c:2—2/gndx — 0 as n — oo.
R R R

R R

(b). fu:=Itmnt1y = f=0a.e., but not in L',
(©). fu:="To1) — Lnnt1) + Lns1n42) = = Lo a.e., but not in L.
Problem 4. Let f(x) be a continuous function on [—1, 1], such that
1

/xkf(x)dx:O forall k£=0,1,2,....

“1
Show that f =0 on [—1,1].
Proof. From linearity it follows that

1

/ pfdx =0 for every polynomial p.
1

By the Weierstrass theorem, f(z) can be approximated by a sequence of polynomials p,
uniformly on [—1,1]. Then we must have

1 1

/f2dx: lim /pnfd:c:O, and f=0 on [-1,1].
n—oo

1 21



