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Figure 1. A schematic of the nondestructiv e evaluation technique. A
piezoelectric transducer vibrates the sheets. Friction causesthe plates to heat
up, with most heat being generated near the weld. An infrared camera reads the
temp erature change on the surface. The temperature image provides an estimate
of the properties of the weld.

1. Intro duction

Spot-welds are commonly usedin the automotive industry to joint metal sheets. To
create a spot-weld betweentwo metal sheets,the sheetsare rst clamped together. A
large amourt of electrical current is allowed to passat the location where the weld is
desired. The current basically melts the metal, creating a weld nugget joining the two
sheets. The quality of the weld, measuredby its strength, is e ected by the electrodes
responsible for the currents. A nondestructive evaluation method for assessinghe
quality of a spot-weld is of great interest.

The technique described in this work was devised by Dr. Cameron Dasc of
General Motors Researtr. The method is similar to the crack imaging method
developed by Favro et al [3, 4, 6]. The setup is sketched in Figure 1. An ultrasonic
transducer is attached to the surface of one of the sheets. It generatesvibrations
in the sample which causethe two sheetsto rub against eat other. The friction
forces,which generateheat betweenthe two sheets,are expectedto be strongest near
the weld. Thus the area between the sheetssurrounding the weld is a heat source,
generating a temperature change. As the heat is conducted to the top surfacesof
the two sheets,temperature changesare captured with an infrared camera. Because
the areassurrounding a weld act like a heat source,the captured thermal image is
expectedto be brightest near the weld. It is from thesethermal imagesthat onewould
like to obtain an assessmenof the weld quality.

The presert paper provides a solution for the rst part of this problem, that
of determining the heat source betweenthe two joined metal sheets. The sourceis
a surface ux which depends on time. We do not addressthe important issue of
correlating heat sourcewith weld quality. Such an e ort will require modeling heat
generation from friction.

Our approad to determing the heat sourcestarts by modeling the heat conduction
problem. The three dimensional model is further simplied to a two dimensional
model by assumingthat the metal sheetsbeing welded are thin. For this problem
temperature data on the surface of the plate are measuredat regular time intervals.
The temperature on the surfaceconsistsof two parts: (i) conducted temperature, (ii)
temperature change causedby the heat source. The cortributions from ead part can
be represented by linear operators. The inverseproblem amourts to nding the heat
source responsible for the temperature change between the two times. This means
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Figure 2. We consider only one of the two metal sheets. Friction causes heat
to be generated near the weld. This is modeled by a ux boundary condition
on the top side of the plate. The bottom of the plate is insulated. Temperature
measuremerts are taken on the insulated side.

that to solveit, one must invert a compact operator.

To further simplify our problem, we assume that the heat source is time
independert betweentime samples. This, together with the Tikhonov regularization,
allows us to reconstruct the heat sourceby solving a simple linear system. The errors
in the reconstruction will consist of two parts. First, if there is noisein the data,
the reconstruction will be e ected by it. Second, we make an error in assuming
that the sourceis time independert betweentime samples. To addressthe issue of
reconstruction error, we deviseerror estimates, which can be interpreted to show that
convergenceis adhieved, under suitable hypotheses,if the noise level and the time
sampleincremert goto zero.

The paper is organizedasfollows. We provide a precisedescription of the problem
in X2. Reduction to a 2-D problem by exploiting the fact that the plate is thin is given
in x3. In x4 we recast the inverseproblem as that of solving an integral equation of
the rst kind. We shav how the solution of this equation can be approximated by
using Tikhonov regularization, and describe a computational method for doing so.
Estimates of the reconstruction error causedby data noiseand further approximation
are establishedin x5. Numerical examplesare givenin x6 to illustrate the behavior of
the computational approach. The paper endswith a short discussion.

2. Problem form ulation and modeling

We considerthe simple caseof two identical sheetsthat have beenjoined by welding.
Symmetry allows us to consider just one sheet. The plate-like domain in which
heat conduction takesplaceis = [0;h] R?, where h is the plate thickness. Let
u(x;y; z;t) represen di erence betweenthe temperature in the plate and the ambient
air temperature. Then u satis es

u= u (xy;22 ;t>0 1)
where is the diusivit y. The initial temperature of the plate is assumedto be the
sameasthat of the ambient air, therefore

u(x;y;z;0)= 0:

When the transducer is turned on, vibrations are created in the plates. Friction

betweenthe two plates causesheat to be generatednear the weld. We model this as
a heat ux on the top side of the plate under consideration

ku (O y;hit) = FOGy;t); (y) 2R t>0; )
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where k is the conductivity of the metal. It is assumedthat f (x;y;t 0) = 0. The
bottom side of the plate is exposedto air. The temperature changecausedby the heat
sourceis assumedto be su cien tly small that the bottom boundary can be modeled
as being insulated. Therefore we have

kuz(x;y;0;t) = 0 (x;y) 2 R% t> O (3)

In the problem, the sourcef (x;y;t) is unknown. On the other hand, we are given
measuremen of temperature on the bottom of the plate

ux;y;0;t) = g(x; y; t): 4
The inverseproblem then is to determine f (x; y;t) giventhat u(x;y;0;t) = g(x;y;t).
We also have an additional piece of information about the source. The piezo-electric

transducer is turned o after a short time, thus no heat is generatedafter it hasbeen
turned o. Thereforef (x;y;t >t ) = O for someknown t .

3. Thin plate appro ximation

Since the plate is very thin, in real terms and in relative terms (to be made precise
below), we want to exploit this fact to simplify the problem. We start decomposing
the temperature u into two parts sothat we can considera problem with homogeneous
boundary conditions. Let u = v+ w where

72
2khf (X y;t):

Substituting this expression for u in (1) we nd that v(x;y;z;t) satises an
inhomogeneousheat equation

w(x;y;z;t) =

22
M[ fo+ xy”*‘mf

Since w satis es the boundary conditions for u in (2){(3), it is easyto seethat v
satis es homogeneousNeumann boundary conditions

V2 (X y;0;1) = vz (X; y; hit) = O
We can now expand v in Fourier series

Vi = v+

X n z
v(x;y;z;t) = An(X;y;t) cos——:

h
n=0
Substituting this expansionin the heat equation satis ed by v leadsto
n 2
An;t = Xy An F An + Fn (X, y,t). (5)
The forcing terms are 8
< &(fi+ gf)+t @t n=0

Fa(xyit) =
A ((fi+ yf)cosn ; n> 0

We needto make (5) nondimensional. To this end, let ug be a referencetemperature,
and " be a characteristic length. The characteristic length could be seweral multiples
of the size of a typical spot weld, which will make it much greater than the plate
thickness. The nondimensional distance is x° = x="p, nondimensional time is
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t® = t=" 3, and the nondimensional temperature is A = A,=up. After rescaling,
the (5) becomes

N 2 ~2
Alio= xo,0A0 FO (n )2AQ + u—an:
0
Of particular interest is the expressioninvolving Fo. We obtain
\2 h ~ ~ ~
0 ko= O [ fo+ 9]+ 2 2f:

Uo o~ \06ka hka

We assumethat “¢  h, and therefore, the rst term on the right-hand side may be
ignored. By the sametoken, the terms involving F, for n > 0 are of the samesizeas
the term just ignored, and shall be dropped. Indeed, one can seethat A, forn > 0
decays likeexp  (To=h)2(n )?t° onceF,(x;y;t) becomeszero.

Therefore, Ag(X; y;t) is the leading term describing the behavior of v(x;y;z;t).
The correction is of the order of h while f (x;y;t) 6 0; exponertially small after
f (x; y;t) becomeszero. We only care about u(x; y; 0;t), and

u(x;y;0;t) = v(x;y; 0;t)  Ao(X; y; t):
With a little abusein notation, we can now state our simplied inverseproblem.

We have a two dimensionaltemperature eld u(x;y;t) which satis es the equation
satis ed by Ag (approximately)

U= xyUut Ef (X;y;t) (6)

It is an approximation of the temperature of the three dimensional eld u(x;y;z;t)
satisfying (1) for z = 0. We are given data

u(x;y;t) = g(x; y;t): 7
The inverseproblem is to determine f (x;y;t) from (6){(7). Thus, we have reduced
a three-dimensional inverse problem described in the previous section to a two-
dimensional one.

4. Inversion algorithm

In our problem, we assumethat temperature readings are given at regular intervals
of time. One way to look at the problem is to study what happens between a time
interval and considerthe relationship betweenthe temperatures at the start and the
end of the interval, and the heat sourcein that interval. This relationship is linear
and can be easily expressedn terms of the heat kernel [7].

Let us assumethat we work with times tg;t;; ;tn. Henceforth, we absorb the
coe cien ts multiplying the unknown f (x;y;t) in (6) into the unknown. Considerthe
initial value problem

U= U+ Gy, te<t<tga: (8)
Note that we have alsorescaledto remove from the equation. We study the mapping

from u(x;y;tk) and f (x;y;t) for tx t < tg+1 to u(X;y;tk+1). We can write the
solution u(x; y;t) of (8) uging the heat kernel. In particular, we have

uxyitks) = K(x 5y 5 tu(; ) dd
zZ .z
+ Kx 5y  t )f(;te+ )ddd; (9
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where K (x; y; t) is the heat kernel, given by

1 X2+ y?
K(xy;t) = ﬂexpi( e Y).

The equation relates the temperature at tx+; to the temperature at tx, and the heat
source within the window [tx;tk+1). It states that the temperature at time ty+1
related to the temperature at time ty through the corvolution with the heat kernel,
and through Duhamel's principle with the source.

>Fom this represenation, we can seethat our inverse problem amournts to
estimating the heat sourcef (x;y;t) in the interval [tg;tk+1 ) given the temperature
readings at tx and tx+1. A quick parameter count corvinces us that we cannot
determine a function of three variables from two functions of two variables. However,
we will assumethat the samplingrate t = (tk+1 tk) is small, which further justi es
the approximation that f (x; y;t) fort 2 [ty;tk+1 ) iS constart in t. Therefore, we write

fogyt) = fu(xy); for te t<tger:

We will later derive an error estimate for this approximation.
With this approximation, we can write (9) in shorthand notation as

Uk+1 = Koug + Kfy; (10)

where ug(X; y) = u(x;y;tx) and ug+1 = u(x;y;tk+1 ). The operators Ko and K, are
cornvolutions with the heat kernel

Ko(X;y) = K(xy; t);
and with
Z t
ki(x;y) = K(xy; t )d:
0

Given data (gk;Ok+1) corresponding to temperatures at times ty and ty+;, we
solve for f using Tikhonov regularization

fx=argminkK; + Kook G+1k3+ Kk K (11)

Here is the tuning parameter for the regularization.

The inversion algorithm we envision is sequetial. We take data given at time
to and t;, namely, go and g; to nd fo. Then, g; and g, are usedto nd f;, and
so on. When we are nished, we have constructed a piecewiseconstart (in time)
approximation of f(x;y;t), given by fo;f1; ;fy 1. Solving (11) at eadt step
requires solution of a potentially large linear system. We propose doing this by a
conjugate gradient method.

5. Error estimates

We assumethat we record the surfacetemperatures over the time horizon [0; T], and
N + 1 time samplesof temperature are taken at regular intervals. In the inversion
algorithm we proposedin the previous section, valuesof f (x; y;t) fortx t < txs+; are
estimated from the data at times tx and tx+1 . We start by analyzing this subproblem.

Let f (x; y;t) bethe actual sourceterm in (8) in the time interval [ti;tx+1 ], and let
ok (X; y) and gk+1 (X; y) be the measuredvaluesfor the functions ux(x; y) = u(x;y;tk)
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and ug+1 (X;y) = u(X; y;tk+1 ). We assumethat the error in the data is bounded by
someknown value , that is

kue  okko and kug+1  Gk+1 ko ; 12)

wherek kz = k Kkiz2rey. Our aim isto estimate kfy fkizre p1,:1,., 7, Wherefy is
de ned in (11) and constart with respect to time.

First of all, we notice that K¢ in (9) is a convolution operator whosenorm, by
Young's inequality, is bounded by 1;

z x?+y?
exp T
kK()kLZ! L2 kkokLl(RZ) = - ? dXdy =1 (13)
The kernel of the convol;tion operator K1 in (9) is given by
t
ki(x;y) = Ky, t )d
0
2+ 2
_Z texp gy d—lZl esds—l O_x2+y2
- 4(t ) _4xi+¥zs T4 4t
where is the incomplete Gamma function ([2]). Hence,
24 2
KKakeor o Kkakose) = — 0. XY axdy
4 fz 4 t
1 Z 1 r.2 1
= > . 0;ﬂ rdr= t . O;y)dy= t;

where the last equality, together with the de nition of can be found in [2, p.262].
We also obsene that
t

. x24y2
r ki(x;y) = si t )2 (tx’y))ze oo d;
0
and .
t 2 4 y2)1=2 K24 y2
kr kokys(rey = si %e 7 d dxdy
2
) 52,7 o
= g S—ze =rd drd
0 0 0
1Zl Z trZ ﬁ p_
=3 a¢ dsdr = t:

o

0
Hence,we have

kK1 Kyirzy ( t+ p—t)k ko

Due to the compactnessof the inclusion of H 1(R?) into L?(R?), K ; is a compactlinear
operator from L?(R?) into itself. This implies that for every positive , the Tikhonov
functional

J ():=kKy +Kogk Gnakd+ k k3

has a unique minimum f 2 L?(R?) (see,for example[5, sec. 2.2]). This minimum is
the unique solution of the normal equation

fr+ KiKafk = Ky(okaa  Kotk): (14)
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The solution f of the normal equation (14) can be written as

fk =R (G+1  Kok);
where
R = (1 +K;Ky) Ky:
By Theorem 2.12in [5], it follows that
1

kR k|_2! L2 Ep:: (15)

We make the following assumptionson the true solution f .

(H1) The function f is cortinuously di erentiable with respect to t, and there is a
function 1 2 L?(R?) such that

ife( )i (s ); forevery (5 )2R% 2[0;Tl:
(H2) For each t 2 [0;T], there is a function »(x;y;t) 2 L?(R?) sudch that
f=K; 2
moreover
k 2(; ;t)ka 2 forewvery t2][0;T]:
The rst part of (H2) assumeshat f (x; y;t) is in the range of the operator K ;, which
makes it somewhat smooth. The smoothness depends on the size of the time step
(tk+1  tk); the bigger the time step, the smoother the f. Therefore, if the sampling
rate is high, we expect that this part of (H2) will not play a very strong role. The
secondpart of (H2) cortrols the norm of f (x; y;t).
We write (9) as
zZ . Z
0= uk+1 Kol K(x 3y 5t D)f(;;t+ )ddd:
0

If we add to both side of this equality the term K 1f (X; y;tk+1 ), hit both sideby K,
and add f (x;y;tk+1 ), we get

(1 + K%Kl)f (6 Yitker) = Kp(Uker  Kouk) + F (XY tke)
t
Ky Kx 5y 5t (s ste+ ) f(; itkea)lddd
0
If we comparethis with the normal equation (1 + KK )fx = K;(g+1 Ko0) and
use assumption (H2), we get

fGyten)  fr(xy)

=R (U1 Ger Ko(Uk G))+  206Ytkar)  h(Xy) ; (16)
where
i Z
h(x;y) = . K(x 5y 5t (s stk+ ) (5 stken)]ddd:
By (12) and (13), we have
Kuksr  Ok+1 Ko(uk k2 2 (17)

while, from assumption (H2) we get
K 2(; stker )k 2 (18)
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Figure 3. The convolution kernel ko(x; 0) is shown on the left. On the right
is a representation of kernel ki(x; 0) after the singular integral approximation is
implemented. The discrete convolution will be performed against these kernels.

We neednext to estimate khk,. By assumption (H1) we can write

zZ . Z
ih(x; y)i K(x 5y 5t )if(s t+ ) f(; stk+ jddd
0 R2
zZ . Z
= Kx 5y 5t )jf(; ste+ Ji(+ )dd
0o _R?
z | Z
Kx 5 ¢ )a(;) ¢ )dd;
0 R2
hence,by Young's Inequality,
z t
khka k 1k K(; t )t )Hd
0 ,_1(R2)
12 %0 e ' t?
=k 1k, — e Tt rddxdy =k 1ko—: (19)
4 RZ 0 2
Finally, by putting together (16), (15), (17), (18) and (19), we get

1 t2
kfk() f(;teer)ke P= 2 +Tk iko+

This estimate providesa bound for the di erence betweenthe estimated sourcein the
interval [tg;tk+1 ) with the true sourceat time tx.; . The bound dependson the noise
level and the time step t, in addition to the bounds on the smoothnessof the true
source.

Now, if we denote by

fxy;t) = fu(xy) for t2 [tg;tk+1);

we have
U(lztkﬂ Z 2
kK fklome (o) = fxy) f(xy;t) dxdydt
k=0 Ik R?
X 1Ztk+1
2 () f(Gteea )k dt

k=0 tk
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Figure 4. The graphs of reconstruction error as a function of regularization
parameter for di eren t noise levels for a given heat source. Shown are the graphs
for noise levels 2 = 0;0:01; 0:03; 0:05; 0:08; 0:10. The value of corresponding to
lowest reconstruction error movesto the right as noise level is increased.

D4 1Z Tk VA

+2 (F(yitess)  fO¢y;t)? dxdt
k=0 [tk R2

T t2 2 t2

> 2 + Tk iko+ o+ ZTTk 1k3:

The last estimate suggeststhat in order for the me@c_)d to corverge, we must choose
the regularization parameter to be of the order of . When sochosen,asthe noise
level and the time step t approach O, the true sourceis recovered.

6. Numerical experimen t

We next investigatethe properties of the sourcereconstruction procedurein numerical
calculations. In order to do this, we needto dewelop a forward solver. Additionally,
we shall also study the regularization properties sothat we can choosean appropriate
parameter.

6.1. Forward problem

We start by discretizing the problem. We considera nite domain = 1;1] [ 1;1]

to represert the region to be inspected. It is assumedthat the sourceis compactly

supported away from the boundariesof . The region is sampled at incremerts of
x = 2=N; thus the meshpoints are

xp= 1+(G 1) x yj= 1+(G 1) x (;j)=12 ;N:
The operators Ko and K ; are convolutions and will be evaluated using the Fast
Fourier Transform. The operator K ¢ has a cortin uous kernel. To approximate it, we
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Figure 5. Shown are the heat source distributions f(x; y) for the time interval
(k 1) t< t< k t. The source distribution is piecewise constant, with light

color corresponding to 1 and dark, corresponding to 0. Note that the source is
zero for t > 13 t.

simply samplethe valuesof ko(x; y) at the points (x;;y;). The operation with Kq is
now a discrete corvolution, and the integration hasbeenreplacedby trap ezoidalrule.

The operator K ; has kernel with a logarithmic singularity at (0;0). To seethis,
consider

Z z ta(x?+y?)=4( t )
ki(x;y) = K(xy;, t d = ——d:
1(Xy) . (xy ) I
After a change of variables, we can rewrite ki(x;y) as
17! es
ki(x;y) = ——ds

4 (x2+y2) S
7t
1

(x2+y%)
4 Y T4
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Figure 6. Shown are the noisy temperature distribution (data for inverse
problem) at times t = 0; ft; ;19 t. The noise level , = 0:05. Note that
the temperature continues to be nonzero even after the heat source has been
turned o.

where E1(2) is the exponertial integral [2]. Using the expansionfor E;(z) givenin [2]
x5.1.11, we obtain

n x2+y? nl
x+y2 X (DY Zr

| ;
4 t el nn!

0
1
ki(x;y) = T @ log

where is the Euler's constart. The logarithmic singularity is evidert in the above
expression.

To handle the integration of the kernel, we implement the approach proposedby
Aguillar and Chen[1]. Sinceky(x;y) is well de ned at all points except (0; 0), all that
is neededis to alter the matrix corresponding to the valuesof k1 (X; y) at samplepoints
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Figure 7. Shown are the reconstructed heat source distributions f with noise
level , = 0:05. The images should be compared with those in Figure 5. Note
that the inversion accurately predicts the zero heat source for t > 13 t.

(xi;yj) at the origin. Following the formula described in [1], we replacek:(0; 0) by
4i( 2(log x+ ¢;) + log4 t);

wherec; = 1:310532925918095. The cornvolution can proceedas before. The error
committed at the singularity is O( x*), which is negligible comparedto that of the
trap ezoidal rule.

For our numerical experiments, we choose t = 0:.01,and x = 2=256. The full
surfacetemperature data will consist of 20 samplesof surfacetemperature u at time
interval t, eac will be a matrix of 256 256.

It is instructive to examine the graphs of the convolution kernels ko and k;.
Figure 3 shaw the cornvolution kernelsafter discretization. They represert kq(x; 0) and
ki(x; 0) asthe axesindicate, but in truth, they are the discrete corvolution kernels.
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Figure 8. Plots of the recovered heat source at y = 0 overlaid on the plots of the
true heat source. Shown are fi(x; 0) for k = 1;4;9; 14 and their reconstruction
from noisy data with , = 0:05. Except for the rapid oscillation, the recovered
heat sourcestracks the true oneswell.

The inverseproblem is basically a decorvolution of data that has been smoothed by
kernelk;. It canbeseenfrom the gure that ki, becauseof the logarithmic singularity,
is not overly smoothing. Therefore, we expect the inverse problem to be somewhat
better behaved, and only a small amount of regularization will be required.

Having discretized the problem, we can now proceed to generate simulated
measureddata. We start with source distributions fi(xi;y;), for k = 1,2, ;M.
With initial condition ug(Xi;y;) = 0, we solve for ux(xi;y;) for k= 1;2; ;M using
(10). We will add noiseto the data. Our measureof noiseis

P
maxc g jgcxiiy) k(i y)i°

maxc i jui(xi;yj)i°
where g (Xi;y;) is the noise corrupted version of ui(X;;y;). Noiseis generatedusing
a Poissonnoise generator, which mimics cameranoise.

We remark that we will be using the discretized forward solver in the
reconstructions. Thus, the data will be in the range of the operator had we not
added noise. The added noise can be viewed as modeling error plus measuremen
error. Indeed a more corvincing test is one where data is generatedby a full 3-d heat

conduction simulator, and inversionis done by the reduced 2-d method described in
this work.

2 =
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2
0.01 | 1.6681e-08
0.03 | 4.4306e-08
0.05 | 6.7342e-08
0.08 | 9.3260e-08
0.10 | 1.0723e-07

Table 1. Numerically derived optimal parameter value as a function of noise
level for a specic heat source example.

6.2. Regularization

Reconstruction will be done by solving (11) using noisy data gk (Xi;y;). As mertioned
previously, the inversionis doneby a conjugate gradient method. Reconstruction error
will be measuredby

=) 2
maxc 5 fk(xity)  f(xiny)

r= 1 - 2
maxe i Jfk(Xiiy))]

where f is the reconstruction from noisy data. Note that both , and r involve
squaresof errors.

As is typical in inverseproblemsrequiring regularization, the value of the optimal
value for the regularization parameter is not easy to determine. We do this by
optimizing the value for a speci ¢ example of a source(shown in Figure 5). We make
a big leap and assumethat the optimal values do not change much from sourceto
sourceand usethe tabulated valuesasa look up table for choosingthe regularization
parameter.

In all our calculations, we take t = 0:01. Recall that under our assumptions,
the heat source is assumedto be constart between time samples. In Figure 5,
we show the heat source distribution as a function of time. The distribution f
isfor (k 1) t < t < k t. The heat source distribution is used to calculate
the temperature distribution via (10). Dierent levels of noise , are added to the
computed temperature distribution. In Figure 6, we show gx which is the noisy
temperature distribution att = (k 1) t when , = 0:05.

The next task is to usethe simulated data to determine the optimal regularization
parameter value. We do this for various levels of noise , and a range of valuesfor the
regularization parameter . The reconstruction error r is then plotted against as
shown in Figure 4. This is done for noiselevel , = 0;0:01; 0:03; 0:05; 0:08; 0:10. Table
1 lists the optimal parameter value for the noiselevels considered.

6.3. Examples

We now show the reconstruction of the heat sourcefrom the simulated data in Figure
6. The derived optimal regularization parameter is chosenfor this noiselevel. The
results are shown in Figure 7. The imagesshould be comparedwith thosein Figure 5.
Notice that the reconstructions are quite true; the shape of the nonzerocomponerts
of the heat sourceis recovered. In particular, the inversionproducedheat sourcesthat
are near zerofor timest > 13 t even though the temperature distribution cortinues
to be nonzero.
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Figure 9. Images of the true heat source and the reconstructed heat source when
the source is spatially smooth. The noise level ; is 0.05.

To give a better assessmetn we take slicesof the reconstructed heat sourceand
compare them with those of the true source. Figure 8 shows plots of fy(x; 0) for
k = 1;4;9;14. Aside from the oscillations, the recovered heat sourcetracks the true
heat sourcewell.

We also performed an experiment with a smoothed version of the heat source.
We display only the true sourcesand their reconstructions at noiselevel , = 0:05.
Shown in Figure 9 areimagesof f 1, fs, f7, f10, f11, f15, f16 and their reconstructions.
Slicesof f ¢ (x; 0) and their reconstructions are shown in Figure 10. The regularization
parametersusedin the reconstruction are the onesobtained earlier, which are shown to
be optimal with respect to the particular heat sourcein Figure 5. The reconstruction
error r is tabulated along with the noiselevel ; in Table 2.

We make some obsenation about the complexity of the algorithm for
reconstruction. The most expensive part of the calculation is the matrix inversion
neededat ead time step. As mertioned earlier, this is done by using a conjugate
gradient iteration where ead iteration involves a convolution. We obsened that
convergenceis relatively quick, taking between 40 and 60 iterations on a problem
involving 256 256 unknowns. Perhaps this processcan be accelerated by using
a preconditioner. A natural candidate for a preconditioner is the inverse operator
calculated using a band-limited Fourier inversion of the operator K ;.
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Figure 10. Plots of the recovered heat sourceat y = 0 overlaid on the plots of the

true heat source. Shown are f(x; 0) for k = 1;5;9; 16 and their reconstruction
from noisy data with > = 0:05.

7. Discussion

In this work we consideredan inverse problem arising in nondestructive evaluation
of spot-welds. The problem reducesto that of determining a time and spatially
dependent heat sourcein a two dimensional domain from temperature measuremeis
given at xed time intervals. We devised a simple computational scheme that
takes sequenceof temperature readings and estimates the source. The method uses
Tikhonov regularization, and is showvn to be corvergert. Numerical studies with the

method shows that reconstruction is acceptableeven in the presenceof noise.

The presert study doesnot addressthe important issue of how the heat source

2 r
0.01 | 0.1084
0.03 | 0.1334
0.05 | 0.1455
0.08 | 0.1647
0.10 | 0.1774

Table 2. Reconstruction error versus noise for the caseof spatially smooth heat

source.
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is related to the quality of a spot-weld. Such a study will involve modeling of heat
generation and intimate understanding of the mechanical strength of spot welds. It
is hoped that the results preserted in this work will eventually lead to a method for
assessingveld quality.
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