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Abstract

We study traveling waves bifurcating from stable standing layers in systems where a
reaction-diffusion equation couples to a scalar conservation law. We prove the existence of
weekly decaying traveling fronts that emerge in the presence of a weakly stable direction on a
center manifold. Moreover, we show the existence of bifurcating traveling waves of constant
mass. The main difficulty is to prove the smoothness of the ansatz in exponentially weighted
spaces required to apply the Lyapunov-Schmidt methods. *

1 Introduction

In this paper we prove the existence traveling fronts bifurcating from (standing) layers in a
class of parabolic systems that couple a scalar conservation law with a scalar reaction—diffusion
equation. Our focus here is on a systems of the form

up = [a(u)ug — b(u)vgs,
{ UVt = Vg + 0u + g(v), (-

on the real line € R. Here a,b,g € C3(R), § € R. Moreover, a is uniformly elliptic, that is,
a(u) > ap >0 for all u € R.

The system (1.1) encompasses a variety of interesting model problems, such as phase-field
systems and the Keller-Segel model for chemotaxis with its generalizations [1, 4, 5, 8, 12, 13].
From a theoretical point of view, (1.1) is particularly interesting as a system just slightly more
complex than a scalar equation: the steady-state problem can be readily seen to reduce to a
scalar equation after integrating the first equation for v as a function of v and substituting
the result into the second equation. On the other hand, stability properties of such stationary
solutions are slightly more complex than in the scalar case, where only monotone solutions
are stable; see [17, 18, 19, 20, 21]. Interesting dynamics of (1.1) are related to the fact that
this system conserves mass [ u with suitable decay conditions at & = oo. This induces a
constraint that, in some circumstances, stabilizes energetically unstable solutions [21], but, on
the other hand, complicates the analysis by introducing a “neutral mode”. Technically, the
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linearization at stationary solutions always possesses a neutral eigenfunction related to the
constraint, creating in particular neutral essential spectrum for linearized operators.

In previous work, we have analyzed periodic patterns, spikes (homoclinic), and layer (hetero-
clinic) stationary solutions of (1.1). While spikes and periodic solutions are always unstable on
the real line, layers can be stable in some circumstances. For a layer solution (u} (), v} (x)), we
denote by (uf, vj-f) its limits at x = *o0. Typically, uJLr # up, so that layers typically separate
spatial regions with different “mass” u. Varying system parameters, one finds codimension-one
situations where uf = u;. In such a situation, necessarily b(uy) = 0 and uz(z) = ui and
stability properties of layers change upon perturbing away from this degenerate point. We
therefore consider (1.1) e-dependent cross-term

b(w) — b(u) + ¢.

In fact, assuming & > 0, we showed in [20] that the spectrum of the linearization at a layer
solution is contained in ReA < 0 only if (uj — u,)(v] —v;) > 0. On the other hand, (1.1)
possesses a Lyapunov function whenever b > 0 [17], so that the boundary of stability can also
be seen as the boundary of gradient-like behavior.

Of course, changes of stability are expected to be accompanied by bifurcation of nontrivial
solutions. Here, it turned out that the structure of (1.1) prevents a generic saddle-node of layer
solutions and layer solutions can typically be continued through such a degenerate point. We
emphasize that the change of stability is caused by an eigenvalue crossing from Re A > 0 into
the essential spectrum, Re A < 0, upon increasing (or decreasing) e through 0. It is therefore
not immediately clear what type of bifurcation to expect.

In different circumstances, crossing of a zero eigenvalue at the linearization at a standing layer
induces bifurcation of traveling fronts; see [2, 3, 6, 9, 14]. In this context, stationary layers are
forced by a reflection symmetry in a reaction-diffusion system, and instabilities can occur in a
non-variational context. Not surprisingly, given the symmetry, traveling fronts bifurcate in a
pitchfork bifurcation with speed s ~ ¢, where € denotes a typical bifurcation parameter.

In the present context, stationary layers are not enforced by symmetry and there is no a
priori reason to expect pitchfork bifurcations. Arguing somewhat intuitively, layers separate
regions of different mass concentrations u. Since mass transport is primarily diffusive rather
than reactive, it cannot propagate at finite speed. Not surprisingly, traveling front solutions
(u(z — st),v(z — st)) therefore have equal asymptotic mass u™ = u~. This can be readily seen
by integrating the first equation; see Lemma 2.1 for details. As a consequence, traveling fronts
may limit on layers with 4 = «~ in limits where the speed vanishes.

The purpose of this paper is to analyze this somewhat vague and intuitive picture rigorously.
Our approach is based on direct Lyapunov-Schmidt methods. We eliminate essential spectrum
by the use of exponential weights, which induce negative Fredholm indices. Those can be com-
pensated for by suitable far-field corrections. Complicating the situation compared to previous
work [17, 20] is the emergence of a weakly stable direction on a center-manifold. We incorporate
this weakly stable direction by explicitly correcting in the far-field via a center-manifold solu-
tion. In order to preserve differentiability in this ansatz, we use scales of exponential weights
related to the proof of smoothness of center manifolds and stable foliations. A similar approach



was used in [10, 11], albeit exploiting algebraic weights.

The remainder of this introduction will present the main results in a precise formulation. We
denote by Hf;(]R) the Hilbert space of functions u for which u(-)cosh(n-) € H*(R), the usual
Hilbert space with square integrable derivatives up to order k.

Hypothesis 1. Throughout this paper we assume that (2.8) has an exponentially convergent
layer solution (u},vi) with uj =u; =u$° for § =&y # 0.

Our main bifurcation result is summarized in the following theorem:

Theorem 1.1. Assuming Hypothesis 1, there exists a locally unique family of traveling fronts
with weak decay, parameterized by +s € [0, so) (speed) and ¢ € (—eg, o) (bifurcation parameter),
bifurcating from the standing layer. The traveling front profile is of the form

u*:l:(v 875) = /.Ll(S,E)X$ + Xiuét('; M*:t(57€)7w;kl:(s7€)> 8,5) + SO*('; 575)7
i(';S,E) = Uz + XF (v$(:u;<375)) - Uf) + Xi(vét(-;/1,1(8,8),&)1(8,5),8,6) - U:Lt) + w*(';saf)

for £5 > 0. Here, v*(p) solve the equation g(v) + dop = 0 in the neighborhood of vf, respec-
twely, and x+ are smooth with x+(x) =1 for +x > 2, x4(x) = 0 for Fx > 2. The functions
©*(+;8,€), ¥*(-;8,€) vary smoothly in (s,e) € Ry N (—s0,50) X (—€0,0) as elements of H%(R)
and Hg(R), respectively, for some n > 0 sufficiently small. Finally, (uX,vE)(-;p,w,s,€) are

the center manifold solutions of the traveling waves ODE associated to (1.1).

v

In the following corollary we compute the expansions of the real valued functions p’ and wi
and the first order derivatives of the profiles v} and v} .

Corollary 1.2. Assume Hypothesis 1 and let coo = ZI((Z;:)) The real valued functions p% and
L

wi have the expansion

+ oot _
Coce” "L [|(v])a 3 e s

1 (5,2) = U3 + 25— | —+
L 50(6700"”2— . e*COO”L) a(u%o)(efc‘”vz _ e*COO”L)
1 .
a(ui.o)coo}g +0(2;5,¢), if ceo #0,
PR oot _
wi(Sys) :uzo+ Coo€ Cooj:LH('UL)$H§ s — |: e Coolp, (Ug—/UL) _
50(6—COO'UL _ e_Coo'UL) a(uf)(e—coo'l)ll _ e_Coo'UL)
1 .
a/(u%.%o}s +0(2;5,8), if coo #0,
()13 L — v :
*(s,e) =uP — s — e+ 0(2;8,¢), if coeo=0,
* 2 +_ . F
t(s,e) =uf® — IvE)ell2 s—i—vL vLE—i—(’) 2:8,€), if Coo=0. 1.2
In addition, we have that
05u’ (+50,0) = —k1(coo)e™YE, Dl (50,0) = doma(coo)(v]) ! TIHE )l 4 Gorg(cog ) e,
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Osv1(50,0) = W7, 9.03(50,0) = Z7, (1.3)

where W* and Z* solve the equations

Wiy + g (V])W* = Sok1(coo)e="L — (0] ),
ZE .+ g (v5) 2 = —bora(cse) (vh) 18 (Co0)l _ 50 a (a0 ) e . (1.4)

Here the functions kj : R — R, j =1,2,3, are defined by

collpelld e g x|
— (e o] B T > 0
Bo(e"E — ooV ) L Ra(ceo) = { a7

Kl(coo) = N 1 L . s
()=l ; _ = if Coo =0
50(1121;—112) if oo =0 auz’) fews
+_ —
( : )(ZLv}:L ) if coo 0 (L5)
K3(Coo) = § AL b —eL . 1.5
+ .

Next, we point out that there exists another class of traveling waves bifurcating from the
standing layer with constant mass u3°, under the additional assumption that o'(u3®) # 0.
Indeed, one can prove that it is possible to find traveling waves with constant mass bifurcating
from the standing layer (u$°,v}) under the same perturbation b(u) — bo(u) = b(u) + €.

Theorem 1.3. Assume Hypothesis 1 and suppose that b'(u3®) # 0. Then, there exists a
locally unique family of traveling fronts with constant mass u, parameterized by € € (—e1,€1),
bifurcating from the standing layer. The traveling front profile is of the form

u(;e) = nle)
(¢) = v (7le))x+ + v (7le))x— + ¥ (¢)

The functions Ji(-) and v(-;s,€) vary smoothly in € € (—e1,€1) as elements of R and Hg(R),
respectively, for some n > 0 sufficiently small. The speed of the traveling waves is given by a
function s = 5(e), which has the expansion

50(02L —vy)

S(e) = T e+ O(2). (1.6)
V' (ug )||(UL)2||%
In addition, we have that d-u(-;0) = @' (0) = _ﬁi") and 0:0(+;0) = Y™, where Y* solves the
equation
Jo do(v, —vp)

Y +g(wp)Y" =

g TR L (1.7)

Using the existence result from Theorem 1.3 we can study the stability of bifurcating traveling
front solution. We compute the spectrum of the linearization of (1.1) in the moving frame at
a traveling front (u(-;¢€),v(-;¢)) obtained by Theorem 1.1,

d (u — U
() o ?) "



where

Z(e) = [az (a((e))02 = /()2 (30)) + 5()0 0 a9
b 32 +5(2)0s + ¢'(0(€)

We point out, that for any ¢ € (—e1,£1) the linear operator £(g) can be considered as as a
closed linear operator on any space L2(R,C?) for any v € R.

Corollary 1.4. Assume Hypothesis 1 and suppose b'(u3°) # 0. Then, the bifurcating traveling
fronts obtained by Theorem 1.3 are stable. More precisely, the following assertions hold true:

(i) sup Re (0ess(L(€))) = 0 and oess(L(c)) NiR = {0} for all € € (—e1,€1);
(ii) The linear operator L(g) has no eigenvalue with positive real part;

Outline: In Section 2, we prepare the proofs in a sequence of lemmas, in particular setting up a
nonlinear equation with far-field corrections, analyzing Fredholm properties of the linearization,
and establishing smoothness and thus preparing for Lyapunov-Schmidt reduction. Section 3
exploits those results to prove our main bifurcation result, Theorem 1.1 and expansions in
Corollary 1.2. Section 4 contains proofs for constant-mass traveling waves, Theorem 1.3 and
Corollary 1.4.

Notations: For an operator 7" on a Hilbert space X we use T%, dom(T), ker T, im T, o(T),
p(T) and T}y to denote the adjoint, domain, kernel, range, spectrum, resolvent set and the
restriction of 7" on a subspace Y of X. We divide the spectrum of 7" into two disjoint sets:
Opoint(T'), the union of eigenvalues A for which 7" — A is Fredholm with index 0, and oess(7")
its complement in o(7"). The Morse index of a hyperbolic matrix A, denoted i(A), is the
dimension of its unstable subspace, which is the generalized eigenspace associated with all
eigenvalues A of A that have Re A > 0. The usual Lebesgue spaces, the space of bounded
uniformly continuous functions and the weighted Lebesgue spaces of vector valued functions
are denoted by LP(R,CV), BUC(R,CN) and LP(R,CV;w(x)dz) respectively. If w(z) = 11|
for all z € R we denote the LP-weighted space by Lp(R,CY). Similarly, we define weighted
Sobolev spaces Wi’p(R, CN) and H];(R, cM).

Acknowledgment: AS acknowledges support under grant NSF DMS-1311740. AP acknowl-

edges support by through a Summer Research Grant by College of Arts and Science, Miami
University.

2 Setting up the bifurcation problem — weakly decaying trav-
eling fronts

In this section we set up a nonlinear bifurcation problem for the existence of traveling fronts in
(1.1). The key steps are to identify far-field corrections, (2.13), differentiability of the nonlin-
earity in spaces that gain exponential localization, Lemmas 2.6 and 2.7, Fredholm properties
of the linearized operator and its bordered version with far-field corrections, Lemmas 2.8-2.11,
and differentiability of far-field contributions in spaces that loose exponential localization 2.12.



We start by looking for traveling front solutions of the form (u(z — st),v(z — st)) of the system
(1.1) under the perturbation b(u) — b-(u) = b(u) + ¢. The scalar functions (u,v) satisfy the
system

(2.1)

[a(u)u' — b (u)v'] + su’ =0,
V" 4+ du + g(v) + sv' = 0.

We note that the first equation of this system can be integrated once, to obtain the equation
a(u)u’ — be(u)v' + su = sp, (2.2)

where ¢ € R is a constant. In the next lemma we obtain a necessary condition for any
exponentially converging solution of (2.1).

Lemma 2.1. Assume that (u,v) satisfies (2.1) for a fived s,e € R and that u, v are exponen-
tially converging, that is, there exist ¢,n > 0, u*,v™ € R such that

lu(z) —ut| < ce™* Ju(z) —vF| < e forall z € Ry (2.3)
Then, ut =u™ = p, g(vt) +6pu =0, and limy_s400 v/ () = limy 400 v (2) = 0.

Proof. We define the functions w1 : R — R by

+o0
wele) =v(@) —s [ (o) = v)dy, (2.4)
From (2.3), we infer that the functions wy are well-defined, of class C?, and
wl = v +s(v—v), wl=v"4sv.

Using the second equation of the system (2.1), we obtain that w/l = —déu — g(v), which implies
that w/[ is bounded. Since, in addition, lim,_, 1 wy(x) is finite, using Taylor’s theorem we
infer that lim, 1. w/ (2) = 0. From (2.3), we conclude that

)

V' (x) =l (z) —s(v(z) —vF) -0 as x — +oo. (2.5)

Solving for v’ in (2.2), we have that

;_ be(u) v Sy — su
u = a(w) + OB (2.6)

Since limy_, 1o u(x) is finite, we infer from (2.5) and (2.6) that lim,_, . /() is finite. From

I’Hospital Theorem it follows that the last limit cannot be anything else but 0, that is

u'(z) >0 as x — Foo. (2.7)
Passing to the limit as # — 400 in (2.6), we obtain that u™ = u~ = p. Similarly, passing to
the limit as 2 — 00 in the second equation of (2.1), we have that du + g(vF) = 0. O



We are interested in finding traveling waves solutions of (1.1) whose profile at s = ¢ =0 is a
heteroclinic solution of the system

{ [a(u)uy — b(u)vg], =0,

2.8
Uz + 0u 4 g(v) = 0. (2:8)

In the next remark we collect a few results that follow immediately from Hypothesis 1; proofs
are carried out in [20, Section 2].
Remark 2.2. The following assertions are true:

(1) uj, = ug’, blug’) = 0;

(i) g(vi) + ou® = 0;

(iii) ' (vi) < 0;
(iv) /iL g(v)dv = —ouP (v} —vy).

From Lemma 2.1, we note that (2.1) is equivalent to the system

1 bwte s s(p—w)
- a(uw) + a(u)

V" = —dgu — g(v) — sv', (2.9)

lip_ule) =

u

xT

Next, we note that the equilibria vf are robust under small perturbations and the profile of

the traveling front satisfies the conditions required by Lemma 2.1.

Remark 2.3. There exists pig > 0 and smooth functions v= : (u3° — pg,u® + po) — R such
that

(i) v*(us) = vf;

1) For each p € (u3® — po,us® + po), tn a neighborhood o v, respectively, the equation
L L L
g(v) + Sop = 0 has the unique solution v = v*(u).

The conclusions of the remark follow by applying the Implicit Functions Theorem to the function
H :R? — R defined by H(v, ) = g(v) + dopu. From Remark 2.2 it follows that

H(vf,u%o) = g(vf) + dpug” =0, 8UH(vf, ug’) = g'(vi).

Next, we note that (2.9) can be rewritten as the first order system

= b(au()u-i)-aw 4 5(5(;;4)’
v =w, (2.10)
w' = —dou — g(v) — sw.



For s = 0, (2.10) possesses an equilibrium at u = p, v = vE(u), w = 0, for any p € (U —
o, us® + 1) and any € € R. The Jacobian of the left-hand side of (2.10) at any of the equilibria

described above is given by

0 0 b(p)+e
n a(p)
JH(me) =10 0 1 for any p € (ug’ — po,up + o), € €R.

80 —g'(vE(u)) 0

For any pu € (u® — po,u$® + po) and e € R small enough the matrix J*(u,e) has three

algebraically simple eigenvalues given by A = 0 and A = i\/ —g'(vE(p)) — do b(a“(LJ)rE. Moreover,

one can readily check that ker J*(u,e) = Span{(l,—%g'(vi(u)),O)T} and ker JF(pu,e)* =
Span{(1, —%, 0)T}. We infer that for any u € (u$° — po, u$® + o) and € € R small enough,
system (2.10) has a center manifold W*(u,¢) at (u, v= (), 0)", which at s = 0 is simply given
by the curve of equilibria dyu+g(v) = 0, w = 0. The dynamics on the center manifold W* (y, ¢)

are hence determined by the dynamics of the u-component,

u = 8[5(;%:) +O((u — u)z)] (2.11)

We denote by ul(-; u,w, s, e) the solution of (2.11) defined for +x > 1 with initial condition
uf(:l:l; i, w, s,e) = w. This solution possesses the expansion

—s(zF1)
iy p,w,8,6) = pte D) [(w—u)%—(’)((w—u)z)}, tr > 1, p,w € (uf —po, uf + o), € € R.

(2.12)
The other components of the solution of (2.10) on the center manifold W= (u,¢) satisfy the

u

following expansions:

vE (2 pyw, 85,€) = v (uE (@, w, 5,8)) + O(s),  wi(z;p,w, s,e) = Opvt(z; p,w, s,6) = O(2).
(2.13)
Next, we collect some of the properties of the center manifold solutions (uF, v, w?) needed
in the sequel. We are especially interested in the boundedness and growth properties of these

solutions for p,w ~ u$° and s,e ~ 0.
Remark 2.4. Differentiating in (2.11)—(2.13) we have that the following assertions hold true:

(i) There exists eg > 0 and sg > 0 such that the functions (ur,vE wk)(-, u,w,s,e), and

(Opuf, 0,0F, Opw¥E) (-, pyw, s,€) € L, uniformly for all p,w € (U — po, u® + po), & €
(—e0,€0) and 0 < s < sp;

(i) For any q € {u,w,s,e} the partial derivatives (Oqus,0pvE, dywT)(z, p,w, s,€) grow poly-
nomially as x — Foo, uniformly for all p,w € (U — po,u® + wo),e € (—€o,€0) and
0 < +£s < sg;

(iii) Moreover, we have that

awu(::t(';,uawvoao) =1, ﬁﬂuci(-;u,w,0,0) =0,
Qv (3 11,0, 0,0) = _mv O vE(+s 1y w,0,0) = 0, (2.14)
OowE (- p,w,0,0) =0, 0w (s pyw,0,0) =0,



asu (:E sy Wy 0 O) a(w) (:‘U + 1) 85“?(‘; o, w, Oa 0) = 07
OsvE (w5 1, w,0,0) = 0, O=vE (v pyw,0,0) = 0, (2.15)
OswE (w5 1, w,0,0) = 0, O-wE (-5 p,w,0,0) = 0.

Since for any u € (u$° — o, u° + o) and € € (—eg,e0) the equilibrium (p, vE(u),0)T is stable
within the center manifold W¥ (u, €), solutions that converge to the equilibrium converge with
uniform exponential rate for £ — *oo. Therefore, when s > 0, we use the ansatz

u(z) ug® = ug’ uf (z; p,w, 8,€) — ufe ¢(z)
v(z) | = | vi(@) | +x-(@) [ v (W) —vp | +x4@) | of (@mw,se) —vf |+ | d(@) |
w(x) (v) (=) 0 wf (w5 p,w, 5,€) ¢(x)
(2.16)
while for the case s < 0, we use the ansatz
u(x) ugy’ ug (5 p,w, 8,€) — ug p—ug e(x)
v(@) | = | vile) | +x=(@) | v (@pwse) —vp [ +xe@) [ oF () —of |+ [ ¢(2)
w(x) (vp) (=) we (5 1w, 8, €) 0 ¢(x)
(2 17)
Here we used the definition y+ = (1 & p), with p € C*°(R) such that —1 < p < 1, p(z) = —1

for all z < —2 and p(z) = 1 for all # > 2. The functions v*(-) are defined in Lemma 2.3,
0,0, € H% (R,R), n > 0 is a small exponential weight chosen such that

U5 =] —vixs —vpx- € Hg(R,R). (2.18)

Substituting the ansatz (2.16)—(2.17) into (2.10) we obtain two equations F (¢, 1, ¢, i, w, s,€) =
0, +s > 0, where Fy : H}(R, R3) x (u$° — o, u + o) x Ry N (=50, 80) X (—€0,€0) — L%(R,R?’)
is defined by?

b(xg it xrus +o)+ ,
¢ sy (e + xawd +9)
]:i(gpﬂl}aQSa”awaS?g): w/ - d)
/ ~ %
¢ —So(xxr + ) = g(T7 + x0T (1) + xx0g + )
FxEuT+p—
Xt + Xaug + xx(uF)z + s(f(f(;‘ L )

+ X (0 (1) = o) + Xo (0E = vT) : (2.19)
$((V1)e + ) + (V])aw + XowE — x2g(vE)

We note that the functions F are not of class C'. To overcome this issue, we formally expand
the functions F4 as follows:

@
Fi(@,0, 6, pyw, 8,6) = Li(p,w, s,6) [0 | + Q5 (1 —u) + Q5 (w— uf) + Qi s + QFe
¢
+R:|:(,LL,OJ,S,E) +N:|:(Q0,1/J,¢,,U,,OJ,S,€). (220)

2Here we abreviate (uf, v, wk) = (uf, v, wd)(, u,w,s,e).



Here Ly : (u$ — po,u$® + po)? X Ry N (—s0,50) X (—€0,0) — B(H%(R,R%,L%(R,]R:g)) are
defined by

@ @' (Z’TTE)'(XzFquXiuzt)((vZ)x +Xiw§)s&
Li(pyw,s,e) (v ]| =|[¢"]|~— 10}
¢ ¢' —do — ¢ (03 + x50F (1) + x20E)
a(xgptxrud) —xs (ud +p)a’ (xpptxsud) +
S aQ(X:FM+XﬁZuCi) (X:FN + X+Ug )90
+ 0 ;o (2.21)
s¢
do g(p) \T
Qi = — Coo X (’U* )a: + X/ ) _7X/ 750X - 507X )
" ( B g g0l jF)
) "(v7) T
+ * / 0 ! g\vy,
w — - CLoo x + s T T N 76 — 0 )
@5 = (= o) X~ i dons — g )
T 1 T
+ * + o *
Qs - (07 07 (UL)CC> ) Qe - ( CL(’U,%O) (UL)x’ O’ 0) . (222)

Moreover, Ry : (u$° — o, u$® + )2 x Ry N (=80, 50) X (—€0,20) — L%(R,R?’) is defined by
R:E(M7w7 S, 8) - .Fj:(0,0,0,,U,,w, 876) - Qi(ﬂ - Uzo) - Qf(w - U%O) - Q.:sts - QéEE’ (223)

while Ny : H%(R, R?’) X (u%’ — uo,u‘f’ + ,U,O)2 X Ry N (—80,50) X (—60,50) — L%(R,R% is the
remainder, satisfying the condtion

Ni(p, ¥, ¢, p,w,8,6) = O(2; 90,9, ¢). (2.24)

Next, we are focusing our attention on the properties of the functions from the decomposition
(2.20).

Remark 2.5. Since the layer (u3°,v}) converges exponentially at +oo, we infer that there
exists yo > 0 such that fo, QY QF,QF H%+v for any v € (0,70)-

Lemma 2.6. Then, the functions Ry : (u3® — po, u + po)? x Ry N (—so,50) X (—€0,€0) —

H%JW(R,RS) are of class C for any v > 0. Moreover, we have that
R (u, uF,0,0) = 9, Re (u, u,0,0) =0 for any g € {pw, 5,6} (2.25)
Proof. Since the functions (u}, v, w¥) are the center manifold solutions of (2.10) used in the

ansatz (2.16)—(2.17), we conclude that F4(0,0,0, u,w, s,€) is a smooth function with compact
support. Thus, we have that there exist 75 € C°°(R) with compact support and fli, f;c, f;E :
R X (u$® — po, u + po)? x Ry N (—s0,50) X (—€0,0) — R such that

fli(-;,u,w,s,e)
Re(p,w,s,e) = | f(spmw,s,e) | 75() = Qu(p—uf) — Q5 (w — uf) — Qs — QFe. (2.26)
f;:(-;/_j,,w,s,&f)
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The functions f;ﬁ7 7 = 1,2,3, can be expressed in terms of the functions a,b, g, the center

+ £ ,,E

manifold solutions (u>, v}, w2

Remark 2.4(i) we have that

), the cut-off functions y+ and the variables u, w, s, . From

f]i,&cfjjE € L™ <R X (U — po, uF + o) x R N (=50, 50) X (—50,50)), j=1,2,3. (2.27)

In addition, from Remark 2.4(i) we conclude that for any ¢ € {, w, s, e} the partial derivatives

Oy fji grow polynomially for x — +o0o. Since the center manifold solutions (uf,vg[,wci) are

solutions of (2.10), it follows that for any ¢ € {,w,s,e} the partial derivatives 0,0, f;—L grow
polynomially for x — +o00. We infer that for any 6 > 0 there exits My > 0 such that

100 15 (@3 1, w, 5, €)| + 1000 £ (w3 1, w, 5, €)| < My 7] (2.28)

for any z € R, p,w € (uf° — po,uf® + po), € € (—€0,€0), 0 < +s < s9, ¢ € {p,w,s,¢e},
j=1,2,3. From (2.23), (2.27), (2.28), Remark 2.5 and Lemma A.1 we obtain that the functions
Ryt (u$° — o, u + p10)? x Ry N (=80, 80) X (—€0,20) — H%+7(R,R3) are of class C! for any
v > 0. Assertion (2.25) follows from Remark 2.4(iii) and the definitions of the functions Fi

and Ry in (2.19) and (2.23), respectively. O

Lemma 2.7. The functions N4 : H%(R, R3) x (u$° — o, u$® +po)% x Ry N (—s0, 80) X (—e0, £0) —
H%nf,y(R,R?’) are of class C' for any v > 0.

Proof. Since the functions Ny are defined as the second order remainder in the decomposition
(2.20), we have that

Na(,, 6, pryw, 5,8) = Y sokwiqﬁj[aﬁj(fé'ij(-;u,w,sae)+<P)+ﬁ;i'§j(g$j(-;ﬂ,w,s,6)+w)]
(k.i,4)EZ2

(2.29)

Here Z, is defined by Zy = {(k,i,j) € Z3 : k+ i+ j = 2}. The functions a,fij,ﬁ,fij :R—>R

are C? functions for any (k,4,j) € Z5. Similar to the previous lemma, the functions f,j; i g,fl. i

R x (u$° — po, u + po)? x Ry N (—s0,50) X (—€0,€0) — R can be expressed in terms of the

+ £

functions a, b, g, the center manifold solutions (uZ, v, wF), the cut-off functions y+ and the

variables u, w, s, €. Therefore, from Remark 2.4 we infer that
+ + + + 00 0 [e9) 2
Jit0u iy 05000t € L (R x (U — g, u$ + po)? x R N (=50, 50) X (—50,60)) (2.30)
for any (k,i,j) € Z2. In addition, we have that for any 6 > 0 there exits My > 0 such that

‘6qf$j($;ﬂ,w,8,5)’ + ’axaqfs;j(‘r;u?w:sag)‘ < My 69|:c|7
|8qg,§j(x; yw, s, )| + |8x8qg,ij(a:;u,w, s,e)| < My ! (2.31)

for any x € R, p,w € (ug® — po, uF + o), € € (—€o0,€0), 0 < £5 < 80, ¢ € {1, w, s,¢}, (k,4,7) €
Z5. From (2.30), (2.31) and Lemma A.1 we conclude that the functions f,?;j(-; W, S, €),
g,:;.j(‘; t,w, s, ) are of class C! for any (k,i,j) € Z5. Together with (2.30), from Lemma A.3 we
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conclude that the functions F,j;j, Gfij : H,% (R) X (u$° —po, uC+p10)? xRN (=50, 80) X (—€0, €0) —
HLY(]R) defined by
Fk:;lfij(soa :Ufa w, 87 E) = aI:;J(f]jf:U(v M,UJ, 87 5) + 30)7 ij:zj(QO, :U’7w7 87 E) = B,I:gt”(g]:gtw(v /’L7w7 37 8) + ¢)
(2.32)
are of class C! for any (k,i,j) € Z5. The lemma follows shortly from (2.29) and (2.32). O

Next, we study the Fredholm properties of the linear operators L (u,w, s,e). First, we note
that

d

T = Ly (up’,uz’,0,0) = L_(u7’,ug’,0,0) = de Az) : H%(RaRS) - L%(R7R3)v (2.33)
where )
a(uiLo) (v}i)’(ﬂ:) 0 0
Az) = 0 0 1] - (2.34)
—do —g'(vp(z)) 0

Using that v} (z) — vE and (v})(z) — 0 as @ — £00 we obtain that A(z) — Ax as x — +0o0,

where

0 0 0
Ar =1 0 0 1] . (2.35)
—6y —g'(vi) 0

In the next lemma we show that the operator 7 is Fredholm and we compute its index.

Lemma 2.8. There exists n* > 0 such that T is Fredholm and ind(T) = —1 on L}(R,R?) for
all n € (0,n*).

Proof. First, we introduce h, € C°°(R) a smooth function satisfying the properties: h,(z) =
el for all z € R with |z| > 1 and inf|; <1 hy(z) > 0. Then, one immediately checks that
L%(R,R?’) = L*(R,R3, hy(z)~2dz) with equivalent norms || - ||L$, and || - HLi— .

2
n

Next, we define U, : L?*(R,R3) — L%(R,R?’) by Uyw = hyw. The operator U, is bounded,
invertible with bounded inverse. Thus, 7 is Fredholm on L2(R,R?) if and only if 7,, = U, ' TU,
is Fredholm on L?(R,R3) and ind(7) = ind(7;). From (2.33) it follows that

d hy d

where A, (z) = A(x) — Zi’gg Since A(z) — A4 as x — oo we have that

Ap = lim Ay(x) = At £nls.

r—+o0

The matrix AL has eigenvalues 0, y/—g’ (vf) and —4/—¢’ (Uf), all with multiplicity 1. Letting

n* = min {\/—g’(vzr), \/—g’(vg)}, we infer that for each n € (0,7*) the matrices A, are
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hyperbolic with Morse indices i(A_ ;) = 1 and i(A4,) = 2. From Palmer’s classical result,
[15, 16] we conclude that 7, is Fredholm on L?*(R,R3) and

ind(7;) = i(A_,) — i(As,) = 1.
proving the lemma. O

In the next lemma we describe the kernels of 7" and of 7*, the L?-adjoint of 7. Here, we consider
the operator T* as a closed, densely defined linear operator on L%n(R, R3), with n € (0,7%).

Lemma 2.9. Let coo = Z((Zz)) The following assertions are true:
L

(i) The kernel of T is spanned by (0, (v} )a, (V5 )zz)®;
(i4) If coo 7 0 the kernel of T* is spanned by (e=°="L,0,0)T and (C‘%, — (), (VE)a) T

(i4) If coo = O the kernel of T* is spanned by (1,0,0)T and (Sov}, —(v})az, (vE)2)T.
Proof. (i) To find ker T we solve the system

¢’ = coo(V] )aips
Y = ¢, (2.37)
¢ = —dop — g' (v} ).

Solving the first equation of (2.37) we obtain that ¢ = ce®>L, for some ¢ € R. Since v} (x) —
vE € R as 2 — fo0 we have that ce®=VL € H% (R) if and only if ¢ = 0. Thus, if (¢, v, ¢) € ker T
then ¢ = 0. From the second and third equations of (2.37) we obtain the equation

U +g'(vp )y = 0. (2.38)
Since equation (2.38) is the variational equation of
V" + doug® + g(v) =0, (2.39)

and since 9 € H,QI(R), it follows that i = d(v] ), for some d € R. Finally, ¢ = ¢’ = 5(v] )zs-
Similarly, to find ker 7* we solve the system

/

® ®
V| =—-A@)T |y |. (2.40)
¢ ¢

Here AT denotes the transpose of the matrix A. This system is equivalent to
@' = —Coo(V])ap + S0,

W = g'(v])9, (2.41)
¢ =—.
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From the second and the third equation we obtain that

¢"+4'(vp)o =0, (2.42)

that is ¢ is an exponentially localized solution of (2.38), the variational equation of (2.39). It
follows ¢ = d(v}), and ¥ = —d(v} )z, for some d € R. We conclude that ¢ satisfies the first
order differential equation

‘Pl = _COO(UDISO + 50/3(7)2)33- (2'43)
We infer that there exists ¢ € R such that

Y

o ce CoVL 4 d%, if coo #0
c+dopdvy, if ceo =0

proving the lemma. O

Next, we introduce the functions L4 : (u3® — po,u3 + 10)2 x Ry N (—=s0, s0) X (—e0,0) —
B(H}(R,R?) x R?, L2(R,R?)) defined by

T
Ei(,u,w,s,e) (@aquba 21522) = Li(ﬂ,w,5,5)(@,¢,¢)T +Qi:zl +onj:'22- (244>
In the next lemma we enumerate the properties of the linear operator £ (u$°,u$°,0,0).

Lemma 2.10. We have that L4 (u$°,u$°,0,0) are Fredholm operators with index 1 on L% (R, R3)
for any n € (0,n*). Moreover, Li(u3,u3°,0,0) are onto and their kernel is spanned by

(07 (UZ)% (UZ)acaca 0, O)T

Proof. First, we prove that the linear operators £ (u3°,u$°,0,0) are onto. From (2.44) one
readily checks that

Im7T CImLs(u, u,0,0) and QF,QF € Im Ly (uf”,u,0,0). (2.45)
Thus, to prove that the linear operators L4 (u3°,u3°,0,0) are onto, it is enough to show that
2 3y _ + At
L;(R,R?) = Im T & Span{@,,, Q@ }- (2.46)

From Lemma 2.9(ii)—(iii) we have that

Im7 ={U € Lg(R,R?’) (U, U2 = (U, Uy) 2 = 0}, (2.47)
where
T T
e 0,0) , if coo # 0 S0 () (0F)g ) if Cog £ O
v ) #0 o) (b () A0

(1,0,0>T, if cop = 0 (50v,§, — (03 aas (v;;)x)T, if e = 0

From (2.47) we conclude that (2.46) holds true provided that the matrix

(@QEUN @5UDe Y\
o < <Q%,Q2)Lz (QE,U,) 2 is invertible. (2.49)
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In order to evaluate the scalar products above, we use (2.22) and (2.48). We distinguish between
the two cases: Coo = Z((gz%:)) # 0 and ¢y = 0.

Case 1. co # 0.

In this case the two vectors that span ker 7" on LQ,,](}R,R?’) are U; = (e7°=%2,0,0)T and
Uy = (22, —(0} )aw, (v} )) " Tt follows that

* _ « |00
<Q,jf,Q1>L2 = /Recoo% (X% - coo(UZ)xX:F) = xge 'L

—00

0 0 0
+ _ Y0 1 * Y0 0 ! *
<Qan2>L2 = m /RX$ /]R (COO(UL)xX:F Coo> + g/(’Uf) /RX$(’UL):C:(:

00 [ = S [ S
R g (UL) R
_ do & do ’og *
= aX:F - + 77 /R <X$(UL)M + XZF(”L)MJ:)
B 50 50 o0 . (50 .
= :FCOO ‘I’ g/(’Uf)X$( oo Coo7
R B R
R

do

1) 1)
+ 0 ! * 0 / *

bl - - o0 X - T N T
<Qw QQ>L2 ; / X+ / (c (UL) Xic ) + ’(Ui) / Xi(vL)

* 6 * *
+ 5% /R Xt (vh)e — —% /R ¢ (W} xe(Wh)a

9(%)
JRCATARERNE

o0 b
=49

*
Uy )zx

+
= de” VL

do ‘00 do

=X+ ;

Coo” =00 g'(vp
) )

_ 4% 0

+

TS (250

Coo
We conclude that

F +
:Fe—coovL 4 CooVp,

d d
Few  Fow

— ﬁ(efcoov% _ efcoovf) 7& 0. (251)

Coo

Det(Qi) =

Coo

Case 2. ¢ = 0.

This case is similar to Case 1. From (2.48) we have that ker 7* is spanned by U; = (1,0,0)T
and Uy = (80, — (0% )za, (vE)2)T. Next, we compute

oo
‘ =FL

<Q;:E7Q1>L2 = /RXQF = X7F

* 0 * *
<Q;:E7Q2>L2 = 50/RX/:FUL + % /RX,:F(UL)m + 50/ XF(VL )z —

9'(vf) R g (vf)
x| 60 / * *
= 50X:F'ULLOO + 7(07) /]R (X:F(UL)GJI + X:F(UL)zm)

= Foov} + % xF(v1) -
- 1 \AF\YL T
L gof)

= Foov};
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oo
(Q=,Up)pe = / Xy = Xi‘ = =+1;
R —0Q

do
Quimg 25/X/U*+/X/ U] xx+5/X:tU*z_

o 1)
= SoX+V], + 701 X/i (VL )zz + X& (VL) za
-0 QI(UL) R

* & +
X:I:(UL)xz = i(SO'UL- (2.52)

9o
= Lo + —
Eg(r)

Again, we conclude that

F1 +1

—So(vE —vT) #0. 2.53
:F(SOU:LF :I:(Sovf O(UL UL)7'é ( )

Det(Qi) = ‘

From (2.51) and (2.53) we obtain that (2.49) holds true, which implies that the linear operators
L4 (u3,u3°,0,0) are onto. To finish the proof of lemma we show that ker £4 (u$°,u$°,0,0) is
one dimensional. Indeed, from (2.44), (2.46) and Lemma 2.9(i) one readily checks that

(cp,w, o, 21, Z2)T € ker L4 (u$°,uS°,0,0) if and only if (p,1,¢)T € ker T, 21 = 25 = 0,
which implies that ker £+ (u3°,u3°,0,0) = Span{ (0, (v} )z, (v} )za,0, O)T}. O

Next, we are going to analyze the linear operators L4 (u,w,s,e) in further detail. First, we
note that

‘Ci(/l’wv 5, 5) (903 Y, 9, 21, ZZ)T = ‘Ci(uiov uf? 0, 0) ((107 ), ¢, 21, ZQ)T + [’irt(:u’ w, S, 6) ((:07 Y, QS)T
(2.54)
for any ((p, U, P, 21, 22)T € H%(R, R3) x R?, (p,w, s,€) € (uP — po, u$® + p10)* X R N (—s0, S0) X
(—€0,€0), where the functions El b (U — po,uS® + po)? x Ry N (—sp,80) X (—e0,60) —
B(L2(R,R?), L7 (R, R?)) are defined by

Ll (p,0,5,8) (0,0,0) T = (K (5 1100, 8,€), 0, ki (-5 1y w, 5, €)) + 50) 5 (2.55)
b+ey\/ b (us°)
k(s p,w,s,e) = — it 4 xeud ) ((vF)e + +xrwd ) + OLO ] )t
£ )=—(7) (= ) (@) )+ ey @)

RUCS s x+uE) — x+(uF + p)a (xsp + x+ud)
a2(xxp 4 x+u)
ks (5w, 8,6) = g/ (05 4+ xxvT (1) + xavE) — ¢'(v]). (2.56)

- (X1t + X2ud);

In the next lemma we prove the invertibility of the linear operators £ (i, w, s, €) with p,w ~ ug°
and s,e ~ 0. To formulate this result we introduce the Hilbert spaces

M,y = HL(R,R®) & Span{ (0, (v})e, (v])az) }, 1> 0, (2.57)

where the symbol V& W = Z refers to a the (arbitrary) choice of a complement Z of W in V.

16



Lemma 2.11. There exist ug > 0, so > 0 and g9 > 0 small enough such that Ly (pu,w,s,€) is
invertible from H, x R? to L%(R,R?’) and

sup {H(ﬁi(u,w,s,@)*l!\ L (1w, s,8) € (U — pio, uF + o) x Ry N (=50, S0) X (—80780)} < 00.

Proof. Since the functions a, b, g are of class C® and the functions y+ and v} are bounded on
R, from Remark 2.4(i) and (2.56) we infer that kjc(-;u,w, s,e) € L(R) and

Hk:;t(-;,u,w,s,z—:)noo =0(p—uP,w—ui,s,e), j=1,2 (2.58)

for any (u,w,s,e) € (u$° — po, u® + o) x Ry N (—so, 80) X (—¢€0,€0). From Lemma 2.10 we
obtain that the operators £ (u$°,u$°,0,0) are invertible from #, x R? to L%(R,H@) and that
their inverse are bounded. From (2.58) we conclude that

=O0(p —uy,w—uf,s,e). (2.59)

-1
50 %0 i |
H (»C:I:(UL YU 7070)> Ll w,s,€) L2(R,R3)—Hy xR

Choosing 1o > 0, so > 0 and €9 > 0 small enough, the lemma follows shortly from (2.54), (2.59)
and Lemma 2.10. O

From (2.20) and (2.44), we note that the equations Fi (g, 1, ¢, u,w, s,e) = 0 are equivalent to,
respectively

E:‘:(M7w737{5)(907wv¢a:u_uzo7w_u%O)T_'_QsiS""_QgiE"‘rRi(M?w?575)+Nﬂ:(§07'¢a b, phy w, 37€> =0.

(2.60)
Furthermore, from Lemma 2.11 we infer that by multiplying with (L'i (1, w, s, E)) _1, (1w, s,¢€) €
(u$° — po, uS® + po)? x Ry N (—s0, 80) X (—eo,0), equation (2.60) is equivalent to

—1
(()07 ¢7 <Z57M - U%O,w - U%O)T =+ (‘C:t(:u7w7 37€)> |:Qsi8 + Qsig + R:E(M7w7 37€)+

+ Ni(p, ¥, 0, 1w, s,e)] = 0. (2.61)
Next, we fix 7 € (0,7*) and choose v > 0 such that v < max{n* —n,7}. We introduce the

functions Vi : H%JW(R,R?)) X (u$° — po, u + po)? x Ry N (—s0, s0) X (—e0,€0) — Hy x R? and

N H%(R,Rg’) X (u$° — po, uP + po)? x Ry N (—s0, s0) X (—e0,0) — H%JW(R,R‘%) defined by

-1
Vi(i,,u,w,s,e) - (Ei(ﬂ,@,S,é’f)) f7 (262)
N:l:(@? ¢7 (ZsJ ,"67 w? S? E) = Q;ts + Qgﬁg + Ri(/’% w? 87 E) —"_ N:t(gp? ¢7 (b’ I'L7 w’ 87 E) (263)
In the next lemma we prove the smoothness properties of the functions Vi defined in (2.62).

Lemma 2.12. Let € (0,n7*) and 0 < v < max{n* —n,7}. Then, the functions Vi :

H%jw(R,RS) X (U3 — po, u + po)? x Ry N (—s0,50) X (—€0,0) = Hy x R? are of class C1.
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Proof. First, we note that from (2.56) we conclude that the functions &, k3 : R x (u$° —
o, uF° +p0)2 x R N (=50, 50) X (—€0,€0) — R can be expressed in terms of the functions a, b, g,
+

the center manifold solutions (uF,vE, wZ), the cut-off functions y+ and the variables p, w, s,

€. Thus, from Remark 2.4 we infer that
k;[, &Jﬂf e L™ (R X (uS® — pio, u + )% X Re N (=50, 50) ¥ (—60,{50)) (2.64)
for any j = 1,2. In addition, we have that for any 6 > 0 there exists My > 0 such that
|8qk;-t(:c; p,w, s, €)| + |3x3qk:j»[(x;,u,w, s,e)| < My 7!, (2.65)

for any x € R, p,w € (u3® — po, u® + o), € € (—eo,€0), 0 < s < s, g € {p,w, s,e}, j=1,2.
From (2.55) and Lemma A.4 we conclude that the functions

CJ:fi: : (u%o — Mo, u%o + M())Q xR+ N (_807 80) X (_50750) - B(Hlll (R7R3)7H$2(R7 RS)) (266>

are of class C! for any of the following pairs (vi,v2) = (n +7,1), (v1,v2) = (1 + 7,1 + 7)
and (v1,v2) = (n+ 3,7m). Next, we prove that the function £3': (u$° — po, u$ + po)? x Ry N

(—s0,50) X (—€0,20) = B(H, . (R,R?), H, x R?) is of class C*. We note that

(L) ™ = (Le(v2) ™ = (Lalyn) ™ (L) = L)) (Laly) ™
= (L) (w2 — £L) )M (L)), (267)

where y1 = (p1, w1, 51,1), 42 = (b2, W2, 52,62) € (U — po, uF° +p10)? X R N (=50, 50) X (—£0, £0)
and I, : L2(R,R?) x R? — L2(R,R?) is defined by I (¢, ¢, ¢, 21,22) " = (¢4, ) . Since
n,n+ vy € (0,7*), from Lemma 2.11 it follows that

(La(pyw,5,6)) HEL (RR?) C (La(pyw,5,2)) L2 (R R?) = Hyysy X R2,

nty n+y
(La(pyw,5,) THHR,R?) C (Li(p,w,s,6)) L2(R,R?) = H, x R2. (2.68)
Moreover, we recall that if V., W and Z are Banach spaces, T' € B(V,W) and Z < V then
T eB(ZW) and HTH < )TH . (2.69)
Z—=W VoW
Since ||IIs|| = 1 from (2.67), (2.68), (2.69) and Lemma 2.11 we obtain that
-1 —1
L - (£ ’ <
(e = et ], s
: L)~ £l R
<
= H(ﬁi(yl)) ‘ H%—)?—LT,XIR2H£:‘:(y2) £x(n) HL, —H} (£+(32)) HY, My xR
< |[(Cxtwn) | £l y) — £L )| L)
- H( i(yl)) L%%anﬂ@ i(y2) i(yl) H%_,'_,Y—)H}’ ( i<y2)) L727+,Y%7-tn+ﬂ,><]R2
T T
< Kol [£h ) = £h ), (2.70)

for any yi,Yy2 € (u%o - MO?U%O + #0)2 xRy N (_807 30) X (_60750)7 where

K, = sup {H(ﬁi(y))_l‘ ty € (uF — po,ug® + 1) x Re N (—s0, s0) % (—50760)}-

(2.71)

L2—H, xR2

18



From (2.66) and (2.70) we infer that the functions £3" : (u$® — o, u® + 10)% X Rt N (=50, S0) X

(_607 60) - B(H717+'y

(2.66)) that the same conclusion is true if we change v to 3 and/or n to n 4+ 3. Thus, we

(R,R?), H,, x R?) are continuous. Moreover, one can readily check (using

conclude that the functions
L35 (U — po, u + p10)* x Ry N (—s0,80) x (—€0,€0) = BUHL, (R, R?), H,, x R?)  (2.72)

are continuous for any of the following pairs (v1,12) = (n+7,n), (v1,v2) = (n+ 7,1+ %) and
(v1,v2) = (n + 3,7m). Next, we prove that the functions £3' are differentiable in any direction
y € RY Let y € (u® — po, uf® + po)? X Ry N (—s0, s0) X (—&0,€0). Denoting by 8y[,:rt(y) the
derivative of 51 in the direction y at y, from (2.67), (2.68), (2.69), (2.71) and Lemma 2.11 we
conclude that

H% [(Ei(y 1) - (ﬁi(y))_l} + (Le() " 0,LL(y) e (Ei(y))_l’

—H, xR?

1
Hn+7

|5 (st + 1)~ (£htw) — £ty + 1) + (£20) "0y ()| Mo (L)~

‘ 1 2
H, —Hp xR

< 1

H%(ﬁi(y +1y) " (k) - £ty + ) + (Lev+ 1) oLl w)|

1 2
H,  —Hy xR

+ H [(Ei(y))_l — (La(y + tg))_l}ayﬁl(y)

L), 2
HnJW—)’Hn xR

R

1 2
Hn+y_>’H”7+’Y xR

< | (esty+ ) 5 (eht) - £htw + ) +8,£L )

HH1

2
n+7—>anR

+[[(eew) ™ = (Laty+ )] auLlw) 3 [

SR
H —HpxR

2 2
Ln+—y_>H”7+’Y xR

1

(L)~ Ll ) +0,cL )|

—H!

Hl
7]+%

n+vy

-1
< Koy [H (L+(y + ) HHl —HyxR?
n+% K

+ [ (Le) ™ = (Laty+ )7

o,L ()|
= Hflz-‘-wﬁ\Hyth%

H! HpxR2
”I+%4> nx
1

J(Lhw) - Ll +w) + oLl

H1

2 2
Ly —=Hn xR n+y

< Kpiy [H (Li(y + tﬂ))_l‘

—H
n+3

[ (Le) ™ = (Laty+ )7

8g£jt (y) ‘

H' | —H,xR2 H! H! ]
ntg 1 Y T+ d

1
< Ky K| 5 (£ () - £ L)
< Ky K| 3 (£h0) = £y + 1)) + 0,£8.(0) P
T

0,4 )| (2.73)

Ky || ()™ = (Laly + 1) 7|

H1i

HY 3, xR2 SHY
7]+% n n+y 77‘9‘%

From (2.66) and (2.72) it follows that the functions
(R,R?),H, x R?) (2.74)

L1 (U — po, uP + po)? x Ry N (—s0,50) X (—€0,20) — B(H,%Jr,y
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are differentiable and
0y (Ls) M (y) = _(ﬁi(y))ilagﬁl(y)noo (Le(y)™' in B(H)  (R,R?),H, x R*)  (2.75)

for all y € (u$° — o, u$® + p0)? X Ry N (=50, s0) X (—e0,€0) and Y€ R*. Analyzing the argument
from (2.73) in detail, we infer that the operator 8y£l (y) in (2.75) is understood as a derivative
(limit) in the B(H, M(R,R%,H; +%(R,R3)) topology. Since B(H,} H(R?Ri”),Hé +%(R,R3)) —
B(H$+,Y(R,R3),H}](R,R3)) we have that this operator can be understood as the derivative
(limit) in the B(H%JW(R,R?’),H%(R,Rg)) topology. However, from (2.66) we know that the
derivative exists also in the B(HT;JF%(]R,]Rg’), H% (R, R3)) topology. Therefore we have that

Ggﬁl(y)‘m L H is an extension of the operator Ogﬁl(y)‘
n+

1
n —H

H! ’
n+~y ﬂ+%

From (2.68) we conclude that

aﬁ(y)wl %Hlnw(ziw*:@cL@nHl L Mee(Le(@) ™ (276)

n+% 7 Y e+ d
for all y € (u$® — po, us® + po)? x R N (—s0,50) X (—€0,€0) and Y€ R*. Next, we prove that
dy(L4+)~" is continuous for any y € R*. From (2.67), (2.68), (2.69), (2.71), and Lemma 2.11 it

follows that

z Hyy = Hy xR?
< H(,Cj:(yl))71<{“)g£l(y1)ﬂoo[(ﬁﬂ:(yl)Y1 - (ﬁi(yQ))il] ’ HY, —H, xR?
] es) ™ o,£b ) — ol (o)

H),  —HyxR?

< H(»Ci(yl))_lH (Ei(yl))_l — (Li(y2))

0,LL )|
y~+\Y1 )
HY=H,xR2I = Hn+%—>H}]

H! —>Hn+% xR2

+ || (e | (s (02)) 7"

T _ T
8E£i (y1) agﬁi(m) HH}’+7 N

1 2 1 2
Hy—HpxR Hn-&-wHHnﬂL% xR

+ [ (Catun) ™ = (&(m))l\)%% 0,LL (1) ot G I
< [[(eetm) ] oty s O£ 1) \%?Hé (L) - (ﬁi<yz>)‘1HHéwm%XRZ

s loition o], e,

+H(ﬁi(yl))71— (ﬁi(yQ))lHHM%H% ay.cl(yz)‘H%%M (Lx(y2)) 1}%“%%7%2

< ko],

—H}
ntg 0

(L) = (L) 7],

2
U+’Y_)H7I+% xR

+ KﬂKn-&-%

o,LL () — Lk m)| |

n

—H]
+3
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0,LL (112) (2.77)

+Kn+fyH(ﬁi(yl))_lf(ci(yQ))_lHHl —HLHI = HH}H’Y_)H

n+% 7

n+%
From (2.66) and (2.72) it follows that the functions

32E;1 (uS® — po, uS® + )% X Ra N (=50, 50) X (—e0,e0) — B(H}:

iy (RR?), Hy x R?) (2.78)

are continuous for any y € R*. From (2.72), (2.74) and (2.78) we conclude that

L3 (uf — o, u + po)? X R N (=50, 50) X (—€0,20) = B(H, 1, (R,R?), M, x R?) (2.79)

n+y

are of class C'. From (2.62) we obtain that the functions V4 : H%JW(]R, R3) x (u$ — po, u$® +
10)? x Ry N (—so, s0) X (—e0,€0) — Hy x R? are of class C1, proving the lemma. O

3 Existence of weakly decaying fronts — proof of Theorem 1.1
and Corollary 1.2

We prove the main result of this paper on bifurcation of traveling waves from standing layers.
To prove Theorem 1.1, it is enough to show that the equations Fi(p, 1, ¢, u,w,s,e) = 0 can
be solved for 1, ¢ € H%(R) and fp,w ~ u$°, in terms of s,e ~ 0. In the previous section,
we showed that these equations are equivalent to equations (2.61). From (2.62) and (2.63) we
have that equations (2.61) are equivalent to

(9071% ¢7/J' - u%o’w - U%O)T + V:I: <N:|:((pa ¢7 ¢7 m,w,s, 8)? M, W, 376> =0. (31)

Next, we relabel the variables as follows:

u=(p,9,0)",p=(u—uf,w-up) q=(s)". (3.2)

Furthermore, we introduce the functions I'y. : H% (R, R3) x (u$° — g, u$® +p10)* x Ry N (—s0, 80) X
(—e0,€0) = Hy(R,R?) x R? defined by

F:I:(uvpaq) = (uvp)T =+ V:E(N:t(uapaq)vpaq)' (33)
From Remark 2.5, Lemma 2.6 and Lemma 2.7 we conclude that the functions

Ni : Hy (R, R?) X (ug® — po, u® + p0)® x R N (=50, 50) X (—€0,€0) = Hy (. (R,R?)  (3.4)

n+y

are well-defined and of class C'. From (3.4) and Lemma 2.12 we conclude that the functions
I'y are of class C''. Moreover, if we denote by Id, the identity operator on H% (R,R3), from
(2.24), (2.25), (2.62) and (2.63), we obtain that
9ul'£(0,0,0) = diag(Id,, 0) + 95 V4. (N(0,0,0),0,0)0uN+(0,0,0)
= diag(Id,, 0) + (L4 (u$, u3,0,0)) " 9xN(0,0,0) = diag(Id,, 0)
9pl'+(0,0,0) = diag(0, I2) + 9y VL(NL(0,0,0),0,0)9pN=(0,0,0) + 9p Vi (Nx(0,0,0),0,0)
(0 ) + (‘C:t(u%ov U%Oa 0, O)) 718p-/\/‘:|:(07 0, 0) + (aPE:T:l) (07 O)N:I:(O7 0, O)

= diag ,Ig
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= dla‘g(oa IQ) + (ﬁ:l:(uiov u%o7 0, O))il (apR:I: (07 0) + 8p-/\/’:l:(()? 0, 0))

= diag(0, I2). (3.5)
It follows that Oy p)['+(0,0,0) = diag(Id,, I2) is the identity operator on H% (R, R3) xR2. Since,
one can readily check that I'1(0,0,0) = 0, we infer from the Implicit Function Theorem that

there exist jp > 0, so > 0 and g9 > 0 small enough and C! functions (u%, p%) : ReN(—s0, s0) X
(—e0,€0) — H% (R, R?) x R? such that,

(i) (ujt) pfl:)(oa 0) = (07 0, O)T;

(ii) locally, the equation I'y(u, p,q) = 0 has the unique solution (u,p)* = (u.(q), pi(q)).

Let url:(';&e) = (SO*:t(',S,E),LZJ;(',S,E),Qb*i(',S,E))T € H?%(RJR?)) and p*:t(’s?E) = (,u*i(s,e) -
uP, wi (s,e) —u)T be the local solution of bifurcation equations (3.1) and

L(58,8) = pi(s, e)x + xaud (i (s, e), wi(s,€), s,€) + Ll s,€), (3.6)
vi(58,6) = v 4+ xx (0T (WL (s,8)) — F ) + xa (vEC i (s,6),wi(5,€),8,€) — vi ) + YL(58,€).

IS

Since equations (3.1) are equivalent to equations I'y (u, p,q) = 0 via substitutions (3.2), The-
orem 1.1 is proved.

To start the proof of Corollary 1.2, we differentiate I'y with respect to q. From (2.24), (2.25),
(2.62) and (2.63) we have that

Bqu(0,0,0) = aivi(/\/i(o,o, 0),0, 0)8q./\/i(0,0, 0) + 8qVi(Ni(0, 0,0),0,0)
= (L (uf,u$,0,0)) " 9N (0,0,0) + (9gL11)(0,0)N=(0,0,0)
= (Lo (uF,uf®,0,0) " (QF ® QF + 9gR=(0,0) + IgN=(0,0,0))
= (L+(u®,u5,0,0) " (QF ® QF). (3.7)

Since O(y,p)['+(0,0,0) = diag(ld,, I2) we conclude that

(9qu(0,0), 0qp3(0,0) " = — (L4 (uf, u$,0,0)) " (QF @ QF). (3.8)

Introducing the notation

(@F,WE, THT = (9501(50,0), 0,01 (50,0, 0,6%(:0,0)) " € HY(R,R?),
(@5, U, TH)T = (0.0%(+0,0), 0:001(50,0), 0:0%(:0,0)) " € HY(R,R?),

we obtain from (3.8) that

T@E, TEYHT +042.(0,0)Q5 + 95w (0,0)QF = —QF
T(@F,UE YT + 0.02.(0,0)Q + 9-w7(0,0)QF = —QF. (3.9)

Taking the L?-scalar product with U;, 7 =1,2, defined in (2.48), we conclude from (2.47) that
(@ Uj) 120512(0,0) +(Qi5, Uy) 1205w (0,0) = —(Q3, Uy 2, j=1,2,
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(@5 Uy 120:4%3.(0,0) + Q5 Uj) 2003 (0,0) = —(QF, U)o, j=1,2, (3.10)
Using the definition of the invertible matrices Q4 given in (2.49), it follows that
* * T T
Q:t (aslu’i(ov 0)7 aswi(07 O)) - _(<Q§7Q1>L27 <Qf§tag2>L2) )
Q4 (0:1(0,0),01(0,0) " = = ((Q=, Us) 12, (QZ, Us)12) (3.11)

Next, we evaluate the L? scalar products from the right hand side of (3.11). From (2.22) and
(2.48) we obtain that

(QF Us)re =0, (QF, Us)rz = [I(v)al3- (3.12)
" U 1 B . ﬁ( cOovz' —_e COOUL)7 if Coo 7& 0
- _ CooV, (%) u%°) oo
<Qs 7f1>L2 a(u%") /Re (UL)JE a(ul )(vz_ if o =0 )
" _a(u%ﬁ Je(WF)as if oo #0 OO)COO (vf —wvp), ifcee #0
<Qa 7Q2>L2 = 5 * o 0 9 —\9 ) B X
a(u®) fRUL L)$7 U Coo = ) —(UL) ), if coo =0
(3.13)

Since the entries of the matrices Q4 were evaluated in (2.50) and (2.52), we infer that expansions
(1.2) follow immediately from (3.11), (3.12) and (3.13). Next, we prove the conditions satisfied
by the partial derivatives Js cu’ (+;0,0) and 0s cv%(+;0,0). Using the definition of 7 from (2.33)-
(2.34), we obtain from (2.22) and (3.9) that

((I)gt)/ = COO(UZ):L"(I)? - 8S,u§:(0,0) (XQF - COO(UZ):EXHF) - aswj:((), 0) (X,ﬁ: - COO(Uz)mXi)a

6 * 5 *
(UF) = TF + 0t (0,0)xX, + — - Bsw (0,0)x ,

g'(vf) ’ q'(vy)
/ ,U*
(T3) + 8025 + g/ (W) ¥ = —(v})z + 80dupi 0, o>x:p(§/(vi)> - 1)+
L
/ >k
g UL)

By multiplying the first equation by e~ ¢<VL and integrating it, we obtain that
®y = —0sp’(0,0)x5 — 9sw(0,0)xx + e, (3.15)

for some constant ¢ € R. Since ®F € H% (R), it follows that lim, 4. ®F(x) = 0, which implies
that ¢ = e_Cw”]LF(?su*i(O, 0) = e‘cmvfﬁsw;‘t(o, 0) = —kK1(¢s0). From (3.15) we conclude that

O = — 0’ (0,0)x — Dsw(0,0) x4 — k1 (coo)e™"L. (3.16)

Solving for YT in the second equation of (3.14) and substituting the result into the third
equation of (3.14), we obtain from (3.16) that

" 1)
(UE) + ¢ (v)TF — 95 (0, 0)X%— 0¢
g L)

— 9w’ (0,0)xL i = —(v1)z + 50,%1(coo)ec‘x’”z
g (UL)
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+ 900 (00,0 %55 + 0300 ). (.17

Next, we note that WF — 9% (0, 0))@% — 0swi (0, O)Xi# satisfies the equation
L L

Wae + ¢/ (V)W = Sor1(Co0) VL — (v} )z (3.18)
From the definition of the function %1 in (1.5), one readily checks that

(01 (Coo)e™ "L — (V])a, (v])2) L2 = O,
which proves that equation (3.18) has a unique solution denoted W*. It follows that

5 5 *
70T + 05w (0,0) s o0 + W (3.19)
)

Finally, from the second equation of (3.14) we conclude that Y = W. Differentiating with
respect to s in (3.6), we conclude from (2.14), (2.15), (3.16), and(3.19) that

UE = 93p.(0,0) x5 — =

Oy (50,0) = [0 (5w, wf, 0,0)05pr (0,0) + i (5w, u, 0, 000,04 (0,0)
F OguE (- u, u, 0, 0)} + 910, 0)xx + Ds’(+50,0)
= QL (0,0)xz + Duwl (0,0)xs + OF = —m(c Jeri,
DL (50,0) = x| v (5 U U, 0,000,122 (0,0) + O (5w uf, 0, 000,05 (0,0)
O (U, P, 0,0)] + ot (0,0)(vF) () x + 0,17 (0,0)

50 50 +
051t (0,0) x5 — ——=0swi(0,0)x+ + ¥ = W™, (3.20)
gh) T ) T

To finish the proof of the corollary we compute (&, ¥F TF)T. Using again the definition of
T from (2.33)—(2.34) from (2.22) and (3.9) we obtain that

* * * * * U* x
(02 = ()82  03(0.0) (s — calvh)oxs) — 0,00 (X — em(ti)rre) + L5,
L
5
+\/ _ ~nt 0 * / 0 * /
(\I}E ) - Ts + g,(vf)a&ui(ov 0)X$ + gI(UIi/)aawi(O’ 0)Xi7
. . / ’U* . / ’U*
(YEY 4 60T + ¢ (v)) VT = 5088;%(0,0))@(9/( jLF) -1) + 5065%(0,0);&(9/( i) -1).
g (UL) g (UL)
(3.21)

We note that the system (3.21) is almost identical to (3.14), the only difference being the term

(57(}522”) from the first equation. Multiplying again the first equation by e ¢~"L, integrating it
L

and arguing as in (3.15)—(3.16), we conclude that

OF = —045(0,0) x5 — 0:w(0,0)x + Ra(coo) ()TN 4 iy (e ) e i (3.22)
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where k2 and k3 are defined in (1.5). Solving for TF in the second equation of (3.21) and
substituting the result into the third equation of (3.21), we obtain from (3.22) that

6 6
‘ll:t " / *\I’:t_ * 0’0 " 0 _8 * 0’0 " 0
(V)" + ¢ (vr) ¥z 1% ( )X$g’(vf) Wl ( )Xig’(vf)
N 50/62(600)(U2)1_|Sign(000)| —1—9/(’02) (&;,ui(o 0)X¥ 6 —|—8€wi(0 0) 50 )
g'(vf) F g (0F)
(3.23)

= —(50%3(coo)eCO"vz

Similar to (3.18), we note that WF — .7 (0, O)XjFﬁ — 0w (0, O)Xi# satisfies the equa-
tion : ’
Zyo + g (V) Z = —borz(coo) (v]) I — 5 k5 (co0 )™V (3.24)

Moreover, from the definition of the function k2 and k3 in (1.5) we infer that

(dor1(coo)e™"E — (v )z, (V7)a) 12 = 0,

which proves that equation (3.24) has a unique solution denoted Z*. Thus, we have that

5o 8o
U2 = 0.2 (0,0)x5— = + 0-wi(0,0)xs—— + Z*. (3.25)
g'(v L) g (UL)

Using again the second equation of (3.14), it follows that Ti 2. Differentiating with respect
to € in (3.6), we conclude from (2.14), (2.15), (3.22) and(3.25) that

O:u’(+0,0) = x+ [Qtuf(-; u?”,ug°,0,0)0: 1% (0,0) + 8wu§c(-; u?’, u3’,0,0)0-wi(0,0)
Ot (5, u,0,0)] + 0. (0,0)x + D0 (50,0)
= 0. 5(0,0)xx + 0w’ (0,0) x4 + BT = ka(coo) (v )TN 4 oo )ec=T,
851}:‘:('; 07 O) = X+ |:6HU(::|:(-; u%o’ u%o’ Oa 0)&?”*:‘:(0? O) + awv;t('; U%Oa UEO’ 07 O)GEW;T: (07 0)
+ 0z07 (5 ug, uf, 0, 0)} + 0ept(0,0) (0™ (uF)x + 891 (+50,0)
do P B do
g W) g (v7)

Assertions (3.20) and (3.26) show that (1.3) hold true, thus proving the corollary.

1 (0,0)x+ D-w (0,0)x+ + ¥ = 77, (3.26)

4 Existence of traveling fronts with constant mass profile

In this section we prove the existence of traveling fronts of (1.1) with constant mass u under
the perturbation b(u) — b.(u) = b(u) + €. That is, we are looking for solutions of the system
(2.1) with constant profile u. Once this existence result is proved, we prove that the bifurcating
traveling fronts are stable. Throughout this section we assume in addition that &' (u3°) # 0. To
start, we notice that the first equation of system (2.1) is satisfied by a profile u(z) = p if and
only if b-() = 0. Since b(u$®) = 0, b'(u$°) # 0 and b(-) is a C3 function, this equation can
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be solved locally using the Implicit Function Theorem. That is, there exists e; > 0 and a C3
function fi : (—e1,€1) = R such that 7z(0) = u$° and

for any e € (—e1,e1), be(p) =0 ifand only if p=7(e). (4.1)
Next, we substitute u(x) = fi(¢) into the second equation of (2.1) to obtain the equation
V" + sv' + Sofi(e) + g(v) = 0. (4.2)

To prove the existence result we need to show that there exists a smooth function s : (—e1,e1) —
R and a smoothly varying solution (+;¢) of (4.2) for s = (). We use the ansatz

v=vt(@E)xs + v (aE)x- +¢, @€ Hp(R), (4.3)

where 7 > 0 small enough, v*(u) are defined in Remark 2.3(ii) and y. are as in Theorem 1.1.
Substituting this ansatz into (4.2), we obtain the equation G(s,&,1) = 0, where the function
G:Rx (—e1,e1) x HY(R) = L7(R) is defined by

G(s,2,0) = " + 50/ + g (vF () x4 + 07 (HE)X- + ) + Soi(e)
+ ot ()X + v (m(e))X” + svt (mle)) X + sv (m(e))x. (4.4)

Lemma 4.1. Assume b'(u$°) # 0. Then, the function G : R x (—e1,e1) X Hg(R) — L%(R)
defined in (4.4) is well-defined and of class C'.

Proof. First, we prove that the function G is well-defined. Since the functions x/, and x/| have
compact support, it is enough to show that

o (v )X+ +v7 ()X +) +0o7i(e) € TA(R) forany e € (~e1,1), 4 € HE(R). (45)

Since any function ¢ € Hg (R) is bounded, 0 < y+ < 1 and g is a function of class C?, we infer
that there exists a constant C' = C'(¢)) > 0 such that

l9(v* (@) x4 @)+ (@) x- (2)+ (@) ) —g (v () X+ (2) +0™ ()X~ (@) )| < CW)[o(w)|
for all x € R, € € (—€1,€1), which implies that
g(vH@EE)s + 0T @EN- +8) = g(vF @)X + 0T @)X ) € LAR)  (46)

for any e € (—e1,e1), ¥ € H2(R). Using the fact that x+(z) = 1 for £2 > £2 and x+(z) = 0
for Fx > +2, from Remark 2.3 we obtain that

g(vH )+ (1) + v (BE)X-(2)) +0o7ile) = 0 if || = 2,2 € (—e1,21), (4.7)

which shows that g(v*(ﬁ(a)))” + vf(ﬁ(s))x_) + dofi(e) is a smooth function with compact
support. From (4.6) and (4.7) we conclude that assertion (4.5) holds true, proving that the
function G is well defined.
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+ are of class C'. Moreover, the function

From Remark 2.3 we have that the functions v
7o defined uniquely by (4.1) is of class C3. Since the functions x’. and /. have compact
support, from (4.4) it follows that to prove the lemma it is enough to show that the function

G1:(—¢€1,61) ¥ H%(R) — L%(R) defined by

Gi(e,v) = g (v* (BE)xs + v ()X + ) + doiile) (4.8)

is of class C''. We note that the well-posedness of G; was proved in (4.5). If we denote by xq
the characteristic function of the set €2, from the definition of the functions y+ we have that

Gi(e,9) = G1(&, V)X (00,2 T G1(&,¥)X[=2,2) + G1(, V) X[2,00)
= (9(v= () + ) = 9 (v () ) X(o0,-2) + Gu(e, )X 21+
+ (90" () + %) — 90" (7)) ) X200 (4.9)

Using again that v* and 7z are bounded, C' functions we infer that the functions gf i (—e1,e1) X
H2(R) — L2(R) defined by

Gy (e,9) = g(v* (7€) + ) — g(v* (fle)) (4.10)

are of class C'*. Moreover, since the functions x4 are bounded and x/, have compact support,
from Lemma A.1 and Lemma A.3 we conclude that G; : (—e1,e1) X H%(R) — HEU(R) is of class
C'. Since the operator of multiplication by X[-2,2] is @ bounded linear operator from H EU(R)
to L%(R) and since the functions G- defined in (4.10) are of class C, from (4.9) we obtain that
the function Gy : (—e1,e1) X Hg(R) — L%(R) is of class C!, proving the lemma. O

In the next lemma we study the Fredholm properties of the partial derivative 0,G(0,0,77 ),
describe its kernel and the kernel of its L?-adjoint, considered as a closed, densely defined
linear operator on L%n(R). We recall the definition of 95 = v} — vyt — vy x— € Hg(R) given
in (2.18).

Lemma 4.2. Assume b'(u3®) # 0. Then, the following assertions hold true:
(i) There exists 1 > 0 such that the operator 0,G(0,0,v7) is Fredholm index 0 on L%(R) for
any 1 € [0,7);
(11) The kernel of 0,G(0,0,07) is spanned by (v} )z;

(11) The kernel of 0,G(0,0,0})* is spanned by (v} ).

Proof. (i) Differentiating with respect to 1 in (4.4) one can easily check that 0,G(0,0,7}) =
92 + ¢'(vi). From Remark 2.2(iii) we have that ¢/(vi) < 0, which implies that there exist
7 > 0 such that the limiting operators 92 + ¢’ (vE) are invertible from H2(R) to L7(R) for any
n € [0,77). Using the results from [23, Section 8], we can immediately conclude that that the

operator 0y,G(0,0,77) is Fredholm index 0 on L%(R) for any n € [0,7), proving (i).
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(i) Fix, n € [0,77). We note that a function ¢ € H2(R) belongs to the kernel of 9,G (0,0, 0} ) if
it satisfies the equation 9" 4+ ¢'(v} )y = 0. We recall that the latter equation is the variational
equation of equation v” 4+ dpu® + g(v) = 0, therefore we have that ¢ = d(v] ), for some scalar
d, proving (ii). Assertion (iii) follows immediately since the L%-adjoint of 9,,G(0,0, 7} ) is given
by 0,G(0,0,7%)* = 02 + ¢/ (v%). O

Proof of Theorem 1.3. Summarizing the results from this section, we conclude that to prove
Theorem 1.3 it is enough to show that we can solve the equation G(s,e,¢) = 0 for s ~ 0 and
¥ ~ 0} in terms of € ~ 0. Differentiating with respect to s in (4.4) and using that f(0) = u3°,
we obtain that

95G(0,0,97) = (07)z +vpX_ +vp X} = (V) (4.11)

From Lemma 4.2 we have that the linear operator 0,G(0,0, (0] ),) is Fredholm index 0 and

im 9,,6(0,0, (07 )a) = {v € Ly(R,R?) : (¥, (v])z) 12 = 0}, ker 0,G(0,0, (5)z) = Span{(v )z }.

(4.12)
From (4.11) and (4.12) we infer that the linear operator 9, )G(0,0, (97 )z) : H%(R) xR — L% (R)
is onto, and its kernel is spanned by ((v})s,0)T. From the Implicit Function Theorem it
follows that there exists e > 0 small enough and 5 : (—e1,61) — R and ¢ : (—e1,61) —
Hg(R) © Span{(v}):} two C* functions such that

(i) 5(0) =0, ¥(0) = 7;
(ii) locally, the equation G(s,e,9) =0, ¢ € H,QI(]R) © Span{(v} ).} has the unique solution
(5,9)" = (5(e), ¥ (e));

see (2.57) for the definition of the symbol ©. To finish the proof of Theorem 1.3, we compute
the partial derivatives of 5 and ¢ with respect to €. First, we compute 9.G(0,0, (v});). Since
7(0) = w3 and @'(0) = —W, from Remark 2.3 and (4.4) we obtain that

L

~x d0 " e %0 " 10, % d0
0:G(0,0,07) = ———————— (X3 tx+9 (L)) + 7 —(XZ+tx-9'(v])) — 7755 (413
000 = gty 00 D gy D X9 00 =y (419)
Differentiating with respect to € in the equation G(3(¢),¢,1(g)) = 0, we have that
5(0)0:G(0,0, (57)2) + 0-G(0,0, (81)2) + 0pG(0, 0, (57)2) ¥ (0) = 0. (4.14)
Taking L?-scalar product with (v} )s, from (4.12) and (4.11) we conclude that
- 9:G(0,0, (f)* )a:); (v] )LB)LQ (9:6(0,0, (N* )I)7 (v )JC)LQ
(0)= L L =— L Lers, 4.15
0=~ 6.60.0.61)). (1)1 [CARE )

To evaluate this scalar product we note that
WL+ a0 0D). 00022 = [ (Xhlob)s +xag D00

~ /R elops + [ xalo(07))

R

= X4 (0])a

28



o0

= _/RX,i(UZ)MC - /szl:(vz)xmw = _X:I:(Uz)ﬂm e =0. (4'16)

From (4.13), (4.15) and (4.16), we infer that

5(0) = - % / (v})s = b,‘SO(”L —v) (4.17)

M) (v7)l5 (ug)I(v)al3
Denoting by ¥ = @/(0), from equation (4.13) we obtain that ¥ satisfies the following equation:
v +g’(v*)‘11=—570(x +x+9'(v])) — L(X +x-9'(v1))
o V(ug)g'(vf) T V(g (o) -
do Jo(vy —vp)
T oy T W (VL)a- (4.18)
V(ug)  V)lp)l3 "
do

It follows that W + _ satisfies the equation

T Xt ram e X

(50 _ 50(1)2_—1)2)
bug) Y (E)l])al3

Next, we note that the L?-scalar product of the right hand side of equation (4.19) versus (v} ),

Yie + 4 (0})Y = (v])z- (4.19)
is 0, which implies that equation (4.19) has a unique solution denoted Y*. Thus,
0o \ 00 Y
00 + [e] - -
V (ug )QI(U—LF) V(ug)g'(vy)

Since 7(0) = u$° and @'(0) = _Wli’ﬁ’ from Remark 2.3, (4.3) and (4.20) we conclude that

—

FO)=0=v" -

(4.20)

0-0(0) = () (W) (0)x+ + (v7) (w77 (0)x— + ¥ (0)
b b *
TV g ) V=" (4.21)

Proof of Corollary 1.4. First, we focus our attention on computing the essential spectrum.
Using the results from Theorem 1.3 one can readily check that :

)

(6) = D(z,€)0? + M(z,)0, + N(z,¢), (4.22)

where the matrix—valued functions D(-,-), M(:,-) and N(-,-) are continuous and bounded.
D(z,s) is a diagonal matrix and thus, invertible, and the matrix-valued function b_l(-, )) is
bounded. Moreover

D(x,e) = D7 (), M(z,e) — 5(e)ls, N(z,s) — Wi(s), as T — %00, (4.23)
where
(o) — a(m(e)) 0 t(g) = 0 0
e [ 0 1]’ N Ge) [50 g’(vi(u(s)))]' (424

Fix ¢ € (—e1,e1). Since D(-,¢) and b_l(-,s) are continuous and bounded, we infer that
L(e) — A is Fredholm if and only if M B -1 (L(¢) — A) is Fredholm. Here M 5. oy—1 denotes
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the operator of multiplication on L?(R,C?) by the matrix valued function 571(-,5). Since
limg 400 M(x,€) = 5(¢)I> we have that ./\/l(ﬁ(. E))_l(Z(E-Z) — \) is a relatively compact pertur-
bation of 1,02 + M(E(- )1 [5(6)[2835 +N(-,¢e)— )\Ig]. Fredholm properties of the latter can be

inferred from [7, Chapter 5, Thm A2]: £(s) — A is Fredholm if and only if

det (—Em(5)72+175(5)12+ﬁ+(a)—AIQ) £ 0 and det (—E‘X’(s)#ﬂr@(aﬂﬁﬁ*(s)—AIQ) £0,

(4.25)
From (4.24) and (4.25) we conclude that the essential spectrum of £(g) consists of the union
of three graphs

Oess(L(€)) = {XO(T;a) (T E ]R} U {XL(T; g):TE R} U {X_ (r;e):7 € R}, (4.26)

where

Xo(T3€) = —a(fi(e))T? 4+ i5(e)T, A (75¢) = —72 +i5(e)7 4 ¢’ (vF (Tu(e))), T € R. (4.27)

Since ¢/(vE) < 0 and the functions ¢/, v* and i are continuous, it follows that we can choose
1 > 0 small enough such that ¢'(v*(fi(¢))) < %g’(vf) < 0 for any € € (—e1,¢€1), which implies
that Re A(7;6) = —72 + ¢ (vE(f(e))) < ¢'(vE(m(e))) < %g’(v%) < 0 for any 7 € R and
e € (—e1,€1). Moreover, Re A\g(7;¢) = —a(fi(e))7?> < 0 for any 7 € R and € € (—e1,£1). We
note that A € 0ess(£(€)) NiR if and only A = A\g(7;¢) and 7 = 0, which implies that A = 0,
proving (i).

To start the proof of (ii), we note that the operator £(¢) has a lower-triangular block structure,
which implies that the the eigenvalue problem £(¢)(u,v)" = A(u,v)T decouples as follows:

Z(2)(u, 0)" = A(u, )" if and only if { O (a0 - YEm.(ic) +3e) Ju =
V" 4+ 3(e)v" + dou+ ¢'(T(+€))v = v,

(4.28)
Since the operator L£11(g) = 0, (a(ﬁ(s))@m =V (u(e))vL(-;¢) + E(s)) is in divergence form, we
have that £11(¢) has no eigenvalue with positive real part. Arguing for a contradiction, assume
L(£)11 has an eigenvalue with positive real part. Thus, there exists a solution % of the equation
uy = L11(¢)u exponentially growing in time and exponentially localized in space, which implies
that |[u(t)||z: would be growing exponentially as ¢ — co. Using the fact that [ u is conserved
by splitting initial conditions into positive and negative parts, and exploiting positivity of the
solution, we have that the semigroup generated by £(g)11 is a contraction on L'(R,C?). This
is a contradiction, therefore, from the first equation we infer that Re A <O oru=0. If u =0
from the second equation of (4.28) we obtain that Laa(e)v := v" +5(e)v’ + ¢'(v(-;€))v = Av.
We note that v € ker Lg5(¢) if and only if

V" +35(e)v + ¢ (v(+;€))v = 0. (4.29)
Since equation (4.30) is the variational equation of (4.2), we obtain that

ker Lo2(g) = Span{v,(+;¢)}. (4.30)
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Since ¢'(vE(fi(e))) < 0 for any & € (—e1,1), we have that (4.2) is a bistable second order scalar
equation. Using phase-plane analysis, one can show that for each fixed e € (—e1,¢1) the profile
o(;€) is monotone. Since the operator Lo9(e) is Sturm-Liouvile and its kernel 7,(-;¢) has no
sign change because o(;¢) is monotone, we have that L22(g) has no eigenvalue with positive
real part. This shows that £(¢) has no eigenvalues with positive real part, proving (ii).

A Appendix

Lemma A.1. Let I C R™ be an interval and f : R x I — R be a C? function satisfying the
following properties:

(1) [,0xf € L*(R x I);
(ii) For any 6 > 0 there exits Mg > 0 such that

|3y]-f(x,y)\ + ‘axayjf(iﬁ,y)’ < M9 60|x| fO’/’ all € R>y € Ia] = 17 ceey T (Al)
Then, the function F : I — HEV(R) defined by F(y) = f(-,y) is of class C' for any v > 0.

Proof. First, we prove that F' is continuous on I. Fix y € I and let {y,},>1 be a sequence of
elements in I such that y, — y as n — oo0. Then,

IF(yn) = FW)l3 = /R (1 (@,yn) = F@y)P +100f (@,90) = 0af(w,9)?) de.

Since f € C*(R x I) from (i) and Lebesgue’s Dominated Convergence Theorem we conclude
that ||F(yn) — F(y)llg:  — 0 as n — oo, proving that I is continuous on /. Next, we prove
that all partial derivatives of F' with respect to y;, j = 1,...,m, exist. Fix y € I again and let
{tn}n>1 be a sequence of real numbers with ¢,, # 0 for all n > 1 and ¢,, — 0 as n — oco. For any
j=1,...,m we introduce the sequence of functions by hi, = i(F(y +tne;) — F(y)) (Here e,
j =1,...,m, denote the vectors of the canonical basis in R™). To prove that ki, — Oy, f(+y)
as n — o0 in HLY(]R) we use again Lebesgue’s Dominated Convergence Theorem. Since f €
C%(R x I) we have that

m (b)) (z) = 9,0y, f(x,y) forall z€R. (A.2)

li
n—oo

Jin 1(2) = 0,/ (2.g) and
Since f € C%(R x I) we conclude that for any z € R there exists 7, (), 74 () € I such that
W (x) = 0y, f (v, 7 (x)) and  (h})(x) = 0.0y, f (x, ) (x))
forallz e R,n>1and j=1,...,m. From (ii) we obtain that
B (z)] < Myez”! and [(h))(x)| < Mye2 ™ (A.3)

forall z € R, n > 1and j = 1,...,m. From (A.2) and (A.3) and Lebesgue’s Dominated
Convergence Theorem we obtain that i(F(y—i—tnej) —F(y)) = 0y, f(-,y) asn — oo in H!_(R),
proving that the partial derivatives of F exist and d,, F(y) = 9,, f(-,y) for all y € I.
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To finish the proof of lemma we have to prove that the partial derivatives of F' are continuous.
Let y € I and {yp }n>1 such that y, — y as n — co. We note that

+ / e 210,80y, £ (2, yn) — 020y, f (2, y)|* da.
R

From (ii) for = 3 we have that

00, £ @) = By, f (0, 9) P < AME and (0,0, f (2, yn) — D0y, [ (@, )] < AMEW (A4)

forallz € R, n > 1and j = 1,...,m. Since f € C?(R x I) from (A.4) and Lebesgue’s
Dominated Convergence Theorem we obtain that d,; F" are continuous on [ for all j = 1,...,m,
proving the lemma. O

In what follows we denote by ¢ > 0 a generic positive constant. To prove the next lemma we
recall the following result.

Remark A.2. For any functions g € H)(R) and h € H.(R) we have that gh € H], (R) and
thHH}/Jm(]R) < cllgllm gy 17l (w)-

Lemma A.3. Leta: R — R be a C3 function, I C R™ a bounded interval and G : I — H*' . (R)
a function satisfying the properties: ’

(i) G is of class C*;
(i) Range(G) C L>®(R);
(iii) M = supyer [|G(y)lloo < oo.

Then, the function F : H%(R) x I — HLY(R) defined by F(p,y) = a(G(y) + ¢) is of class C*.

Proof. To prove that the function F is of class C' on H% (R) x I it is enough to prove that it
is of class C' on

Dy = {y € Hy(R) : ¢l mym) < p} (A.5)

for any p € Z. Since the function G is of class C! it follows that the function A : H% (R)yx I —
H!, (R) defined by A(p,y) = G(y) + ¢ is of class C1. Moreover, we have that
2

Range(A) € Ay = HL 5 (R) N {¢ € L¥(R) : [$lloc < M +p}. (A.6)

Next, we introduce the function F,, : A, — HL/(]R) by Fu(p) = aot). Since Fip, = F 0 A, to
prove the lemma it is enough to show that the function F, is of class C'. First, we prove that
F, is well-defined. Let ¢ € A,. Since the function « is of class C® on R and ¢ € L®(R) we
have that

aot € L°(R) C L? (R). (A7)
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Since ¢ € A, C H!, (R) we have that ¢ is absolutely continuous on R. Therefore, since « is
2

of class C® on R we have that a0 is absolutely continuous on R and (a o)’ = (o/ 01)) 4. In
addition, since ¢ € A, we obtain that ) € L>°(R) and ¢’ € L%W(R), which implies that

(aov) = (o' o) ¥/ € L2, (R). (A8)

From (A.7) and (A.8) we conclude that F, is well-defined. Moreover, one can modify the
argument above to prove that

oo e Hig(R) for all ¢ € A,. (A.9)

Next, we show that the function F, is differentiable. Fix ¢y € A, and let ¢ € A, with
| — 11}0||H1 L, ®) < 1. From (A.9) we infer that the My/o4,, the operator of multiplication by

a’ o)y € H1 (R) is bounded from H'! , (R) to Hlv( ) . We will show that Fj, is differentiable
2
at 1o and DF (¥0) = Moy, Since a € C3(R) we have that

la(z1) — az2) — & (22)(21 — 20)| < Ki|z1 — 20| forall zy,20 € [-M —p, M +p|], (A.10)

where K; = %supMSMer | (z)]. Since ¥, 1o € A, we have that z; = ¢(x) € [-M —p, M +pl,
z9 = o(x) € [-M — p, M + p] for all x € R. Thus, from (A.10) we obtain that

|a(i(@)) = alio(@)) — o' (Yo(@)) (W (@) — Po(x))] < Kilp(a) —o(z)* forall zeR.

Integrating with respect to  we infer that

|

Fal06) — Fo (1) = Mooy (16 — )|

2 mg?éehwwwwwwm#MS

< el —wop?||_||v - %\

2 (R) — He_%H(w - ¢O)Hio HQ’Z) B wOHiﬂ%(R)

-2

4
< — . A1l
< el = ol (A1)
-2
Moreover, since

(Pa) = Falto) = Muvayy (= 40)) = (& 0 = o/ 0 4i)y’ — (o 0 ) — o)
= (o 0 — o 0 o) (¥ = ¥f) + |o 0% — o 0 Y — (a0 Yo) (¥ — o) | ¥,
we estimate that

| (Faw) = Faltto) = Mavouy (6 = w0))

b <[ @ 0w —aov0)w —u)

2, 12 (R)

(A.12)

+]|[o 0w — o o w0 — (0" 0 0)(® — w)]

L2 (R)
Since a € C3(R) we have that

la/(21) — & (22)] < Kalz1 — 22|, [/ (21) — o/ (22) — a”(22)(21 — 22)| < K3|21 — 22%,  (A.13)
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for all 21, 20 € [~M —p, M +p], where K3 = supj,<ps4, [@”(2)| and K3 = %Sup\z|§M+p | (2)|}.
From (A.12) and (A.13) we obtain that

| (Fat) = Falto) = Mavor 6 — )

L2 (R)

<[l v —aroum||_[leFw - v, +( [ e uie) — oo (a2

< el - ¢0>HM<H¢ o]y () - w0<x>\2wa<x>\2dx)§>

H! , (R)
2

< CH¢ - 7!10‘

H' ., (R) (H¢ B 1/}0‘  t (/R e () ¢0($)|2W6(:E)|2dx>%>, (A.14)

From (A.12) and (A.14) we conclude that

Hil(R
P)

| (Fat) = Falo) = Marogo (86 — 90))’

ng(]R)<Hw_w0’

From (A.15) it follows that to prove that Fy, is differentiable at ¢g and (DFy) (o) = Moy, it
is enough to show that

HL (R)

< df|v — vo| ([ eota) = vola) (o)) 5) (A.15)

o, ®
2

i [ e F0(@) — dol@)Plvh o) Pz = . (A.16)
R

h—r1hoYEAR
To prove (A.16) we consider {¢,}n>1 a sequence of functions in A, such that ¢, — o in
H!,(R) as n — oo. It follows that e~ 2ll(4, — 1) — 0 in L°(R) as n — oo, which implies
2

that limy, oo e~ 1%, (2) — Yo ()24 (x)[? = 0 for all x € R. Moreover, since A, C {¢ €
L*[R) : ||¢]lcc £ M + p} we have that

e M by, () — o ()2 h (2) > < 4(M + p)?e Wly)(x))? forall n>1,z€R.

Since v € L?,(R) claim (A.16) follows shortly from Lebesgue’s Dominated Convergence
2
Theorem. Thus, that F, is differentiable on Ay, and (DF,)(¢) = Myoy € B(Hig(R), H! (R)).

To finish the proof of lemma we have to prove that DF, is continuous on A,. We fix again

Yo € Ap and let ¥ € Ay, with [|¢ — v g1 () < 1. Since A, C { € L¥(R) : [[¢]|c < M +p},
from (A.13) and Remark A.2 we estimate

|(DF) @) = (DF)wo)

SC‘

/ /
« O — O
v %HH;(R

Hi%(R)%HlW(R) )

SC’

oo

! ! !
LE%(R)JFCH(O[ ot —a’oty) ’L?_%(R)

< k|| = ol @ o —a” o

" Y
ng(R)+cH<oz SRl @
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< ||t — o L +c o//oi/JHOO‘ Y = 2L ® JFCH(%Z) — 10)p L ®

<elo =l g el o _[w —vb L, e O R @
R I e I e O O I

<o —vol g +e( ] @ — vo@P i@ Pdr) (A1)

From (A.16) and (A.17) we conclude that DF, from A, to B(H!,(R), H! (R)), proving the
2
O

lemma.

Lemma A.4. Let I C R™ be an interval and f : R x I — R be a C? function satisfying the
following properties:

(1) [,0xf € L=(R x I);
(i) For any 6 > 0 there exits My > 0 such that

0y, f(2,9)| + 0:0y, f(x,y)] < Mg 7l forall zeRyel,j=1,...,m. (A.18)
Then, the function K : I — B(H,, (R), H}(R)) defined by K(y) = My, the operator of
multiplication by f(-,y), is of class C* for any n,v > 0.

Proof. First, we introduce the linear map M : H!_(R) — B(H%+7(R), H% (R)) defined by Mh =
My, the operator of multiplication by h. From Remark A.2 we infer that for any h € H lV(R)
and ¢ € H,, (R) we have that hy) € Hy(R) and 1|y ) < CHhHHEW(R) H@bHH}?H(R), which
implies that the map M is well-defined and bounded. Moreover, from Lemma A.1 we have that
the function F' : I — HEW(R) defined by F(y) = f(-,y) is of class C. Since K(y) = MF(y)

for all y € I, the lemma follows shortly. O
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