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Abstract

We develop tools for the analysis of fronts, pulses, and wave trains in spatially extended systems
with nonlocal coupling. We first determine Fredholm properties of linear operators, thereby identifying
pointwise invertibility of the principal part together with invertibility at spatial infinity as necessary
and sufficient conditions. We then build on the Fredholm theory to construct center manifolds for
nonlocal spatial dynamics under optimal regularity assumptions, with reduced vector fields and phase
space identified a posteriori through the shift on bounded solutions. As an application, we establish
uniqueness of small periodic wave trains in a Lyapunov center theorem using only C*-regularity of the
nonlinearity.

1 Introduction

Describing the emergence of coherent structures and self-organized collective behavior in large complex
systems is both central to our understanding of phenomena and theoretically challenging. Recently,
interest has grown in studying systems with nonlocal coupling, with motivation from neuronal networks,
biology, material science, and ecology [2, 6, 13, 14, 17, 22, 26, 33, 40, 41, 42, 44, 45]. Nonlocal coupling
can take many forms but, in a continuum modeling context, can be quite generally represented by
integral operators, rather than differential operators in local differential equation models. Phenomena
in nonlocally coupled systems are often qualitatively different from phenomena in differential equations,
notably including effects ranging from singularity formation [24, 39, 45], to rapid synchronization [11],
pinning [3], or acceleration of fronts [8, 31]. Related, mathematical techniques from differential equations
are not immediately applicable to nonlocally coupled systems and limitations of techniques often point
to new phenomena [3, 9, 42].

In the present work, we focus on developing techniques that adapt tools from the study of differential
equations to nonlocal systems, identifying in particular potential limitations such as the lack of regularity
or the loss of compactness. Our focus is on coherent structures, particularly traveling waves—periodic
wave trains, solitary waves and pulses, fronts, and other types of solutions arising from the inherent self-
organizing capabilities of large systems. In the analysis of existence, stability, and bifurcations of such
states, one desires a robust functional-analytic framework which the present work aims to contribute to.
The class of equations we study arises as steady-state or traveling-wave equations of a time-dependent
system. Our contributions can be organized into three categories. We study, for a class of nonlocal
equations:

e Fredholm theory for linearization at coherent structures;
e Center manifold theory for bifurcation of coherent structures from the trivial state;

e A Lyapunov-Center theorem for nonlocal systems.
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In fact, technical results in these three areas build on each other, with center manifold theory relying on
Fredholm theory, and uniqueness in Lyapunov-Center theorems relying on center manifold theory. We
describe the above contributions in more detail below, briefly summarizing results as well as connections
to local theory.

Fredholm Properties. Fredholm theory is instrumental in the study of bifurcation theory in local
as well as nonlocal settings. For instance, in situations where a given coherent structure exists but the
linearization of the system is not invertible, a Fredholm linearization may allow one to establish contin-
uation and bifurcation results using Lyapunov-Schmidt reduction. Fredholm properties for a nonlocal
operator on L?(R,C") corresponding to traveling wave solutions of a time-dependent nonlocal equation
were first established in [18]. Here, we consider instead the somewhat broader class of operators of the
form

TUE) = AQU(E) + K¢+ U, (1.1)

with £ € R, U(&) € C", corresponding to steady-state solutions of a time-dependent nonlocal equation.
As in [18], the convolution kernel is inhomogeneous, £ —dependent, with limits at +o0o, but possesses
some smoothing properties. In contrast to [18], the principal part of the operator is a multiplication
operator rather than a differential operator, and we investigate Fredholm properties of 7 on a larger
class of function spaces, LP(R,C"),1 < p < oo, as well as CO(R,C"), the latter with an eye toward
proving center manifold properties in later sections. We note however that Fredholm properties are
useful beyond the study of small-amplitude structures: they have been used to investigate eigenvalue
problems near the edge of the essential spectrum [18] or to construct a Conley-Floer homology theory
for gradient-like problems [5] and thus establish existence of large-amplitude front solutions for nonlocal
Systems.

Our results identify necessary and sufficient conditions for the operators of the form (1.1) to be Fredholm
(Theorem 1), and show how to compute the index (Theorem 2). Informally, Theorem 1 states that within
a large class of operators,

T is Fredholm < {T is invertible at spatial infinity;

A(+) is invertible.
The first condition, loss of invertibility at infinity, is a well-known source of non-compactness, also in local
problems [18, 32]. The second condition arises from the change in principal part and loss of regularity,
and may contribute to possible bifurcations such as depinning of fronts in the nonlocal setting [3] or
synchronization transitions in coupled oscillators [10].

Nonlocal Center Manifolds. Center manifold theory has long been used to study small-amplitude
solutions of nonlinear equations. Originally set in finite dimensions [27], then extended to Banach space
settings [23] and ill-posed equations [28], the reduction of large or infinite-dimensional systems to a low-
dimensional submanifold can allow for, for instance, existence and uniqueness arguments where they
otherwise are not possible. We are concerned here with the construction of small, bounded stationary
or traveling-wave solutions for nonlinear, nonlocal equations. For local equations, for instance PDEs set
on z € R or z in a cylinder, such solutions can be studied using spatial dynamics and existing center
manifold results. Constructing such stationary or traveling-wave solutions for nonlocal equations poses
new challenges, in particular since an initial-value problem formulation, even an ill-posed one as for



elliptic equations, is not readily available. Analytical results therefore were limited to special kernels
that allow for a reformulation as an ODE [16]. This obstruction was removed in [19], with a center
manifold theory for nonlocal systems of the form

0=-U+Kx+U+F(U), (1.2)

for exponentially localized K. There, the need for a phase space is sidestepped: instead of parameterizing
initial conditions over a center subspace, entire trajectories are parameterized in function space over the
kernel of the linearization, which is finite-dimensional. The crux of this idea is that the analogue of a
flow in phase space is the shift operator in function space—the shift operator ¢ “flows” a trajectory w(-)
forward to the shifted trajectory u(- 4 &). This flow, the action of the shift operator, can then be pulled
back to the kernel and differentiated, in order to obtain a reduced vector field.

Along with establishing a center manifold comes the question of optimal regularity. In traditional settings,
one seeks to establish C* regularity of center manifolds for C* vector fields, or C*® regularity for
C*e vector fields [23], for finite-dimensional or Banach space settings [15, 21, 27, 35, 43]. The phrase
“C* manifold” refers, equivalently in that case, to regularity of the map parameterizing the set of
center solutions, as well as to the regularity of the reduced vector field. Analogous ’optimal regularity’
results were precluded in [19], through the use of an H!-function space setting: although the proof there
establishes C* regularity of the manifold for a C* nonlinearity on H', a pointwise nonlinearity must be
a C**1 function in order for the substitution operator to be a C* operator on H'. We remedy this loss
of regularity by relying on a C? function-space setting, where pointwise substitution operators do not
lose regularity.

Our contribution in Theorem 5 then is twofold:

e Optimal reqularity: We construct nonlocal center manifolds on C° spaces, yielding C* manifolds
and reduced vector fields for C*¥ pointwise nonlinearities after a C* change of coordinates.

e Local cutoff: Our construction on C? spaces does not rely on the modified cutoff function neces-
sary in the H!'-setting [20], simplifying the argument and allowing easier adaptation to different
nonlinearities.

We delineate in Section 4 of this paper this construction of the nonlocal center manifold on C-based
spaces, a key ingredient of which is the Fredholm theory from Sections 2 and 3. We note that the C*
change of coordinates is not necessary to achieve the C¥ map parameterizing the center manifold, only
the reduced vector field, since it allows bootstrapping of the center solutions. We remark also that we
are able to recover the smoothness from [19] when changing back to the original coordinates. Of course,
the existence of a C* reduced vector field in some coordinates, may well be useful and desirable since it
allows for arguments based on uniqueness or sharp Taylor expansions that yield results which are valid
independent of coordinates choices.

Lyapunov-Center Theorem. In Hamiltonian and reversible systems, one can often conclude the
existence of nonlinear oscillations from oscillations in the linear part. Such Lyapunov-Center theorems
have been established in many contexts [7, 12, 29, 37]. First, existence of a one-parameter family of
periodic trajectories near an equilibrium of the nonlinear flow is guaranteed by a pair of nonresonant
imaginary eigenvalues +iw. Uniqueness of this family within the class of small periodic solutions can
then be guaranteed by Lyapunov-Schmidt reduction, if there is exactly one simple pair of imaginary



eigenvalues. Further, if a center manifold exists, one can show uniqueness of the family within the class
of all small bounded, not necessarily periodic solutions to the nonlinear system.

As an application of the center manifold on C° spaces, we prove here a Lyapunov-Center theorem for a
system

0=—-u+kx*(Au+ N(u)) (1.3)

with A a constant matrix, k an exponentially localized kernel, and N(u) a C! pointwise nonlinearity,
N(0) = N’(0) = 0. In the nonlocal case, reversibility corresponds to evenness of the convolution kernel £,
and eigenvalues in the classical systems correspond to roots of the equation 0 = d(v) = det(I,, + /k\(u)A)
Our result, Theorem 8, can thus informally be stated:

d(v) has a unique pair of roots =+ iw, on iR, _ o
= all small bounded solutions to (1.3) are periodic.

d'(iw,) # 0

In the context of spatial dynamics, the result establishes absence of small-amplitude coherent structures,
such as solitary waves or nanopterons, for wave speeds different from group velocities under a non-
resonance condition, with optimal regularity assumptions; see Remark 5.3.

Technically, the C! case requires careful analysis because the principal term in the reduced equation is
essentially quadratic. The argument also relies on the ability to establish a center manifold for a C!
nonlinearity, which is made possible by the C%-based center manifold construction.

Outline of the Paper. We establish in Section 2 necessary and sufficient conditions for Fredholm
properties of a class of nonlocal operators. We characterize Fredholm indices of these operators in
Section 3 via relative Morse indices, requiring stronger localization of the kernel than in the previous
section.

In Section 4, we prove existence of center manifolds for nonlocal systems on C°-based spaces, using the
methods in [19], and establish regularity of the reduced vector field. We use this center manifold theory
in Section 5 to prove a Lyapunov-Center theorem for nonlocal systems.

We note that sections may be read independently from each other—taking major results of the others
for granted, and occasionally notation, they are essentially self-contained.

2 Fredholm Properties of a Nonlocal Operator

We establish Fredholm properties for a class of nonlocal operators whose principal part is a multiplica-
tion operator, with a lower-order integral operator perturbation. Such operators may arise in studying
space-dependent equilibria of nonlocal differential equations. The nonlocal coupling here is not a true
convolution, except in the limit at spatial infinity. Such operators arise from linearizations at heteroclinic
profiles in otherwise translation invariant systems, or from translation-invariant problems considered in
weighted spaces. Our main focus in this section is to establish Fredholm properties for these operators
on L*® and C°, and outline adaptations to LP,p > 1. In subsequent sections, Fredholm properties on
CY will be used to extend results in [19] on nonlocal center manifolds to C°-based spaces. This class of
operators are related to those in [18] but slightly more general and interesting in their own right due to
additional sources of loss of compactness.



2.1 Setup and notation

We denote by L', L>® the usual LP spaces L'(R,C") and L*®(R,C"), and we let C°(R,C") be the
space of continuous functions with finite norm || f||go = max;ep ) sup,eg | fi(z)|. We let M, (C) be
the set of m x n complex matrices. Lastly, we denote by L3(R, M, (C)) the weighted L? space {f €
L3R, C") | |\/1+ €2 f|lz2 < co}. Also define the complex Fourier Transform on L?(R,C") by

iy — L —2mite .
fiit) = —= /R f(€)emtedg,

note that the standard Fourier transform evaluates ]?on iR.

A class of nonlocal operators. We consider operators of the form
T :L*R,C") - L*(R,C")
UE) = AOU(© + | K(€-59U()as'

with A(-) € L®(R, M, (C)), K(£—-,&) € WH(R, WLHR, M,,(C)). We further require, in order to ensure
properties of the adjoint, that K (-+¢&,-) € WHo(R, W 1(R, M,,(C))). The integral kernel K¢(-) = K(-,§)
can be thought of as an inhomogeneous convolution K¢ * U. We denote the pair (4, K) =: A, and we

(2.1)

denote the operator by T4 or simply 7, when unambiguous. We also consider the analogous class
of operators T ¢ on C°(R,C"), for which all assumptions are the same except that we must have
A(+) € C)R, M,(C)).

With suitable assumptions on limits and regularity, we wish to establish Fredholm properties for operators
in this class: we first identify necessary and sufficient conditions for the operator to be Fredholm and
then, with stronger localization assumptions, relate the Fredholm index to a spectral flow.

We give two examples where such generalized convolution kernels arise.

Linearized nonlocal Allen-Cahn equation. The reaction-diffusion Allen Cahn equation can be

posed nonlocally as
du

dt
with [k = 1, for instance a normalized Gaussian, and constant effective diffusivity d > 0. Considering

=d(—u+kx*u)+ f(u), (2.2)

stationary solutions, and then linearizing the equation about an interface-like solution w., u.(x) — uy
for x — 400, one obtains
Tu=d(—u+k*u)+ f'(us) - u. (2.3)

Neural Fields. Similarly, one can consider simple models for neural fields with an assumption of
homogeneity, that is, translation invariance,

du

— = —u+kx F(u), (2.4)
dt

where x lives in physical or feature space, and u denotes a possibly averaged state of the neural field.

The state could be scalar- or vector-valued, and the convolution kernel is often assumed Gaussian, or,

for technical reasons, to possess rational Fourier transform.

Again considering stationary solutions u, and linearizing, one obtains

Tu=—u+kx*[F'(u) - ul. (2.5)



2.2 Fredholm Properties

We state the main result and hypotheses.

Hypothesis 2.1 (Limits at Infinity) We assume that there exist two matrices AT € M, (C) such that

A§) — Ai, § — Foo.

We also assume that there exist two functions K+ € WHL(R, M,,(C)) N L3(R, M,,(C)) such that

lim HK(ag) - Ki(')HLl =0

£—+oo

ond Jim [[K(-. -+ &) = K*()] i =0

Remark 2.2 The examples discussed above can be shown to satisfy these hypotheses, given somewhat
mild assumptions on the kernel, and assuming that u. € L, with limits at infinity, so that f'(u.«(x)) —
(vt (x)),z — Foo.

Theorem 1 Given T4 in the class of operators defined in Section 2.1 that satisfies Hypothesis 2.1, the

following are equivalent:

(i) Ta is Fredholm.
(ii) Ta satisfies
(a) Hyperbolicity at Infinity: det(f/(z(if) + A%) £ 0;

(b) Pointwise Invertibility of Principal Part: A=1(¢) € L®(R, M, (C)).

Furthermore, when Ty is Fredholm, its index depends only on the limits AT and K*(-) defined in Hy-
pothesis 2.1.

If A is continuous, the analogous result holds for T 4c.

Note that the above theorem essentially suggests that loss of compactness happens for two reasons—
spatial infinity, and pointwise lack of invertibility in the principal part. The former is a well-known
source of non-compactness, but the latter is not present in the results of [18], where the principal part is
a differential operator.

2.3 Proof of Theorem 1, Sufficiency of Conditions for Fredholm
We first state some propositions which will be used in the proof.

Proposition 2.3 There exists C > 0 such that for all U € L, the following estimate holds:

H/}R K(&—¢&;6U(€)dg

< C|U w1y - (2.6)
LOO



Proof. Consider the operator
K : Ll(R c) — W“(R c")
& [ K¢ -6 UE.

where K* denotes the conjugate transpose of the matrix K.

We have that

oo, < (soptiec € mm o o

) 1U1| 2
LY(¢)

by the fact that K(- + &) € WE(R, WEL(R, M, (C))). Therefore, K is a bounded operator from
LY(R,C") to WHHR,C"). Since K is bounded, its adjoint K* is also bounded as an operator from
(WEHR,C"))* to L>®(R,C").

Formally, K* is defined only as an abstract operator on (W11)*; however, elements of L™ can be

<UL

considered elements of (W!)* via the measure associated to the L™ function. Whenever the argument
of KC* corresponds to an L function in this way, the adjoint operator K* must coincide with the operator

£) - /]R K&~ €:6)U(E)de’ (2.7)

The boundedness of the adjoint operator then implies the boundedness of the operator (2.7) on L,
which gives for U € L* the bound in 2.3 as desired. [ |

We will also need the following lemma:

Lemma 2.4 (Abstract Closed Range Lemma) Suppose that X,Y, and Z are Banach spaces, that
T is a bounded linear operator, and that R : X — Z is a compact linear operator. Assume that there

exists a constant ¢ > 0 such that
[Ullx <c(TUlly +RUllz),  forallU € X.

Then T has closed range and finite-dimensional kernel.
Proof. See [38]. |

Proposition 2.5 For the operator T4, there exist constants ¢ > 0 and L > 0 so that
10l < Ul gerycmye + ITAU | g00). (2.8)

The same holds for T sc.

In particular, since the composition ZoR 1, of the restriction operator Ry, : L>*(R,C") — L*>(|-L, L],C")
and the inclusion operator Z : L®([—L, L],C") — (WY([-L, L],C"))* is compact, as well as the anal-
ogous operators on C? since the latter is a closed subspace of L, this will allow us to use Lemma
2.4.



Proof. Let T refer either to 74 or T c. Following [18], we divide the proof into four steps.
Step 1: We first show that

Ul < ex(lU g enyy + 1T Ul poo)- (2.9)

For each U, we have

1701, = |40 + [ 6~ 0uie)a

~ 4 (v + a0 / K- gesw(g’)dg’)

/K§ ¢ U

- HA—1<1§>HLOO H
1) / K(E—€:6U()

>c|lUE)+ A"

(MUl = 1ATH Ol - || [ K (&~ €5UE)
( I

> c(lUE) Lo = NUE w1y,

("

for some ¢, ¢ > 0, which implies the estimate (2.9).

Step 2: We now consider a constant-coefficient operator
Tao = U(€) = AU () + (K° x U)(€), (2.10)

with A° invertible and K°(-) € WHY(R, M,,(C)) N L¥(R, M, (C)), satisfying the hyperbolicity condition
det(l/(\o(if) + A% £ 0 for all £ € R. Note that the condition K € L2(R, M, (C)) guarantees that K € H'.
We will show directly that 740 is bounded invertible, since L*° is less amenable to the properties of
Fourier multipliers.

We define the inverse of T4 on L*°(R, M,(C)) by
(Ta0) ' (U) = (A°) U + Kiny * U, (2.11)

where Ki,y is the inverse Fourier transform of ((A° + I/(\O(M))_l — (A%,

That 7:;01 is an inverse can be shown directly by calculating
Ta0(Tp0) U = U + (A°Kipy + KOA™! + (K * Kiny)) * U;

the function (A°Kin, + K°A~! + (K * Kjyy)) is the Fourier inverse of the 0 function, so vanishes almost
everywhere, giving T40(740) U = U. One can likewise show the same for (7 40) ™7 40. We would then
like to show that the inverse function (740)~! is bounded. We do this by showing that Kiny € HY,
that Ky € L', leading to boundedness of 7:40 )

We have by a matrix identity that (A + K0(if))~! — (A%)~L = —(A%)~LK0(if)(A° + KO(if))~}. Then

RRIT
M, (C) Mn(C)

| a0+ Koo — a0, < (i&% (A9 (47 + KO(i0))

=G HI/(\O(M)HMn(C)’



and

at

Hd«AO T RO(i6) " — (A% e

< sup (H (40 + ﬁ)(w))QH

M,(C) (R

e H@’(WHWQ,

)l

M, (C)

so that HK;

LS (Gt Cy) HIFJHHl and Ky € H'. Then Kiny € L2(R, M,,(C)) € L'(R, M,(C)).
For ¢ := (H(AO)_IHM © T HKiHVHL1>7 this gives the estimate
Ul oo < c2||TgoUl|;oe, forall U e L™, (2.12)

Step 3: We now want to show that there exists L > 0 such that if U(§) = 0 for |{| < L — 1, we have

|Ullz= < el TU . (2.13)

First, suppose that we have two functions Ut (£) =0, < L —1,and U (§) =0, > —(L — 1).
Then, note that since K, A satisfy Hypothesis 2.1, we may find L large enough, so that for U*,

H /R (K(&—¢38) — KH(¢—¢) U ()de

LOO
€
I(A* = AU |1~ < §||UiHLooa
so we have é”U:‘:HLoo < | TEU®||pee < e||UF||poe + || TUE ||, which gives |[UT ||z < ¢|TUT|| L,
choosing ecy < 1, where the implicit notation 7+ refers to the map

TE . U(g) > AXQU(E) + /R K* (6 — €)U(¢)de).

Finally, given U such that U = 0,|¢] < L — 1, we can decompose U = U™ + U™, taking U™ (&) = U(§),
for £ > 0, and U (£) = 0 otherwise, and U~ (§) = U(€) for £ <0, and U~ (£) = 0 otherwise.

Then we have
[U]|zee < NUT|zoe + U |lzoe < e(ITU |zoe + | TU ||lzoe) < 2¢| TU|| oo =: e3||TU | 1ov,

as desired.

Step 4: Finally, let x be a smooth cutoff function equal to 0 outside [—L, L] and equal to 1 for |¢| < L—1.
Then we have

1UlLe < [IXUllLe + (1 = x)U|| 2o
<ca(IxUllwras + 1T (XU) ) + sl T(1 = x)UllL  (by steps 1 and 3 )
< c(lUllwrr =z, + ITU| L),

which concludes the proof of Proposition 2.5. [ |

Corollary 2.6 The operators T4 and T c have closed range and finite-dimensional kernel.

Proof. Let R=Zo Ry, X,Y = L¥(R,C"), Z = (WY([-L, L],C"))*. The result then follows for T4
from Lemma 2.4 and Proposition 2.5. For T,c, let R : CO(R,C") — (WY ([-L, L],C"))* be defined
analogously, and let X,Y = C°(R,C"), and the same is true. [ |



Adjoint properties. In order to show that the cokernels of 74 and T4c are finite-dimensional, we
consider the kernels of the adjoint operators 73,7 ;c. Consider first 71 : (L*°(R,C"))* — (L*(R,C"))".
Abstractly, the adjoint 7 is defined only as an operator on (L*°(R,C"))* = ((L>(R,C))*)", where
(L*°(R,C))* can be identified with the space of absolutely continuous finite Borel measures on R. How-
ever, we see that for an n-tuple u of measures in the kernel of T, we must have

JLEGRE [ /R K (€ — €56 A €YU (E)de!| - dpu(€) (2.14)

for all U € L*°, where - refers here to the dot product on C”. Note that every component of the matrix-
valued function K (¢ — ¢';6)A~1(¢’) is an L™ function of &, with L™ norm bounded over ¢’. Then for
any 14, j, the function [(K (& —¢&;6)A™1);;(€)du; is in fact an L™ function of ¢’. Therefore, since (2.14)
must hold for every U, we see by equating terms that the n-tuple of measures y is given by an element
of L®(R,C") through (u); = ([(K (£ —¢&;6)A 1 (¢)e;) - du) A, where X is the Lebesgue measure and e;
is the ith standard basis vector in C".

The same is true for 7. Since the dual of C°(R,C) can be identified with the space of finite, finitely-
additive complex measures on R, we can again identify the dual of C°(R,C") with n-tuples of measures,
and we must have for all u € (C°(R,C"))*, U € C°, that

JECRIE [ /R K(— €6 A €)U(E)de | - dp.

Now, K(- —¢,) € C°(R, M,(C)) € WHY(R, M, (C)), with C° norm bounded over ¢ € R. Therefore,
for all 4,j, [(K(§—&;6)A1(E))ijdu; is well-defined and an L™ function of &. Then, by the same
calculation as above, the n-tuple of measures p corresponds to an element of L*(R,C") by (u); =

(J(K(E—¢&;9A7(Ee) - du) M
For such an n-tuple of measures that corresponds to an L% (R,C") function, the actions of both the
operators 71 and T coincide with the action of the operator

Ti 1 U€) = AOU(E) + / K* (€ — &) U(E)de’

on the L function, where K*, A* refer to the conjugate transposes of the matrices K, A.

Then for both 74 and 7T 4c, the kernel of the adjoint operator will be finite-dimensional provided that
the kernel of 7/ is finite-dimensional on L.

Lemma 2.7 The operator T}« satisfies Hypothesis 2.1 and condition (ii) from Theorem 1 whenever T4
(or Tyc ) does.

Proof. We note that the conditions that K(¢ — &) € Wh(R, WHL(R, M,,(C)) and K(- + ¢&,-) €
Whoo(R, WHH(R, M, (C))) exactly guarantee that Hypothesis 2.1 is readily satisfied by both T4 (or Tc)
and 7/w. Condition (ii)(a) holds for 7/ since A*(&) is invertible whenever A(§) is, and we can see
that condition (i7)(b) holds by noting that for a hyperbolic T 40, we have that det((I/(\O(if) + A%) =
(=" det((I/(\O(iE) + A%)*), so T+ will be hyperbolic exactly when (7;)* are. ]

Limit Operators and the Fredholm Index. The last part of Theorem 1 concerns the indices of the
operators, when they are Fredholm. In particular, it will be useful later to have the following fact:

10



Proposition 2.8 If T4 (or Tyc) is Fredholm, its index depends only on A* and K*.

Proof. Suppose T4, and T4, (or 7:410, TAgf respectively) satisfy Hypothesis 2.1 and are Fredholm. We
use in the following that, as a consequence of the necessary part of Theorem 1 which is proved below, we
may assume that condition (ii) from Theorem 1 is met. Suppose Aj, Ay are given by (A1, K1), (A2, K2),
with the same limits A*, K+.

Two Fredholm operators 77 and 75 have the same index if there exists an invertible operator B such that
Ty — Ty B is compact. The multiplication operator U(£) — Ay (€)A1(£)U(€) is invertible, so we would
like to show that Tr := T4, — T4, Ay 1A, is compact. We will do this by showing it is the operator-norm
limit of a sequence of compact operators. Essentially, we would like to cut off the operator outside
|€] < L, and show that Tp is the limit of the truncated operators as L — 0.

More formally, let TRLU = Ep oI oRyo (xTRU), where

R : WH(R,C") — WH*°([~L, L],C")) (or C',C') is the restriction operator,
Ty WH*([-L,L],C") — L®([-L, L],C") (or C*,C°) is the inclusion operator,
Er: L®([~L,L],C") — L>®(R,C") (or C°, C°) extends by 0 outside [~L, L], and

x¥ is a smooth characteristic function equal to 1 on [—(L — 1), L — 1], and 0 outside [—L, L].

The operator Z;, is compact, and the operators R, Fr,, and multiplication by y” are bounded, so TRL is
a compact operator.

We now show that Tg is the operator limit of the sequence {7}%},L — 00. Let € > 0, and note that
||| 0o may refer equivalently to the supremum norm on L* or CY. We have

TrRU () = (Ta, — Tay A3 ' ANU(€) = /R [K1(6 = €50UE) = Ka(€ = €5 A1 (€ AU ()] de'

Let Ar(¢) =T, — A1 (¢')A1(€'). Then

|(Th = TE)U || oo < sup  |TRU(E)]
|€]>(L—1)

< sup < >
[€1>(L-1)

Since K1 and Ky each converge to K* in L', we can find L > 0 that supj¢|>(L—1) (K1 — K2) ()12 < 5.
Then

/(Kl — K2) (€ = &59U(g)de’ | + ’/ Ka(& - €56 ARENUE)
R R

sup
g[>L—1

/R (K) — K)(€ — €56)U(€)de!

g
< sup (K= Ko) (O 10 oo < 51U oo -
g[>L-1

We can then find M; large enough that supes ay, [[Ar(E) a0y < m, since Ar(¢’) goes to
0 as [¢/| — co. We can also find M large enough that |flCI>M2 Ky(¢;6)d¢| <

13
dmax(Lsupgs [Ar(E) v,y (c))
for all |¢] > (L — 1), since Ky varies continuously in L' with ¢, with limits at infinity. Then take
L > My + My + 1.

11



We have sup
|€]>(L—1)

/ Ka(€ — €56 A(€)U(€)

K> (€ = &5 Ar(ENU(E)dE

/|>M1

< (‘ / Ka(€ — €6) Ap(€)U (€')de!
[€7|< M

\£|> L 1)

)

< sup (sup HAR H ‘/| K (¢, 6)d¢

l§1>(L—1) \&'€eR

9

-+ lU|l; -
<(3+3)Uly

Putting this together, for L sufficiently large, we get

+§sup | AR HK2(‘75)”L1> U]l e

/( ) (€~ LU
R

‘/Kzf €6 An(€)U(E)

)

So Tg is the operator-norm limit of the sequence {TRL }, L — oo. Then since it is the limit of a sequence

|(To = TEY |y < sup )(

|§1>(L—1

g g
<(G+35) Wl =<l o -

of compact operators, 7z must be compact. Therefore the Fredholm indices of 74 and 7 4c depend only
on the limiting operators. [ |

Given this, we are finally ready to prove Theorem 1.

Proof of Theorem 1, Sufficiency. Assume Hypothesis 2.1 and conditions (a) and (b) from Theorem
1, and let T refer either to 74 or T4c. From Corollary 2.6, we conclude that 7 has closed range and
finite-dimensional kernel.

Using Lemma 2.7, T/~ then satisfies the same hypotheses as 7, meaning the same conclusions apply,
and 7/ has finite-dimensional kernel. Since the kernel of 7" corresponds to the kernel of 7., then T
have ﬁmte—dlmensmnal kernel also.

These together imply that 7 is a Fredholm operator.

Lastly, by Proposition 2.8, the Fredholm index of 7 depends only on the limits A*, K*. Then the
sufficiency part of Theorem 1 is proven. [ |

Remark 2.9 The above argument extends readily to LP, 1 < p < oo, with only minor modifications. In
particular, replace L™ and (WHY)* with LP and (W19)* everywhere they appear, with % + % =1. Also
replace L' and W1 with LY and W4 in the proof of Proposition 2.3, and the main inequality in the
proof of Proposition 2.3 with HEUH(;[/M < C||U|,, where

p/q

4
re-col

" re-co|

€ = sup K" (€ = )" sup 1K (- = )l +sup

L&)

which is verified by a short calculation using Holder’s inequality. Lastly, in the proof of Proposition 2.8,
replace ||| poo with |||[7, and supgsp_1)(-) with f§>(L—1) | - [P whenever they appear, and note that the
inequality |a + bP < 2P(|a|? + |bP) introduces a factor of 2. The rest holds without further modification.

We do note that for 1 < p < 0o, the requirement that K+ € L? can be dropped, since step 2 in the proof
of Proposition 2.5 can be proved instead using properties of Fourier multipliers.
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2.4 Proof of Theorem 1, Necessity of Conditions for Fredholm

We now prove the necessity of conditions (7i)(a) and (¢7)(b) in Theorem 1. The proof relies on construction
of two Weyl sequences: first, when the principal part has a zero, a sequence becoming concentrated around
the zero; second, when the limiting operators are not invertible, a sequence concentrating at the kernel in
Fourier space, whose support in physical space is pushed out to infinity. These sequences are constructed
for L> and C?, but can be easily modified for the L? case.

Construction of Weyl Sequence for condition (ii)(a). Assume that condition (ii)(a) is not met;
that is, A™1 ¢ L>®(R, M, (C)). We will construct a Weyl sequence first for 74, then for T c.

First, consider Ty, so that A(-) is in L but not necessarily CV. Since A=! ¢ L*°, then for each N € N
there exists a set Ex C R of positive measure such that infj,_; [A({)v| < 5% If the measure of Ey is
greater than £, redefine it as a subset so that its measure is equal to +-. Since A(¢) € L™(R, M,(C)), by
Lusin’s theorem, there exists for each N € Nan Ay € C°(R, M,,(C)), and Qy C R, so that Ax (&) = A(€)
on Qy, with the measure of R \ Qy equal to half the measure of Ey. Let E‘N = En NQy. Because each
Ap is continuous, we can define vy (€) supported on E, piecewise constant, so that |A(&)vn(E)] < %,
as follows:

Ay is uniformly continuous on each [k, k + 1] C R,k € N. Cover [k, k 4+ 1] N E, with disjoint intervals
Ay, of length at most & such that [(An (&) — An(&))v| < 5k for any |€ — & < 0, |v] = 1. Choose
ki € Ap; N Ey, and let vy, [ug ;| = 1 be such that |An(&ki)vk,i| < ﬁ Let

un () = Vki, &€ AgiN Ex
0, otherwise.

Then uy is a measurable function, with ||uy||;- = 1, for which |[A(&)vn(€)] < & for all €.

For T 4c the construction is somewhat simpler. Since in this case A(+) is continuous with A=! ¢ L, there
exists for all N € N an interval Ey with positive measure so that inf},—; [A(§)v| < o for all £ € E,.
Again, redefine Fn possibly as a subinterval so that m(Ey) < % Let &y € En, and let vg, |vo| = 1,
be a vector such that |A({n)vo| < QLN Then there exists a subinterval Ey of Ey with positive measure
such that [A(&)v| < & for € € Ey. Let xn be a smooth function supported on Ey with Ixnllco = 1.
Then let

un (&) = xn(&)vo.
1

Note that in both constructions, we get that uy is supported on a set of measure SN <5

Proof (Necessity of Condition (ii)(a)). We will now prove that {uy} is a Weyl sequence. Let T
refer either to T4 or Tyc, and let {un} be the corresponding sequence defined above. Let ||| refer
equivalently to the norm on L* or C°. Since ||A(&)un(£)||;~ < &, we can choose Ny large enough so
that [|A(§)un(§)| - < § for all N > Ny. Note also that |Jux||;: < 5n — 0, and, by the assumptions on
K, that supg ¢ [ K(§ = &, &)y, (c) < 00- Then we can find No, possibly larger, so that for N > No,

3

| [ Kt~ ¢ oun(erae :
R

<supl||K(¢—-¢¢ U <
e ¥ H ( )HMT,((C) H NHLI

Putting this together, there exists Ny large enough so that for N > Ny,

13



[ Tunll o < llAuxlye + H [ K6~ ¢t

LO()

<§+f—a
2 2 7

Then {uy} forms a Weyl sequence for 7, and T is not Fredholm, showing the necessity of condition

(i) (a). n

Construction of Weyl sequence for condition (ii)(b). Next, assume that Condition (ii)(b) is not
satisfied; i.e., there exists m € R such that

det(K*E(im) + A) = 0.

We construct one Weyl sequence for both 74 and T 4c. Without loss of generality suppose det(f/(:(im) +
AT) =0. Then there exists a vector v € R", |v| = 1, so that (K+(im) + AT)v = 0. Let

u(€) = e 38 7Imey,
£~ N2
N )

un (&) = u(
Note that uy(if) = N2 N E=m)? o =iN?, “and |lan]| ;1 = v2m for all N.

Proof (Necessity of condition (ii)(b)). We now prove {uy} is a Weyl sequence. Again, let T refer
to either 74 or T4c, and |||« to the norm on L*® or C° equivalently. We have

[ Tunll e = HA@uN@) + [ K€€ uniere)

LO(}

< [[(A@©) - A yun ], + H [ (e~ - K+ (e~ €Dt

|7 ] e
LOO

€
max(1, supe<,, [ A(¢) — A*|?)
we may do by the choice of uy, and so that supg.  [[A(§) — AT]|| < &, which we may do by Hypothesis
2.1. Then for N > Ny,

Let € > 0. Choose Ny large enough that for N > Ny, sup |un(£)| < , which
&<n

[(A(€) = AT )un(§)|| - = max (sup |(A(€) = AT )un(8)] Sup |(A(¢) - A+)“N(§)‘>

&<n

< max <sup | A(€) — A*[|sup Juy],sup || A(€) — A*| sup|um>
£<n &<n &>n &>n

< €.

Next, choose M large enough so that sup HK(,{) - K+(')HL1 < e.
E>M

Note that is equal to the larger of

LOO

/]R [K(§—¢€56) — KT (€ — &) un(€)de'|;

‘ [ K- €10 - ke — € unt)ae

sup

sip /R (K€~ €:6) — KT (€ — €] un(¢)de

and by the choice of M,

» Sup
EM
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sup /R[K(ﬁ — 56 — KM (=) un(€)de'| < sup |K( &) = KH()| o llunll oo < =

e>M e>M 4
On the other hand, we have

sup / (K (6~ €:6) — K* (€ — €)] un(€)de’
R

E<M

= sup ’/ [K(E—-¢,8) - K" (-¢)] uN(f’)d€’+/ [K(&—¢,8) — K" (¢§—¢&)]un(&)de|.
§'<E+L

=M §>¢+L
Since K (-, &) € WH(R, WH(M,,(C))), with limits at infinity, we can find L(e) so that
[ IE@O - KM < 5. forall &
I¢I>L 2

yielding

—L

l\D\m

sup \/ [K(E—¢,6) - KT (&) un(€)de'| < Sup/ [K(¢,6) — KT(€)|dE" | Jlun|l e <
§'>6+L

E<M £ J—o0o

Also, because uy is shifted to the right by N2, but is only stretched by a factor of N, we can choose Ny

large enough so that for N > Ny, sup |un(&)| < , yielding
E<LAM 2supg || K (-, )— Tz
€
sup [K(§ =€) = K€ = )] un(€)de' <sup[[K(,€) = KT()|[ 0 sup fun(€)] < 3.
<M JE<EL 3 E<L+M

This, combined with the above, gives

sup
E<M

< 4=
+2

/R (K (€~ €:6) — K+(€ — €] un(€)

so that < e.

\ [ K-~ K €= )] un(€)

LOO
+ 4 K+(i € _ 1
Lastly, for any ¢ > 0 we can choose Ny large enough so that HA + K (zE)HMn((C) < § for jm—{| < TN

and also large enough so that for N > Ny, / lun (if)| dl < < — , because

Im—e> = 2SUp,cr H (AT + K+ (iv))
the uy become increasingly localized about ¢ = m. This gives that

7 un] e < =770,

- |+ ) ],
_ un (i0)
i /|m£|>¢lﬁ \A}% o /|m£|<\/15

— 6
< su H AT+ K (iv H / av (il d€+/
ue% ( ( )> Mn(C) |m—€|>\/lﬁ‘ vl 2 m—t|< =

(A+ +KT (w))

2 2
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Therefore, for any € > 0, for N > Ny large enough that the previous inequalities hold, we get that

[ Tunllpo < [ (A©) = A Yun |, + H [ (e~ K+ (e~ €Dt

<e4e+e =3,

il RS P
LOO

which implies that

Jim [Tyl = 0, with e = 1
Thus {un} is a Weyl sequence for 7, which implies that 7 is not Fredholm, showing the necessity of
Condition (ii)(b). ]

3 Spectral Flow and the Fredholm Index
We establish results that allow us to compute the index of the nonlocal operator
TS U~ AU + | K6 =€ U

defined in Section 2.1, in many specific situations. Assuming exponential localization of convolution
kernels, stronger than in Section 2, the Fredholm index is given by the spectral flow of an operator with
the same limits at infinity. The approach here is somewhat closely following [18], which in turn is relying
on ideas from [34, 30]. The argument in [18] needs to be modified for two reasons: a change in the form
of the operator, and a change in the domain of the operator (from L? to L™, C?). The latter affects the
argument only in Lemma 3.8, and the former is the cause of the rest of the modifications. Technically,
one needs to carefully inspect the space of allowed perturbations so that spectral crossings along relevant
paths are generic.

In order to state and prove the following theorem, we require two additional assumptions on the convo-
lution kernel which were not needed in Sections 2.1-2.2.

Hypothesis 3.1 The generalized convolution kernel K is exponentially localized in its first argument—
that is, for some n > 0, we have K € CO(R, W, (R, M,,(C))), where

|
Lt

Wr},l(R, M,(C)) = {f c Wl,l(R, M, (C)) ’ (j,kr)ne%()]fn}? (Hf].’k(.)enl-l‘

aeM],) < oo}
Hypothesis 3.2 The Fourier transforms
vis K*(v) 4+ AT

extend to bounded analytic functions in the strip S, = {v € C | |R(v)| < n}.

Theorem 2 Let T refer either to Ta or Tac as defined in (2.1). Suppose Hypotheses 2.1, 3.1, and 3.2
are satisfied, as well as condition (i) of Theorem 1. Let AC(-) be a continuous function, possibly different
from A() if the latter is not continuous, with (A°)~1(-) € L®(R, M, (C)), such that lim¢_, 100 A°(€) =
A*®. Suppose that for the operator T defined by A® and K, there exist only finitely many values & € R
for which TC is not hyperbolic; that is, for which det(f(go(if) + A%(&)) = 0 for some £ € R.
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Then the Fredholm index of T is given by
ind T = —cross(A),
where cross(A) denotes the net number of roots, counted with multiplicity, of the characteristic equation
d(v) = det (ffg(y) n AC(§)> (3.1)

that cross the imaginary azis from left to right as £ is increased from —oo to +oo; see (3.5) below for a

more precise definition.

The remainder of this section will be devoted to more precisely stating and proving Theorem 2. In
particular, we will prove the following theorem, from which Theorem 2 follows. For notational simplicity,
in the following we identify the symbol A with its associated operators T4 and 7 4c, suppressing the
difference in domains. Because the indices of 74, 74c depend only on the limits A* K*(.), we denote
the Fredholm index of T4 by ¢(A~, A1), and the Fredholm index of T4¢ by t.(A1, A7). We also define,
for a constant-coefficient operator A° = (A% K°(-)) the function

Ao(v) = KO(v) + A° (3.2)

and the characteristic equation
d°(v) = det(A 4o) = 0. (3.3)

Theorem 3 Let {A”}, for p € R, be a continuously varying one-parameter family of constant-coefficient
operators (AP, KP), with limit operators A = lim, 4 A”. We suppose that:

(i) the limit operators A* are hyperbolic in the sense that for all £ € R,
d*(if) = det (f(i(w) + Ai) £ 0,

(i) Aye defined in (3.2) is a bounded analytic function in the strip S, = {\ € C ’ IR(N)| < n} for each
p €R, and

(iii) there are finitely many values of p for which AP is not hyperbolic.

Then
(A7, AT) = 1.(A7, A7) = —cross({AP})
is the net number of roots of dP(v) = 0, counted with multiplicity, which cross the imaginary azis from

left to right as p is increased from —oo to +00; again, see (3.5) below for a more precise definition.

In the proof, we approximate the family {.A”} by a generic family. To do so, we introduce the set P :=
PR, Y/an’l(R7 M, (C)) x M,(C)), the Banach space of continuous paths for which conditions (i) and (ii)
of Theorem 3 are satisfied. We also consider the dense set P! := C! (R, Wl (R, M, (C)) x Mn(C)) nP.
We then first prove that the set of paths with only simple crossings is dense in P. Then, using the proof
that for a map with only simple crossings, the Fredholm index is given by the crossing number, the result

will follow.
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Notation and Definitions. For a continuously varying one-parameter family {A”} of constant-
coefficient operators, a crossing for {A”} is a real number p; for which A® is not hyperbolic. The
set

H({A”}) = {p € R | the constant-coefficient operator A” is not hyperbolic}

is the set of all crossings for {.A”}. Condition (iii) in Theorem 3 is satisfied only if NH({A”}) is a finite
set, which we then can write as {p1, ..., pm }. We also have that for any {A”} satisfying the conditions of
Theorem 3 and for any p; € NH({A”}), the equation

dy, = det(A ;) =0 (3.4)

has finitely many roots in the strip S, due to the analyticity and boundedness of A 4», and due to the

fact that d,, (if) 1o, det(APi) # 0. Then the crossing number, cross({.4”}), can be defined as the

net number of roots which cross the imaginary axis as p goes from —oo to 400, as follows.

Fix any p; € NH({A”}) and let {I/j’l};z | denote the roots of d,, (v) on the imaginary axis, listing multiple
roots repeatedly according to their multiplicity. Let M; be the sum of their multiplicities. For p near p;,
with £(p — p;) > 0, this equation has exactly M; roots, counting multiplicity, near the imaginary axis,
M JL * with negative real part and M jRi with positive real part. Then the crossing number is defined as

m

cross(A) = Z (MJR+ — Mf‘) . (3.5)

J=1

For {A?} € Pl a crossing p; is simple if there is exactly one simple root vy of d,, on the imaginary axis,
which crosses the imaginary axis with nonvanishing speed as p goes through p;. For such a crossing, the
root can be locally continued as a function of p, giving a function v(p) € C'(R,C). Non-vanishing speed
of crossing then corresponds to (v (p;)) # 0.

For a path in P! with only simple crossings, let vj(p) be the function defined near a crossing p; such
that d,(v;) = 0 and R(v;(p;)) = 0. Then we have

m
cross({A”}) ZS‘E vi(p;))
7j=1

We next prove that the set of paths with simple crossings is dense in P.

Lemma 3.3 Let {A’} € P, with limit operators A* = lim,_, 1o AP, such that NH(A) is a finite set.
Then, for ¢ > 0, there exists { AP} € P! such that

(i) AX = A%

(i1) HA/’ - A‘OH M) <e¢ forall peR, and
Wyt x My,

(iii) {AP} has only simple crossings.
Remark 3.4 If ¢ is chosen small enough in the above lemma, then cross({AP}) = cross({APY}), since

the roots of d”, which is a holomorphic function, vary continuously in the Hausdorff topology.
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In order to prove Lemma 3.3, we define submanifolds of M, (C). For 0 < k < n, the sets Gy C M,(C)
and H C M, (C) x M,(C) are given by

Gy = {M € M,(C) | rank(M) = k},
H = {(M;, M) € (M,(C))? | rank(M;) = n — 1, My is invertible, and rank(My My " M;) = n — 2}.

The sets Gy and H are analytic submanifolds of M,,(C) and (M,,(C))? respectively, of complex dimension
dime(Gy) = n? — (n — k)%, dime (H) = 2n? — 2;

see [30].

For an operator A = (A, K(+)), we rewrite its convolution kernel K more generally as K(§) + B19s(§ —
&1) + B20s(§ — &), where By, B are real matrices, d5(-) = ﬁe*HQ, and &1,& are fixed positive real
numbers such that & /& is irrational. For an operator of the form considered in Lemma 3.3, By, B = 0.

We then consider the following maps:

F,G: (WHY(R, M,(C)) x (M,(C))3) x R — M, (C)

n
FxG: (W (R, My (C)) x (Mp(C))?) x R = My(C) x M,(C)
D : (WHL(R, M,(C)) x (M,(C))?) x T — M,(C) x M,(C)
given by
F(A,0) = K(if) + A+ Bybse 1 4 Byg e 6
G(A, €) = K'(it) — By (5133(2'4) + Eg(w)) — Bpe~ité (@Es(z’@ + 3g(w))
F X G(A L) = (F(A0),G(A L))

D(A7 g) = (‘F(Av ‘61)7 f(Aa 62))7

where T is the set
T = {(t1,42) € R?* | {1 < L}.

Proposition 3.5 Suppose that A= (A, K) € M, (C) x Wy (R, M,,(C)) satisfies the conditions

(i) F(A,0) ¢ Gy, 0<k<n—2/(cR,
(i5) (F x G)(A,£) ¢ Gn_1 x Gy, 0<k<n-1/(€R,
(iii) (F x G)(A,0) ¢ H, LeR,

(iv) D(A, £1,05) & Gy X Gp_1, (61,05) €T,

for all ranges of k, €, ¢y, and ly. Then the constant-coefficient operator (2.10) has at most one £ € R
such that il is a oot of det A 4(v) = 0, and the root is simple.

Proof. We omit the proof here, as it is identical to [18, Prop. 4.3]. [

Proposition 3.6 The maps F,F x G, and D have surjective derivative with respect to the first argument
A at each point (A, €) € Wy (R, My, (C))x (M, (C))3 xR and Wy (R, M,,(C))x (M, (C))®>xT, respectively.
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Proof. From its definition, we see that the derivative of F with respect to A is I,,, which is surjective
onto M,,(C), and the derivative of F x G with respect to (A, By, By) is given by the matrix

L, 5s(i0)e~ T, 55(i0)e~ 2], (36)
On e 1 (&105(if) + 0L (i) L, €2 (8204 (il) + 4(if))L, ) ’

Because (£105(i€) + 6..(i€)) and (£205(il) + 8,(il)) are never both equal to 0 at the same value of ¢, this
operator in (3.6) is surjective, onto M, (C) x M, (C).

Now, fixing (¢1,¢2) € T', we will have that one of the quantities & (¢1 — ¢3) or £2(¢1 — ¢3) is not a multiple
of 2m. Supposing without loss of generality that it is &;(¢; — ¢3), then we have that the derivative of D

with respect to (A, By) is
I, 05(ify)e 08T,
]:[TL 58 ’

251
(ily)e 2811,
which is also surjective onto M,,(C) x M, (C). ]

In order to complete the proof of Lemma 3.3, we use the notion of transversality for smooth manifolds.
A smooth map f: X — Y from two manifolds is transverse to a submanifold Z C ) on a subset S C X
if

rg(Df(x)) + Tf(z)Z = Tf(z)Y whenever z € S and f(z) € Z,

where T),(M) denotes the tangent space of M at a point p.

Theorem 4 (Transversality Density Theorem) Let V, XY be C" manifolds, ¥ : V — C"(X,)) a
representation, and Z C Y a submanifold and evy : V X X — Y the evaluation map. Assume that:

(i) X has finite dimension N and Z has finite codimension Q in Y;
(i) V and X are second countable;
(7ii) r > max(0, N — Q);

(iv) evy is transverse to Z.

Then the set {V €V | Wy is transverse to Z} is residual in V.
The proof of this theorem can be found in [1].

Proposition 3.7 There exists a residual (and hence dense) subset of P* such that for any { AP} in this
subset, all conditions from Proposition 3.5 are satisfied for each A”, p € R.

Proof. We apply the Transversality Density Theorem 4 to show that there is a residual subset of P!
such that all the maps F,(F x G),D are transverse to the manifolds appearing in Proposition 3.5 on
(p,?) € R? and (p,{1,03) € R x T, respectively. We show the proof for F, the others being similar.

Welet V =Pl X = R? and Y = M, (C), with submanifold Z = Gy, for 0 < k < n—2, in the hypotheses
of Theorem 4. Then for {A?} € P!, we let Uy 40y : R* — M,,(C) be defined by

\IJ{AP}(pvg) = ‘F(Ap)g)a
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so that the evaluation map evy : R? — M, (C) is
evy (A, p,l) = F(A?L).

Then, taking r = 1,N = 2,Q = 2(n — k)2, the third condition of Theorem 4 is satisfied for any
0 < k <n —2. By Proposition 3.6, the evaluation map is also transverse to Gy for any 0 < k <n — 2.

Repeating this for the other two maps, and taking intersections, there then exists a residual subset (hence
dense) of P! such that for any {.A”} in the set, all conditions from Proposition 3.5 are satisfied. [

Proof of Lemma 3.3. By Proposition 3.7, and density, we may assume without loss of generality that
the family {.A”} in Proposition 3.3 satisfies the conditions from Proposition 3.5 for each p € R. For each
such A", there is at most one £ € R such that v =il is a root of det A 40 = 0, and the root is simple.

By this assumption, there exist £, L > 0 such that any root A(p,v) with |[R(\)| < ¢ is simple. Also, by
hyperbolicity at infinity, there are no roots with |[R(\)| < e for p ¢ [—L, L], choosing L sufficiently large,
possibly taking e less than the € in the statment of Lemma 3.3. Then any root with |[R(\)| < e can
be parameterized as a C! function of p, on a maximal open interval I C R such that || < . Label
the set of such parameterizations {\;(p)}. Note that there can be no more than countably many such
parameterizations.

Then by Sard’s theorem, almost every v € (—¢,¢) is a regular value for every R(\;(p)). Fix one such
Yo € (Oa 6)'
Define for ¢ € R the operator Sy : (Wy" (R, M,,(C)) x M,(C)) = (Wy"' (R, M, (C)) x M,(C)) by

Se(A%) = Se((A%, K°()) = (A%, K°(-)e"V)).

One can check that Ag,40)(v) = Ayo(v —t),v € C, so that S; shifts all roots of the characteristic
equation to the right by an amount ¢. Now, let the smooth nonnegative function v : R — R equal 0
outside [~L+1, L+1], equal 79 on [~ L, L], and never exceed g in between. Then the family {S_,)(A”)}
can be seen to satisfy conditions (i) and (ii) of Lemma 3.3, and additionally, the roots A;(p) —v(p) cross
the imaginary axis tranversely. This proves Lemma 3.3. [ |

Lemma 3.8 Let {A?} € P! be such that NH({A"}) is a finite set, and such that it has only simple
crossings. Then

L(AT A7) = 1(AT, A7) = —cross({A”}).

Proof. The proof of this lemma follows identically as in [18], from analogues of Propositions 4.7 and 4.8,
there, and the cocycle property, replacing L? with L, CY where necessary; we refer to [18] and [30] for
proofs. We note that the proof eventually reduces to establishing that the operator (d% - i@)(d% +w)7!
is Fredholm index -1 on exponentially decaying spaces Cg (R,C™), LF(R,C"), for v < n and w, £ > 0,
which can be explicitly verified. [ |

Proof of Theorem 3. From Lemma 3.3, we have that, generically, paths cross the axis with only
finitely many crossings, all of which are simple. Lemma 3.8 then gives us that for such a path of operators,
the Fredholm index is given by the crossing number. Putting this all together, we see that Theorem 3 is
proved. ]
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4 Nonlocal Center Manifolds in C’-based Spaces

We consider the following nonlinear, nonlocal equation:
—u+ K xu+ F(u) =0, (4.1)

where K is a matrix convolution kernel and F(u)(z) = f(u(x)), f € C*(U,R"™) a pointwise nonlinearity,
k > 1, for U a neighborhood of 0 € R™. We denote Tu = —u+ K xu. Assuming that f(0) =0, f/(0) =0
we are interested in small solutions u(z), ||uljr~ < § < 1. To leading order, one expects that the
linearization predicts behavior of small solutions. This fact is commonly captured in center manifold
theorems or Lyapunov-Schmidt reduction techniques. For the nonlocal equation (4.1), such a reduction
was found in [19], parameterizing the set of (possibly weakly) bounded solutions to this equation over the
kernel of the linearization. Different from [19], we wish to pursue that same goal but relying on C°-based
instead of L2-based spaces. We refer to this construction, that we also describe in more detail below, as
a center manifold for nonlocal equations.

As is standard in center manifold constructions, we first use a cut-off function to construct a modified
nonlinearity, so that we can use a fixed-point argument in spaces allowing for mild exponential growth.
We then show that the set of small bounded solutions to (4.1) can be described by solutions to a reduced
differential equation. This equation is posed on the abstract finite-dimensional vector space given by the
kernel of the linearization, allowing for explicit computations of Taylor jets in a straight-forward fashion,
using only moments of K and the Taylor series of f; see [19, §2.6]. The key to constructing the reduced
vector field is this: the analogy of a flow in phase space is the shift operator u(-) — u(- + x) in function
space. This linear shift operator, acting on the nonlinear set of bounded solutions, induces a nonlinear

flow when projected onto the kernel. This flow can then be differentiated to obtain a reduced vector
field.

To obtain optimal regularity, we perform a center manifold reduction for the equation with a slightly
different nonlinearity,
—v+ Kxv+ K*G(v) =0, (4.2)

with the same assumptions on G as F. Assuming that K has a derivative, as assumed throughout in
Sections 2-3, we find that small bounded solutions v € C? to (4.2) are automatically small and bounded
in C!'. Equations (4.1) and (4.2) are equivalent through the change of variables v = u — f(u); starting
with (4.1), we obtain (4.2) with g(v) = (Id— f)~!(v) —v. By the inverse function theorem, g is as smooth
as f, g € C*(U,R™). We note, however, that, assuming f € C*, this C*-change of variables would yield
a C*=1 vector field, only, so that, from a point of view of regularity, the two formulations are not per se
equivalent. The formulation (4.2) yields optimal regularity of the center manifold, while recovering the
regularity in [19] for the u formulation (4.1).

4.1 Hypotheses for Center Manifold Existence

We require localization of the kernel and smallness of the nonlinearity near the trivial solution:

Hypothesis 4.1 (Exponentially localized convolution) We assume that the matriz convolution op-
erator is exponentially localized and differentiable, K € Wnl(;l(R, M, (R)) for some ng > 0.

Hypothesis 4.2 (Small nonlinearity) We asssume that g € C*(U,R™) for some neighborhood U of
0eR", 1<k < o0, g(0)=0, and ¢'(0) = 0.
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In order to state our main result, we define the Banach space CY(R,R"), for any o € R, to be the space
{v e COMR,R™) | [[v(-)e?]|co < o0}, and let CL(R,R") be defined analogously. We will often refer to
these spaces with ¢ = —n, simply by an or C’in for brevity.

By Hypothesis 4.1, 7 is a bounded operator on CEW(R,R"),O < 1 < g, suppressing notationally the
dependence on 7. Moreover, as we will see below, the kernel & of T is finite-dimensional and independent
of n for ny sufficiently small, in the sense that the bounded inclusions ¢, : 09,7 — an,,n < 1/, provide
kernel isomorphisms.

One can readily see that there are projections Q : 0977 — 0977’ Q%2 =0, 1g(Q) = & = ker T [19, §2.5],
satisfying Qu, v = i,y Q, that we will need for the construction of a reduced flow.

Next, define the translation operator 7¢, for £ € R, by

(7¢ - v)(2) := v(z = ).
Again, slightly abusing notation, we use the same symbol for the shift on different function spaces.
Clearly 7¢ is a bounded operator on C? and an for fixed &.

We will also use a modified nonlinearity, cutting off g outside a small neighborhood of the origin. There-
fore, define

g°(0)(x) = g (x([[o(2)]|/¢) - v),

where x € C*°(R,R) is a smoothed version of the indicator function of [0, 1],

lfor0g<v<1
x(v) = — ,x(v) €10,1].
(v) { 0 for [jv| > 2 (v) [0, 1]

Denote by G and G° the superposition operators associated with g and ¢°, respectively. One readily
verifies that the Lipschitz constant of ¢g° is small for € small. Other modifications such as cut-off outside
of the nonlinearity or cut-off operators are also allowed as long as the modified nonlinearity possesses a
globally small Lipshitz constant.

4.2 Existence of a Center Manifold

We are thus ready to state the main center manifold reduction result. In doing so we study solutions to
both the unmodified and modified nonlocal equations,

Tv+ KxG(v)=0, (4.3)
Tv+ K xG*(v) =0. (4.4)

Theorem 5 Assume Hypotheses 4.1 and 4.2 on the kernel K and nonlinearity g. Recall the definition
of the kernel & of T, the projection Q) on the kernel, the shift 7¢, and the modified nonlinearity g°.
Consider equations (4.3) and (4.4).

Then for all n > 0 sufficiently small, there exist €,0 > 0, and a map
U:ker7 C C% (R,R") = ker @ C C?, (R,R"),

with graph
M = {vg + ¥(vg) | vo € ker T} C CQW(R,R”),

such that the following hold:
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(i) (smoothness and tangency) ¥ € C*, with k as in Hypothesis 4.2, ¥(0) = 0, D¥(0) = 0;

(ii) (global center manifold reduction) M consists precisely of the solutions in C° (R, R™) of the modified
equation (4.4);

(iii) (local center manifold reduction) any solution v € C° 3(R,R™) of the unmodified equation (4.3) with
sup,ep |v(2)| < € is contained in M;

() (translation invariance) the shift 7¢, £ € R, acts on M and induces the reduced flow ®¢ : Eg — &
through ®¢ = Q o 7¢ o U;

(v) (reduced vector field) the reduced flow ®¢(vg) is of class C* in vy, & and generated by a reduced
vector field h of class C* on the finite-dimensional vector space &.

In particular, small solutions to u' = h(u) on & are in one-to-one correspondence with small bounded
solutions of (4.3).

We refer to the discussion in [19] and [4] for further properties of flows on the center manifold, such as
dependence on parameters, the computation of Taylor expansions, symmetries and reversibility, Hamil-

tonian and gradient-like structure, or normal forms.

We reiterate here that the use of C%-based spaces allows us to obtain optimal regularity of the center
manifold and the reduced vector field when compared to the results in [19]. We also note that the cut-off
procedure outlined here is significantly easier than the construction in [20] and may well prove more

versatile in applications to more complicated, nonlocal nonlinearities.

4.3 Proof of Theorem 5

The proof generally follows the strategy in [19]. We collect properties of the nonlinearity, first, and
then study Fredholm properties of the linearization. We then prove existence and regularity of the
parameterization of the center manifold using contraction principles on scales of Banach spaces. Lastly,
we establish existence and smoothness of the reduced vector field by showing additional smoothness of
solutions using bootstraps and then investigating the flow induced by translations of bounded solutions.

We start by collecting some properties of the superposition operator induced by ¢°:

e (¢ is continuous from C’gc to C’Qn for ¢,n > 0; moreover, since g € C1(U), G° is Lipschitz in u if
n = ¢, with LipC’%—)CQW (@) < lg°ller = 0=(1);

e (¢ is k times Frechet differentiable from ng to 097, for 0 < k¢ < m;
e G°(0) = 0 and, when defined, D,G°(0) = 0;

e G° is translation-invariant; that is, 7¢ 0 G = G o 7¢;

see for instance [43]. We next collect information on the linearization in exponentially weighted spaces.
Consider the linear operator

T:CQW%CO T()=—v+ K *v.

—n>
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Proposition 4.3 Assuming Hypothesis 4.1, the operator T is Fredholm, index M < oo, where M 1is the
sum of the multiplicities of roots of det(I,, + K (if)), ¢ € R.

Proof. We start by first conjugating 7 with the multiplication operator v(x) +— cosh(nz) - v(x) to
obtain an operator on C° of the form considered in Theorem 2. We note that this theorem refers to
operators on complex function spaces, but the corresponding statement for real operators is obtained
immediately by restricting to real subspaces. By Theorem 2, the conjugated operator is Fredholm, with
index equal to the number of roots of its characteristic equation that cross the imaginar;;a\xis, counted

with multiplicity. This quantity is exactly equal to the number of roots M of det(l + K (i), counted
with multiplicity, for £ € R, so the proposition follows. [ |

We remark that one can directly see how the sum of multiplicities of roots of d(if) on ¢ € R is finite.
One first exploits that K and thereby d are analytic with locally finite multiplicities, by exponential
localization of K. One then notes that K (if) decays as |¢| — oo by regularity of K, so that d does not
vanish for large £.

We now add the condition Qu = v, for a given vy € &y, the kernel of T, to define the bordered operator
T:0% = C% x&,  T()=(T(v),Qv)).

Fredholm bordering theory guarantees that T is Fredholm, since a finite number of dimensions are being
added onto the range, and has index 0, since M = dim(ker 7). Furthermore, it is now one-to-one, since
Tv =0 and Qv = 0 imply v = 0. Therefore the bordered operator is in fact invertible with bounded
inverse, such that

- s
H Hﬁ(con,con) < Cm),

for a constant C(n), with C'(n) continuous in 7 for 0 < 7 < ny.

We are now able to set up a fixed point equation using the bordered equation
T(v) + G (v,v9) =0, (4.5)

where G¢(v, v9) = (G%(v), —vg); note that this is equivalent to the original equation. Rewriting (4.5), we
find for a given vy € &,

v=—T"YG(v,vp)). (4.6)

We view this equation as a fixed-point equation on 0977 with parameter vg. We claim that the map
—TYG(-,v0)) is a contraction mapping. To see this, we use that g(0) = 0 and ¢’(0) = 0 to find that

do(e) := sup [[G=(v)l[co = o(e)
vECg,I K

61(6) = LipCO_nﬁcgn(gs) = 05(1))
which in turn implies that

|77 G, w))

T~ (G(v1,00)) = T~ (G (w2, 0)

o €0 (36) + luolco,

-n

< Cm)o(e) flor —v2llco,

o,
for all v,v1,v9 € 09,7 and vy € &.
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Then, letting 77 € (0,79) and 77 € (0, %), for e sufficiently small, we have C(n)d1(e) < 1 for n € [1,7], so
that %*1(5 (-,v0)) defines a contraction mapping on 09,7, and has a unique fixed point v = ®(vg). Since
the fixed point iteration is Lipschitz in vy, the map ® is also Lipschitz, with ®(0) = 0 because the fixed
point is unique. For each 7, this then defines a Lipshitz map ¥ : & — ker Q such that

D (vg) = vo + ¥(vo).

Note that ® commutes with translations 7¢ by uniqueness of the fixed point.

We next turn to smoothness of @, following ideas in [43].

Proposition 4.4 Under the same assumptions as Theorem 5, for each 1 < p < k and for each n €
(pn,7m), the map V is CP from & to an.

In order to prove this, we recall the following result from [43] on contractions on scales of embedded
Banach spaces.

Let X, Y, Z and A be Banach spaces with norms denoted by |||, [|[ly, [I] z and [|-[[ 5, with continuous
embeddings

z
xSydz
Consider the fixed point equation

Y= f(ya )‘)7 (47)

where f: A x ) — ) satisfies the following conditions:
(i) Zf: Y x A — Z has continuous partial derivative D, (Zf) : Y x A — L(Y, Z) with
Dy(Z)(y, \) = TEV (y, \) = £ (y, NI, for all (y, ) € Y x A,

for some f1) : I x A — £()) and f(ll) Y XA — L(Z).

(ii)) fo: X X A —= Y, (yo,A) — fo(yo, ) = £f(Tyo, \) has continuous partial derivative Dyfy : X x A —
L(AY).

(iii) There exists x € [0,1) such that
Hf(yv )‘) - f(@”y <K Hy - g“ya for all yag € y7 for all A € A7

and
Hfﬂ)(y, )\)Hz:(y) < K, Hf(ll)(y, )\)HE(Z) <k, forall (y,\) €Y xA.

(iv) Let y = y(A) € Y be the unique solution of (4.7) for A € A. Suppose that y(\) = Jyo(A) for some
continuous yg : A — X.

These conditions allow consideration of the following equation in £(A,)) :
O = fU(H(N), )0 + Dafy (Ho(N), V), (48)

which has a unique solution O(\) € L(A, ) for any A € A from condition (iii). The following result is
proved in [43]:
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Theorem 6 Assume conditions (i)-(iv). Then the solution map y: A — Y of (4.8) is Lipschitz contin-
wous, and Iy : A — Z is of class C', with

DyZy(\) =ZO(N),  for all A € A. (4.9)
We turn now to the proof of Proposition 4.4.

Proof (of Proposition 4.4). This argument is a straightforward analogue of the proof of Lemma
6 from [43], as well as appendix A from [19]. We begin by letting p = 1 and fixing n € (7,7]. Then
apply Theorem 6 with X =) = Cgﬁ,Z =%, A =& and f(y,\) = —T~4G%(y; \)). One can check
that assumptions (i)-(iv) are verified, so that ® : & — an is of class C'! with derivative ®()(vg) :=
D®(vy) € L(&,C?,) the unique solution of

e = Dyf((l)(vo), ’U())@ + D)\f((I)(v()), vo) = F (@, Uo). (4.10)

Now, the mapping Fy : £(&,C?,) x & — L(&,C?,) is a uniform contraction for each n € [17,7], so the
fixed point of (4.10) belongs in fact to £(&o, 095). The mapping &) : & — L(&o, CY,) is continuous if
n € (1,7).

If k£ > 2, we now continue by induction. Let 1 < p < k, and suppose that for all ¢ with 1 < ¢ < p and for
all ) € (¢7,7] the mapping ® : & — C?, is of class CP, with 9 (ug) := DIB(vg) € LD (EO,CBqﬁ) for
each vy € & and &) : & — LD (&, C?,)) continuous if n € (¢77,7]. Suppose in addition that @) (vy) is
the unique solution of an equation that is of the form

O®) = Dyf(®(vg), v0)OP) + Hy (o) := Fp(0%), vp), (4.11)
with Hy(uo) = D(f(®(uo), uo) and, for p > 2, H,(up) is given as a finite sum of terms of the form
DSDE(®(vg), vo) (D™ ®(vy), ..., D™ ®(vy)),

with2<g<p,1<r;<pforalli=1,...,¢, and r1 +... + 74, = p. By similar reasoning as before, we note
that H,(up) € LP)(&, Cﬂpﬁ). Therefore, F, : LP) (&, C'Epﬁ) x & — LP)(&, C’gpﬁ) is well defined and a
uniform contraction for € [pi],7]. However, the term D, f(®(vg))®®) is not continuously differentiable,
either with respect to ®® or the parameter ug, so we apply Theorem 6 with three different Banach
spaces. Let n € ((p+1)n,7],0 € (7, ﬁ), and ¢ € ((p+1)o,n). We need to show that the hypotheses of
Theorem 6 are satisfied with X = £P) (&, CEPU), Y =L®(&, CEC), and Z = L£P)(&, an), A =& and
f = F,. Condition (iii) holds because C(n)d1(¢) < 1 for n € [17,7]. Condition (iv) holds by the induction
hypothesis and because o > 7. Now, the map D, f(®(vg),vo) is continuous from & into E(C’EC,C’%),
because ® : & is continuous and 1 > ¢ (see [43], Lemma 4). Further, by the same, D,f(®(vg),vo) is C*
from & into £L(C?,,,, CEC), because ¢ > (p+1)o and ® € CL. It thus remains to show that H, : & — ng
is of class C!. This again follows by the same reasoning as [43], Lemma 7. Then we can use Theorem
6 and conclude that ®® : & — £ (&o, C’gn) is of class C! and hence ® : & — 09,7 is of class CPt! if

n € ((p+ 1)n,7m). m

4.4 Existence of a reduced vector field

The next step in the proof of Theorem 5 is the construction of the reduced vector field. As mentioned in
the introduction, this is obtained by differentiating the action of the shift operator, projected onto the
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kernel. Therefore, to start with, we would like to show that the solutions in the center manifold in fact
belong to Cln, so that the shift map can be differentiated.

For v € 09,7 a solution of (4.3), we have
o(@) = (K + (14 + 6°) (1) (). (4.12)

Now, the map (Id + ¢°) is, as a superposition operator, a C* map from CE< to CY, , as proved in [43],

7]7
for 0 < k¢ < n. The map u — K xu is a bounded linear map from CE,] to C1 | due to the fact that

Zn
K e Wnl’l. Then we have that v € C’ln, with the composition K x ((Id 4 ¢¢) o (Id 4+ ¥)) a C*¥ map from
50 to Cl??

Now, consider the action of the shift operator

1 0
R x C’,77 — C,n

(x,u) — v = v(- + x).

We have that for a given z, 7, is a bounded linear operator which maps bounded solutions of (4.1) to
bounded solutions. The following commutative diagram shows how 7, induces a flow on the kernel:

Id+w 0 Id+g°® 0 Kx 1
50 C—C C—n 0—77
P O Tx
L¢,n© (Id-i-\l’)
£ o,

Q

The diagram commutes because the composition K x (Id+ ¢¢) is the identity on the image of Id+W¥. Now,
T, is bounded linear, as well as continuously differentiable in x, with derivative equal to the bounded
linear map v(- + x) — v'(- + x). Then the composition Q o 7, o K x ((Id + ¢°) o (Id + ¥))(-) is also
continuously differentiable in x, since Q is a bounded linear projection. The maps ® and (Id + ¢°) are

each C* on their respective function spaces, so that ¢, inherits the regularity of the composition, and

dpg
dx

|z—0 is thus a C* vector field on &,

dpz

. lo=0 := h(z). (4.13)

Likewise, solutions to 92 = h(z),v(0) = vy yield trajectories ¢, (vg) and solutions (Id + ®)(¢z(vo)) to
the nonlocal equation.

Thus small bounded solutions to (4.1) can be obtained through solutions to a reduced differential equation
on the finite-dimensional kernel, which is in turn obtained by differentiating the reduced flow at z = 0.

4.5 Reduced Vector Field in Original Coordinates

The reduced vector field corresponding to the original coordinates can be found by repeating the above
procedure with the map (Id 4 g) o K* instead of just Kx, and ts, o (Id 4 g) o (Id + ¥) in the place of
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t¢yo (Id+ W). In other words, the shift action on the u- rather than the v-coordinates is differentiated.
This will yield a C*~! vector field, since the change-of-coordinate map (Id 4 g) is only C*~! from Cln
to C1,_, 0 < (k+1)n < o. This nevertheless recovers the smoothness of the reduced vector field in [19],
since their C* reduced vector field corresponded to a C*¥*1 pointwise nonlinearity.

5 Application of Center Manifolds: a C'! Lyapunov-Center Theorem

As an application to Theorem 5, we consider the following equation:
0=—u+k*(Au+ N(u)), (5.1)

where A € GL,(R),u € C°(R,R"), k € WHY(R, M,,(R)), with k(—z) = k(x), and N(u)(z) = f(u(z)) a
pointwise nonlinearity given by f € C*(V,R"), V a neighborhood of 0 € R", with f(0) = f’(0) = 0.

The assumption that k& be even is intended to be reminiscent of a reversibility condition for classical
systems. There is a well-known set of theorems, for reversible nonlinear systems, called Lyapunov-Center
theorems, where for an equilibrium of an ODE with nonresonant eigenvalues +iw, to the linearization,
there exists a family of periodic solutions near the equilibrium that persists in the nonlinear system,
parameterized roughly by a real positive amplitude and a shift in the independent variable. We seek here
to establish such a theorem in a nonlocal, spatial dynamics setting, where eigenvalues now correspond to
roots of d(v) = det(I,, + /];(I/)A) Our main emphasis is on proving that the family of periodic solutions
comprises all small bounded solutions when +iw, are the only roots on the imaginary axis and simple,
with minimal assumptions on the regularity of the nonlinearity.

Hypothesis 5.1 Assume that there exists w, > 0 such that d(iw,) = det(I,, + E(zw*)A) =0, and that
d'(iw,) # 0. Additionally assume that d(iw) # 0 for w & w.Z.

Theorem 7 Assuming Hypothesis 5.1, there exists § > 0, and a 2-dimensional family of periodic solu-
tions uc(w(a)(z +7);a) to (5.1), 0 < a <4, uc(y + 2m;a) = uc(y; a), with u.(y;0) =0, w(0) = w,.

This theorem, combined with Theorem 5, will allow us to prove the following;:

Theorem 8 (Nonlocal Lyapunov-Center Theorem) Assume the conditions of Hypothesis 5.1. As-
sume also that d(iw) # 0 for |w| # ws, and that k € Wnl(;l for mo > 0. Then there exists € > 0 such that
all solutions u to (5.2) satisfying ||ul|c0 < € are periodic and given by the family found in Theorem 7.

Remark 5.2 (Necessity of linear conditions) It is well known that resonances can destroy families
of periodic orbits with frequencies that possess higher harmonics. On the other hand, the presence of other
roots gives non-uniqueness of periodic families already in the linear case. Lastly, the presence of multiple
roots, d'(iws) = 0 usually leads to existence of invariant tori, heteroclinic, and homoclinic orbits; see for
instance [25] on the reversible Hamiltonian Hopf bifurcation. From this perspective, the assumptions of
Theorems 7 and 8 are necsessary, even for ODFEs.

Remark 5.3 (Coherent structures and group velocities) In many contexts, the vanishing of d' (iwx)
can be associated with a vanishing group velocity. Consider for example the Kawahara equation in a frame
with speed ¢ > 0,

2
Ut = (_auxxxx + Upe +CU — U ):L‘a
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with dispersion relation for solutions u(t,z) = e kx=) o the linearized equation,
Q= ok’ +k* — ck.

Studying periodic wave trains that are stationary in this frame, we look at —Ugpry + Uze + ctt — u? = 0,
with characteristic equation d(iw) = —aw* — w? + c. A root d(iw,) = 0 gives a root of the dispersion
relation with Q = 0 and k = w,. The group velocity, dQ)/dk at this root now vanishes precisely when
d'(iw,) = 0.

From this perspective, our main result states that small-amplitude coherent structures alias traveling
waves, stationary in the given frame, other than the simple family of periodic waves induced by the
linear equation, can only exist when the group wvelocity vanishes. We show this absence of coherent
structures, such as solitary waves, for minimal assumptions on the reqularity of the nonlinearity, noting
that continuous differentiability is necessary to give sufficient meaning to the linearization at the origin.

We start the remainder of this section with the proof of Theorem 7, which is essentially proved in four
steps:

Step 1: Reduce (5.1) to a 1-dimensional equation using Lyapunov-Schmidt reduction;

Step 2: Set up a contraction argument for the reduced equation;

Step 3: Prove contraction properties, yielding a 1-parameter family of solutions;

Step 4: Extend the resulting 1-parameter family of solutions to a 2-parameter family by adding a shift

parameter.
Theorem 8 will then follow almost immediately using the center manifold theorem.

The difficulty in steps 2 and 3 lies in the fact that for a C' nonlinearity, the reduced equation cannot
be solved with the Implicit Function Theorem, since the linear terms vanish. Dividing out the trivial
solution does produce linear terms, but loses regularity, so that a more hands-on contraction argument
rather than an implicit function theorem is needed to establish existence and uniqueness, taking into
account different smoothness in variables and parameters.

5.1 Lyapunov-Schmidt Reduction and Derivation of the Reduced Equation

Let u(z) = u(wz). Then, changing variables, equation (5.1) phrased in terms of @ becomes:
0=—u+k,*(Au+ N(u)), (5.2)

where k,(-) = 2k(L1-). We let F(w,u) = —u+ ky, * (Au + N(u)), and consider F(w,-) as an operator on

T w

Y (R,R™), the set of C° functions which are 2m-periodic and even. Note that F is a well-defined

2m,even
operator from this function space into itself.

Proposition 5.4 The linearization L, := D, F(wx,0) is Fredholm index 0, with a 1-dimensional kernel.

Proof. We have that D, F(w«,0)v = —v + ky, * Av. The operator u +— k,, * u is compact, because it
maps into C3. .., (R, R™), which is compactly embedded in C3, ., (R,R"). Then because D, F(w.,0)
is the sum of the identity operator and a compact operator, it is Fredholm, with Fredholm index O.

We turn now to the kernel. By a calculation, in the space of Fourier series, the linearization of F' at

(wy,0) is given by Lu(j) = (—I, + E(zw*j)A)u/(j\) Since we have d(iw.) = 0, d'(iws) # 0, then for
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o —

j =1, the matrix (I,, + k(iw.)) has a 1-dimensional kernel, spanned by a vector vy, |vi| = 1. For j # 1,
the operator is invertible, since d(iw.j) # 0,7 # 1, by assumption. Therefore the kernel of £, can be
parameterized as {av, cos(x) | a € R}, and is 1-dimensional. ]

— —

Note that since Ly, is Fredholm index 0, and since det(—I, + ATk (iw,))T = det(—1,, + k(iw.)A)T =

det(—I, + k(iws)) = 0, then there also exists a vector v,g € R",|vgg| = 1, such that ker L}, =
{cvgqcos(z) | c € R}.

Now, let u = av, cos(x) + u1(z), where u;(-) € ker £ , and let P be the L?—orthogonal projection onto
the range of L,,,, defined by

Pu=u— = (u(), Vad coS(2)) 210 20) k") Vad €OS(T).

Then let

Fi(w,a,u1) = PF (w, av, cos(z) + ui(z))

(5.3)
Fo(w,a,u1) = (1 = P)F (w, avy cos(z) + u1(z)),

with F| : R x R x (ker(£,,,))* — Ran(L,, ), Fo : R x R x (ker(Ly,))" — coker(L,,, ). Since the cokernel
of L,,, is one-dimensional, we let Py = L (-, v, cos(z)) L2(0,2x]> SO that PgFp is scalar. Note that Ps is an
isomorphism from coker(L,,) to R, with Ps(1 —P) = Ps. Solutions to the system

0=Fi(w,a,up)

(5.4)
0= PsFo(w,a,ur)

are thus equivalent to solutions to F'(w,u) = 0.

We now exploit Fredholm properties of the linearization to solve F; near the trivial solution:

Proposition 5.5 There exists a neighborhood U of (wp,0) and a C' function ¢ : U x R — Ran(L,,),
such that up = ¥(w,a) is the unique solution to Fi(w,a,-) = 0. Moreover, we have ¥(w,0) = 0 and a
neighborhood of (ws,0) and a constant Cy such that on that neighborhood, 0, (w,a) < Ci|al.

Proof. We will use the Implicit Function Theorem, for which we will need to establish that F} is C!
with respect to w, a,u;, and Dy, F}(wx,0,0) is bounded invertible.

First, to show that Fy is C', we know that I} is C' in @ and u; since N is C', and the remaining terms are
linear. As to differentiability in w, first note that since k € W(R, M, (R)), k is absolutely continuous.
One can also check that [ 8., (ke * u)dw < oo for any wy,wy > 0, since [|Oky 1 = 2 ||k — K[| ;1. Then
we will have that F is differentiable with respect to w, with 0,F1u = (O,kw) * (Au+ N(u)). To show that
0w F1 is continuous in w, it suffices to show that the function 0,k, = ﬁ(k"(%) — k(L)) is continuous
in L' in w. This can be done by finding a compact interval outside of which the tails of k£ and k' are
small enough, and then approximating k and %’ inside sufficiently well by continuous functions. Since
all three partial derivatives are continuous, the function Fj is jointly C'' with respect to w,a,u;. As to
Dy, Fi(ws,0,0), this is the restriction of D,, F'(wx,0,0), which is Fredholm index 0, to the complement of

its kernel, projected onto its range. It will thus be both one-to-one and onto, hence bounded invertible.

As a consequence, by the Implicit Function Theorem, there exists a neighborhood U of (wp, 0) and a C*
function ¢ : U x R — Ran(L,, ), uniquely solving F}(w, a,(w,a)) = 0.
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It remains to establish the properties of v stated. The first property is true because u = 0 solves the
original equation, and because v is unique. To justify the second property, by differentiating the equation
F1(w,a,u1) = 0 with respect to w and using the chain rule, we obtain

Oup(w, a) = O, F1(w, 0,9 (w, @) "0 Fi(w, a, ¥ (w, a)),

provided the inverse exists. However, because the set of invertible linear maps is open, the inverse will
exist on some neighborhood U; of (wy,0); moreover, there exists a uniform bound for a closed subset of
that neighborhood. Now, note that the function

OwF1(w,a,u1) = P(—acos(x) + ui(z)) + (Oukwy) * (A(—acos(z) + ui(z)) + N(—acos(x) + ui(x)),

while no longer C! in w, is still C' in @ and wuy, with 0, F;(w,0,%(w,0)) = 0. Hence we can write
|0 F1(w, a,u1)| < asup,, [0a0.F1(w, a,u1)], and since 0,0, F1(w,a,u1) is jointly continuous in w, a, the
desired property holds. [ |

5.2 Contraction Properties of the Reduced Equation
We now study the one-dimensional reduced equation
0= PsFo(w, a,¥(w, a)),
which we can rewrite as
0=Ps(Lw — Lu,) (avs cos(z) + Y(a,w)(x)) + Ps(kw * N(avy cos(z) + (a,w)(z))), (5.5)

since Ps(1 — P) = Ps, PsLy,, =0, and L,,, av, cos(z) = 0.

We would like to find a one-parameter family of solutions (w,a) to this equation near (wx,0). Typically,
one would use the Implicit Function Theorem; however, the nonlinearity N is only C!, and both first
partial derivatives of the right hand side vanish at (wy,0). Because a = 0 is a solution of (5.5) for any w,
the entire equation can be divided by a, but since the nonlinearity N is only C', the resulting equation
is then only continuous. We thus use a direct contraction argument.

Setup of Contraction Argument. We divide (5.5) by a and claim that we obtain an equation of the
form
(w—wy) = R(w,a) (5.6)

for some function R(w,a). In fact, the principal term, after dividing, is Ps(Ly — Ly.) (vs cos(z)). We
would like to identify the linear term in (w — w,) and show that it does not vanish. We find that the
linear term in Py(Ly, — Lo,) (vs cos(z)) is a(w — wy) = Py (ky * Acos(z)) ‘w:w* - vy(w — wy). Then,
provided the coefficient « is nonzero, equation (5.5) can be rearranged to the form (5.6).

Proposition 5.6 The linear coefficient o = Psd% (ko * Acos(x)) |w:w* - vy does not vanish, under the
assumption that d(iws) = 0,d (iws) # 0, and k(—z) = k(x).

Proof. We have a = P; (% (k. * Acos(x)) ‘w:w . v*>. By changing variables, one can calculate that
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o (ko * Acos(z ))| Uy =

W=Wx

(E(—zw)A @ k:(zw)A ) lw=w, * Vs;

(E(m)A) |, - 0 cOs(x),

SIENSIES

because k is even. Then

a =P, <d‘i (E(m)A) o 0 cos(x)) < dd (k(iw) A)| ,_,, vs c08(2), Vaa cos(x)>

d ~
B <d hi(iw )A}W=w*v*’vad>ﬂan’

so it remains to show that the latter is nonzero.

L2([0,27],R™)

By the hypothesis, we have
d(iwy) = det(—I, + k(iw,)A) # 0, and  d (iw,) = det(k'(iwy)A) # 0.

Let eg be the first standard basis vector in R™. Because d(iw,) = 0, there exists an invertible matrix T’
such that ker(T(—1,, + k(iw.)A)T 1) = ep; that is,

T (—]In n %(V)A) 71 = (bl(y —iwy) ‘BQ +O((v - iw*)))
for by a nonzero vector and Bz a n x (n — 1) matrix. Then by termwise expansion,
det (T (—]In + @(1/)) A)T_l) = (v —iwy) det (bl ‘Bz> + O((v —iwy)?).

By the assumption that d’(iw,) # 0, we must have that det (b1|BQ> # 0. Then b; is not in the range of
By and therefore not in the range of T'(—1I,, + E(iw*)A)Tfl. Lastly, noticing that

d% (T (—Hn + E(V)A) T*l)

we get that &' (iwx ) Avy is a nontrivial element of the cokernel of (—1I,, —I—E(iw*)A) since eq corresponds to

by =

. + €0,
V=lwx

v, in the original coordinates. This fact then implies that ( k(zw A‘ i, Ut Vad)rRn 7 0, as desired. ®

Then, since «, the coefficient of (w — wy), is nonzero, we rewrite the reduced equation (5.5) in the form
(w —wy) = R(w,a) = PsR(w, a),

where
R(w,a) = — <clz {(kw — ky,) * ¥(w, a) + ky * N(av, cos(z) + (w, a))}

— (k= kw.) * Av, cos(z) — (w — W*)% (k * A, cos(z)) ’ww*>

= Ry(w,a) + Ry(w, a) + Rs(w).
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Contraction Properties. The remainder of the section will be dedicated to showing that the function
R(-,a) is a contraction mapping in w on a sufficiently small neighborhood of w, for a sufficiently small.

Proposition 5.7 For any e sufficiently small, there exists a, sufficiently small such that for any a < a,

R(-,a) is a map from the interval (wy — €,wx + €) into itself.

Proof. One can readily calculate |R(w, a)| = |PsR(w, a)|r < 2 HE(w, a)HL , SO we investigate HE(w, a)HL
for simplicity.

Consider first El. We have

|7, -
LOO

Since [|0, k|1 is continuous in w and hence bounded on a neighborhood of wy, we would thus like to

11
aa

(ky — kw,) *Y(w,a)

o)

< w — wy|(sup || Ok || 1)

L Lo

show that H%w(w,a)HLm is small in a neighborhood of (w,a). We can expand 1 in a at a = 0, noting
that ¢(w,0) = 0, to get Y (w,a) = adytp(w,0) + 11 (w, a), with the remainder term ¢); being jointly C! in
w, a and uniformly o(a) on a neighborhood of w,. We then note that 9,9 (ws,0) = 0, by the chain rule:
0 _ _
%(w*,O) = (Ouy Fi (Wi, 0, 9(ws, 0))) 00 Fy (wi, 0, 9h(wy, 0)) = L (P(N(0)vy cos(x))) = 0.
Therefore, 9,1 (w,0) is equal to 0 at w = w,, and continuous. We also have that 14 (w,a) is 04(1),
uniformly in w on a neighborhood of wy, since 11 (w, a) is locally uniformly o(a). Therefore there exists
e1 such that for |w — wy| < €1, and a sufficiently small,

<
LOO

~ 1
B <l —wl(sup ok
|Ra] . < Sl = nl(sup [9ksll)

Luwa)

M

As for ég, we note that
[[kw # N(avy cos(x) + ¢h(w, )l oo < [[Kull 1 |V (avs cos(z) + ¥ (w, a)) || oo -

We know that ||k, ||;1 can be bounded on a neighborhood of w, since it is continuous in w. Now, we
have N(0) = 0, and 2 (N (av. cos(z) + (w, a)))la=o = N'(0)F-1)(w, a)la=0 = 0, since N’(0) = 0. Thus
we will have ||V (avy cos(z) + ¢ (w, a))| ;~ = o(a), uniformly in a neighborhood of wy, since N and ¢ are
C*'. Then, given any ¢ > 0, for a sufficiently small,

<

2N(av*005($)+w(w’a)) Lo %

~ 1
HR2H < *SUPkaHLl
Lo (67

We claim that Rs is at least quadratic in (w — wy). Since (ky * Av, cos(z))(-) = (k * Av, cos(wz))(L-),

L
and the latter is smooth in w, we can expand in w and find that the expansion starts at quadratic order.

’ R3H is less than .
Loo

Then there exists e9 such that for |w — w,| < &g,

Thus, for any € < min(eq,¢e2), with a sufficiently small, for |w — ws| < ¢,

R oy = ~ e € € €
il <Pl [l P < 505

so that |R((w — ws) + ws,a)| < e. |

It remains to show that R(-,a) is a contraction mapping.
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Lemma 5.8 There exists € > 0 and a, > 0 such that for a < a., the map R(w,a) is a contraction
mapping from (ws — €,wx + €) to itself.

Proof. We investigate the Lipschitz constant of R. We have

-1

R(Wla a) - R(WQa a) - o %,PS (kwl - sz) * @Z)(va CL) + (kwl - kw*) * (w(wb a) - 7/}("‘)27 (I))

+ (kw, — ku,) * N(avy cos(z) + (we, a))
+ kuy % (N (avy cos(z) + (w1, a)) — N(av, cos(x) + (w2, a)))

+ (kw, — ku,) * Avycos(z) — (w1 — w*)% (ko * Av, cos(z)) |

— ((k:w2 — ky, ) * Avy cos(z) — (wa — w*)% (ko * Av, cos(x)) }ww*> ] .

We again estimate norms in L°°, accounting for the factor of 2. For the first term, as before, we have

H:L(kwl - kw2) * w(w%a)

1
< w1 — wa <Sup H&;M”p) Haww%a)

Loo Lo
By the argument above, for the values of (w, a) considered, we already have
1 1 1 11 1
a(sgp |0kl 1) E(/J(w,a) . < -, so that aa(kwl — k) * (we,a) . < 6|w1 — wo.

For the second term, we have

Hclv(km — ko) * (Y(w1, @) — P(ws, a))

1 1_.
< fun — wnl - w1 — wa = (5up Okl 1)~ Lipy, (1w, ).
[, (6% w a
The term Lip,, (1) (w, a)) is bounded by [0.,%(w, a)|, which is bounded by Cilal, so that 1Lip,,(1)(w,a)) <
Cy. Then for |wy — wy| sufficiently small, the whole term will have small Lipschitz constant: there exists
ez such that for |w; — wy| < €3,

1
|2 = ) (e 0) = v, )

|(,c)1 — W2|.

< R
o 12
For the third term, we have

L o = k) % N (avs cos(z) + (wn, a))

1 d
- < i — il - sup = [, N (av. cos(a) + ¥z, @) |~

o>

1
< Jwr = wa|—sup Ok 11 [N (avs cos(z) + P(wz, a))ll oo -
w

As discussed previously, < || N (av, cos(z) + 1(w2,a))|| ;. is 04(1), and the rest of the terms are bounded.
Then for a sufficiently small, || 1 (ky, — ku,) * N (avs cos(z) + 1(ws, )| < Llwr — wal.

For the fourth term, note that

Lip, (=N (av. cos(z) + $(a,w))) < = sup |V (av. cos(x) + (w, ) Lip,

a

N
— Q|

~sup [N’ (av, cos(z) + 1p(w, a))|C1|al

Q

< Cysup | N (av, cos(z) + ¥ (w, a))|.
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Because N'(0) = 0, with N’ continuous, and the argument av, cos(z) + ¥ (w, a) equals 0 at (ws,0), there
exists a neighborhood of (wy, 0) for which 2C1 ||k, || 1 sup |N' (avy cos(z) + ¥ (w, a))| < L. Then on that
neighborhood,

kw, * (N (avs cos(z) + ¥ (w1,a)) — N(avs cos(x) + (we,a))) < %\wl — wal.

As to the last difference of terms, which is independent of a, note that because the term is quadratic in
(w — wy), then there exists e4 for which the Lipschitz constant is less than 7 for jw — w,| < e4.

Now, fix € < min(eq,e9,€3,€4), and ag sufficiently small such that (—ag,ap) x (—¢,¢) is in all neighbor-

hoods mentioned above, and so that for a < ag, by Lemma 5.7, the map R(-,a) maps B:(w,) to itself.
Then we can find a,, possibly smaller, such that for a < ax,

Hﬁ(wl,a) — ﬁ(wg,a)HLoo < (% + 1% + 1% + 1% + %)\M —wa| = g\wl — wal,
so that
|R(wi,a) — R(wa, a)| < elwi — wa.
Then for all a < ay, R(-,a) is a contraction in (w — w,) on (—¢,¢). ]

5.3 Proof of Theorems 7 and 8

Using the above contraction properties, we can now prove Theorems 7 and 8.

Proof (of Theorem 7). We show existence of a two-parameter family of solutions to equation (5.1).

Let a < a,. Then by Lemma 5.8 and the Banach fixed point theorem, there exists a unique fixed point
of w = R(w, a). Then for all a < a., there exists w(a) such that F(w(a),a,(w(a),a)) = 0.

The family of solutions u(z; a) = av, cos(z) + ¥ (w(a),a)(x) is then a one-parameter family of solutions to
(5.2) near a = 0, which in turn yields a family of solutions u.(z;a) = u(w(a)z; a) to the original equation
(5.1). In order to obtain a two-parameter family of solutions, we use the fact that the original equation
(5.1) is translation-invariant. This ensures that the function u.(- + 7;a) is a solution for any 7. Lastly,
the properties u.(y;0) = 0,w(0) = w, are easily verified by examining properties of ¢ and R. [

This establishes a two-parameter set of periodic solutions to (5.1). However, to prove Theorem 8, we
need to further characterize this set of solutions topologically:

Proposition 5.9 There ewists a continuous map defined on a neighborhood of the origin U, C R?,
S:U, — CBH(R,R”) so that the image of S consists of to the set of continuous periodic solutions to
(5.1) found in Theorem 7.

Proof. First, identifying R? with C, let s; : C\{0} — R+ x [0,27) be defined by s1(z) = (|z|,arg(z)),
and let so : Ry x [0,27) — CEU(R,R") be defined by sa(r,0) = uc(z + 6;7r). The composition s3 o 51
can be seen to be continuous and one-to-one from C\{0} to C?, (R,R™). Then we would like to extend
s9 0 81 continuously to C. Let
S(z) = {<32 051)(2), 2#0,
0, z=0.
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We can see that S is continuous at 0 because ||u(- + arg(z); |z|)||co approaches 0 as |z| approaches 0; s
is also still one-to-one. Since there exists a, > 0 such that u.(- +w(a)7,a) is a solution to (5.2) for any
a > 0,7 € R, then S is a continuous, one-to-one map from the neighborhood {|z| < a.} to the set of
continuous periodic solutions to (5.1). u

With this characterization, we now turn to the proof of Theorem 8.

Proof (of Theorem 8). Letting N(u) = A"'N(u), K(z) = k(z) - A, then equation (5.1) is in the
appropriate form for Theorem 5. The kernel & of Tu = —u+ K *u in this case is two-dimensional, since
d(v) has two single roots on the imaginary axis. Then by Theorem 5, there exists 6 > 0, a center manifold
M C C% and amap ¥ : & — M, with ¥(0) = 0, D¥(0) = 0, such that M = {ug+ ¥ (ug) | ug € ker T}.
By property (iv) of the theorem, M contains all solutions v to (5.1) with [|u[/o0 < ¢ for some ¢ > 0.
Then, taking e, < min(e, a,), the family of solutions {u.(- + 7;a) | 7 € R,a € [0,e4)} is contained, as a
set, in M.

The composition of maps Q 0.5, where Q is the projection onto & as defined in Section 4, and S is the
map from Proposition 5.9, is then a continuous, one-to-one map from the neighborhood U, of 0 in R?
to &. Note that Q is one-to-one because it is invertible on M. Its restriction to a closed neighborhood
of 0 contained in U, will therefore have continuous inverse and hence be open. Then the image of U,
in & contains a ball of positive radius in &y, which, since & is finite-dimensional, contains a ball in &
under the CY norm. Lastly, since ||Qul|co < ||lul|co, any solution to (5.1) with sufficiently small C° norm
is in the image of U, in the M. Hence any sufficiently small solution to (5.1) is periodic, which proves
Theorem 8. ]

6 Discussion

We have established Fredholm properties for a nonlocal operator with a multiplication operator as its
principal part, finding an additional source of noncompactness corresponding to zeros of the principal
part. Using this theory, we established existence of finite-dimensional center manifolds for nonlocal
equations on C’-based spaces, allowing for optimal regularity of the manifold in a set of coordinates.
This allowed us to prove a nonlocal Lyapunov-Center theorem in the C'' case. We describe briefly below
possible further directions of this work, and some apparent difficulties therein.

General Nonlinearities. The work here focuses on pointwise substitution operators as a simple class
allowing for optimal regularity; a natural extension is to consider general Frechet operators on func-
tion spaces. One limitation is establishing the bootstrapping step for these operators, which involves
smoothness of the inverse of (Id + G¥).

Optimal regularity without changing coordinates. A natural question is whether optimal regu-
larity can be obtained in the original equation without changing variables, possibly in different function
spaces. The inherent difficulty is that differentiating the shift operator requires that the trajectory be
differentiable. It is not clear how regularity could be obtained in these coordinates using for instance
bootstrapping. On the other hand, it seems plausible that vector fields are simply optimally regular only
in this particular choice of coordinates: changing coordinates for an ODE with C! vector field with a C*
diffeomorphism of course only results in a continuous vector field, albeit with a well defined C! flow.
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Extension to a Cylinder. The systems studied here are in one spatial variable £ € R. As in local
spatial dynamics, one would like to extend the theory to the 2-dimensional, cylindrical case (as in [28§]
by Kirchgassner). One would have to find conditions under which the kernel of the linearization is finite-
dimensional. Much loftier and less clear, but no less interesting, would be an extension to 2 or more
unbounded spatial variables, where the time-like flow would correspond to a more general symmetry.

Regularity of the Kernel. The present argument relies on regularity of the convolution kernel—
enough to map L? into WP, It is conceivable that this assumption could to be relaxed slightly, such as
to a kernel mapping LP to W%P, 6 > 0, exploiting repeated bootstrapping.

Localization of the Kernel. Computing Fredholm indices and constructing center manifolds requires
exponential localization of the kernel. Inspecting however the way multiplicities and crossing numbers
are computed, or the way Taylor expansions of reduced vector fields are determined, one finds that
only finite, possibly high moments of the kernel enter the calculation. One may therefore suspect that
moment conditions would be sufficient to establish some, possibly weaker result. It seems however
difficult to guarantee the robustness with respect to parameters and the fact that center manifolds
contain all bounded solutions without such strong localization assumptions (or additional structure such
as monotonicity). Existence of small bounded solutions alone, can indeed be deduced from appropriate
moment conditions alone in many scenarios; see for instance [36]

Extension to Other Function Spaces. Lastly, the choice of C%-based spaces here was a natural
choice of spaces where pointwise nonlinearities do not lose regularity as substitution operators. Regularity
questions when studying for instance equations in cylindrical domains may well require different function
spaces, such as spaces with Holder regularity. It is conceivable that the strategy pursued here may well
generalize, although cut-off procedures may be more involved.

References

[1] R. Abraham and J. Robbin. Transversal mappings and flows. W. A. Benjamin, Inc., New York-
Amsterdam, 1967. An appendix by Al Kelley.

[2] G. L. Alfimov, V. M. Eleonsky, and N. E. Kulagin. Dynamical systems in the theory of solitons in
the presence of nonlocal interactions. Chaos, 2(4):565-570, 1992.

[3] T. Anderson, G. Faye, A. Scheel, and D. Stauffer. Pinning and unpinning in nonlocal systems. J.
Dynam. Differential Equations, 28(3-4):897-923, 2016.

[4] B. Bakker and A. Scheel. Spatial Hamiltonian identities for nonlocally coupled systems. Forum
Math. Sigma, 6:Paper No. €22, 55, 2018.

[5] B. H. Bakker and J. B. v. d. Berg. Large fronts in nonlocally coupled systems using conley-floer
homology. arXiv preprint arXiv:1907.03861, 2019.

[6] R. Berner, A. Polanska, E. Scholl, and S. Yanchuk. Solitary states in adaptive nonlocal oscillator
networks. The European Physical Journal Special Topics, 229(12):2183-2203, 2020.

38



[7]

8]

[15]

[16]

[17]

C. A. Buzzi and J. S. W. Lamb. Reversible Hamiltonian Liapunov center theorem. Discrete Contin.
Dyn. Syst. Ser. B, 5(1):51-66, 2005.

X. Cabré and J.-M. Roquejoffre. Propagation de fronts dans les équations de Fisher-KPP avec
diffusion fractionnaire. C. R. Math. Acad. Sci. Paris, 347(23-24):1361-1366, 2009.

H. Chiba. A proof of the Kuramoto conjecture for a bifurcation structure of the infinite-dimensional
Kuramoto model. Ergodic Theory Dynam. Systems, 35(3):762-834, 2015.

H. Chiba and G. S. Medvedev. The mean field analysis of the Kuramoto model on graphs I. The
mean field equation and transition point formulas. Discrete Contin. Dyn. Syst., 39(1):131-155, 2019.

H. Chiba, G. S. Medvedev, and M. S. Mizuhara. Bifurcations in the Kuramoto model on graphs.
Chaos, 28(7):073109, 10, 2018.

R. L. Devaney. Reversible diffeomorphisms and flows. Trans. Amer. Math. Soc., 218:89-113, 1976.

F. A. dos S. Silva, R. L. Viana, T. d. L. Prado, and S. R. Lopes. Characterization of spatial patterns
produced by a Turing instability in coupled dynamical systems. Commun. Nonlinear Sci. Numer.
Simul., 19(4):1055-1071, 2014.

Y. Du and S.-B. Hsu. On a nonlocal reaction-diffusion problem arising from the modeling of phyto-
plankton growth. SIAM J. Math. Anal., 42(3):1305-1333, 2010.

M. S. ElBialy. C* invariant manifolds for maps of Banach spaces. J. Math. Anal. Appl., 268(1):1-24,
2002.

G. Faye. Existence and stability of traveling pulses in a neural field equation with synaptic depression.
SIAM J. Appl. Dyn. Syst., 12(4):2032-2067, 2013.

G. Faye and M. Holzer. Modulated traveling fronts for a nonlocal Fisher-KPP equation: a dynamical
systems approach. J. Differential Equations, 258(7):2257-2289, 2015.

G. Faye and A. Scheel. Fredholm properties of nonlocal differential operators via spectral flow.
Indiana Univ. Math. J., 63(5):1311-1348, 2014.

G. Faye and A. Scheel. Center manifolds without a phase space. Trans. Amer. Math. Soc.,
370(8):5843-5885, 2018.

G. Faye and A. Scheel. Corrigendum to “Center manifolds without a phase space”, 2020.

T. Gallay. A center-stable manifold theorem for differential equations in Banach spaces. Comm.
Math. Phys., 152(2):249-268, 1993.

R. Gopal, V. Chandrasekar, A. Venkatesan, and M. Lakshmanan. Observation and characterization
of chimera states in coupled dynamical systems with nonlocal coupling. Phys. Rev. F, 89(5):052914,
2014.

D. Henry. Geometric theory of semilinear parabolic equations, volume 840 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin-New York, 1981.

V. M. Hur. On the formation of singularities for surface water waves. Commun. Pure Appl. Anal.,
11(4):1465-1474, 2012.

39



[25]

[40]

[41]

G. Iooss and M.-C. Péroueme. Perturbed homoclinic solutions in reversible 1 : 1 resonance vector
fields. J. Differential Equations, 102(1):62-88, 1993.

G. Jaramillo. Rotating spirals in oscillatory media with nonlocal interactions and their normal form.
Discrete and Continuous Dynamical Systems-S, 2022.

A. Kelley. The stable, center-stable, center, center-unstable, unstable manifolds. J. Differential
FEquations, 3:546-570, 1967.

K. Kirchgéassner. Wave-solutions of reversible systems and applications. J. Differential Equations,
45(1):113-127, 1982.

J. Li and Y. Shi. The Liapunov center theorem for a class of equivariant Hamiltonian systems.
Abstr. Appl. Anal., pages Art. ID 530209, 12, 2012.

J. Mallet-Paret. The Fredholm alternative for functional-differential equations of mixed type. J.
Dynam. Differential Equations, 11(1):1-47, 1999.

S. Méléard and S. Mirrahimi. Singular limits for reaction-diffusion equations with fractional Lapla-
cian and local or nonlocal nonlinearity. Comm. Partial Differential Equations, 40(5):957-993, 2015.

K. J. Palmer. Exponential dichotomies and Fredholm operators. Proc. Amer. Math. Soc., 104(1):149—
156, 1988.

T. N. Palmer. A nonlinear dynamical perspective on model error: A proposal for non-local stochastic-
dynamic parametrization in weather and climate prediction models. Quarterly Journal of the Royal
Meteorological Society, 127(572):279-304, 2001.

J. Robbin and D. Salamon. The spectral flow and the Maslov index. Bull. London Math. Soc.,
27(1):1-33, 1995.

B. Sandstede and T. Theerakarn. Regularity of center manifolds via the graph transform. J. Dynam.
Differential Equations, 27(3-4):989-1006, 2015.

A. Scheel and T. Tao. Bifurcation to coherent structures in nonlocally coupled systems. Journal of
Dynamics and Differential Equations, 31(3):1107-1127, Sep 2019.

D. S. Schmidt. Hopf’s bifurcation theorem and the center theorem of Liapunov with resonance cases.
J. Math. Anal. Appl., 63(2):354-370, 1978.

M. Schwarz. Morse homology, volume 111 of Progress in Mathematics. Birkhauser Verlag, Basel,
1993.

P. Seleson, M. L. Parks, M. Gunzburger, and R. B. Lehoucq. Peridynamics as an upscaling of
molecular dynamics. Multiscale Model. Simul., 8(1):204-227, 2009.

D. Tanaka and Y. Kuramoto. Complex Ginzburg-Landau equation with nonlocal coupling. Phys.
Review E, 68(2):026219, 2003.

X.-y. Tang, Z.-f. Liang, and X.-z. Hao. Nonlinear waves of a nonlocal modified KdV equation in
the atmospheric and oceanic dynamical system. Commun. Nonlinear Sci. Numer. Simul., 60:62-71,
2018.

40



[42] T. Truong, E. Wahlén, and M. Wheeler. Global bifurcation of solitary waves for the Whitham
equation. Math. Ann., 2021.

[43] A. Vanderbauwhede and S. A. van Gils. Center manifolds and contractions on a scale of Banach
spaces. J. Funct. Anal., 72(2):209-224, 1987.

[44] S. Yonker and R. Wackerbauer. Nonlocal coupling can prevent the collapse of spatiotemporal chaos.
Phys. Review E, 73(2):026218, 2006.

[45] Z.-G. Zhou, L.-Z. Wu, and S.-Y. Du. Non-local theory solution for a mode I crack in piezoelectric
materials. Fur. J. Mech. A Solids, 25(5):793-807, 2006.

41



