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Abstract

We investigate dynamics near Turing patterns in reaction-diffusion systems posed on the real
line. Linear analysis predicts diffusive decay of small perturbations. We construct a “normal form”
coordinate system near such Turing patterns which exhibits an approximate discrete conservation
law. The key ingredients to the normal form is a conjugation of the reaction-diffusion system on the
real line to a lattice dynamical system. At each lattice site, we decompose perturbations into neutral
phase shifts and normal decaying components. As an application of our normal form construction,
we prove nonlinear stability of Turing patterns with respect to perturbations that are small in
L' N L®°, with sharp rates, recovering and slightly improving on results in [21, 10].
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1 Introduction

Turing predicted that the simple interplay of reaction and diffusion can lead to stable, spatially periodic
patterns [23]. His ideas proved quite influential in the general area of pattern formation, where one
seeks to understand the formation and dynamics of self-organized spatio-temporal structures. One
can easily envision simple reaction-diffusion systems with two species that exhibit diffusion-driven
instabilities of spatially homogeneous equilibria. Typical examples are activator-inhibitor systems such
as the Gray-Scott or the Gierer-Meinhard equation; see for instance [15, 16]. Perturbations of the
homogeneous unstable equilibrium grow exponentially at an initial stage, with fastest growth for distinct
spatial wavenumbers. This wavenumber is roughly independent of boundary conditions in large enough
domains. As a final result, one often finds a spatially periodic pattern, up to narrow, exponentially
localized boundary layers. In order to understand such nonlinear spatially periodic patterns and the
process of wavenumber selection, one is therefore naturally led to considering reaction-diffusion systems
on idealized unbouned domains.

To fix ideas, consider
u; = DAu+f(u),

for u(t,r) € R", with 2 € RY, with smooth reaction-kinetics f and positive diagonal diffusion matrix
D = diag (d;) > 0. Here, and in the following, the term “smooth” refers to functions with sufficiently
many derivatives. In many circumstances, one can show that there exist families of spatially periodic
striped solutions,
u(t, r) = u(kz1; k), u, (& k) = ue(§ + 2m; k),

parameterized by the spatial wavenumber k£ > 0. In fact, such families occur for an open class of
reaction-diffusion systems, including but not limited to systems of activator-inhibitor type mentioned
above.

As a first predictor on the stability of such solutions with respect to perturbations, one analyzes the
linearization,

vi = DAV + ' (u, (kz; k) v. (1.1)

It turns out that, again for open classes of reaction-diffusion systems including the above examples,
solutions to this linear equation are bounded for bounded initial data, for an open subset of patterns
u,(+; k) in the family. We refer to such patterns as linearly stable Turing patterns. We will discuss
detailed assumptions that guarantee such linear stability later in this section.

The presence of a family of patterns, parameterized by the wavenumber, and, even more obviously, by
translations of the pattern in x, implies that solutions to (1.1) with general initial conditions will not
decay. More explicitly, v(t,x) = dyu,(kz; k) and v(t,z) = f—ku*(k:c; k) are constant in time and solve
(1.1).

In fact, one can show that under typical assumptions, initial conditions v(t = 0,z) € L'(RM,R")
will give rise to diffusive decay, sup, |v(t,z)| < Ct~N/2. Such algebraic decay is in general not strong
enough to ensure nonlinear decay in dimensions N < 3. The simplest example is the nonlinear heat
equation

up = Au+ u?,

which exhibits blowup of arbitrarily small, smooth, positive initial data at finite time in dimensions N <
3 [6, 3]. In the seminal paper [21], Schneider recognized that diffusive decay near Turing patterns is not



altered by the presence of nonlinear terms due to cancellations in a Bloch-wave expansion. He studied
the most difficult case, N = 1, where diffusion is weak and nonlinearity potentially most dangerous, in
the specific example of the Swift-Hohenberg equation. His proof has later been generalized, simplified,
and adapted; see [22, 24, 7, 8, 11, 9, 10, 4, 19]. Our focus here is, again, on the one-dimensional
case, in a general reaction-diffusion setting. Our goal is to find coordinates that show explicitly why
nonlinear terms do not alter linear decay near Turing patterns. Going back to the scalar heat equation,
the interaction of nonlinear terms with diffusion can be categorized as relevant, critical, or irrelevant;

[1, 2]. Explicitly, in the heat equation u; = uzy + f(u, Uy, Uzy),

(i) Nonlinear terms such as f(u, Uz, Upy) = Ullgy, u2, uP, where p > 3 are irrelevant;

(ii) Nonlinear terms such as f(u, Uz, Uzy) = Uy, u® are critical;
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(iii) Nonlinear terms such as f(u) = u® are relevant.

Without pretending to fully explain this phenomenon, notice that, for L'-initial data, assuming Gaus-

3/2

sian decay, we find uy, ~ t7°/% in L*°. Irrelevant nonlinear terms decay with rate t~, o > 3/2, critical

terms have a = 3/2, and relevant terms have o < 3/2.

Perturbations v of Turing patterns solve a system
Vi = Opev + (0 (2))v + g(z,v),

where g(z,v) = O(|v|?). Note that from here on, we fix the wavenumber k¥ = 1, without loss of
generality, and write u,(z) := u,(z;1). In particular, the nonlinearity g has potentially dangerous
quadratic terms. Roughly speaking, our goal is to find coordinates in which the nonlinearity involves
at least two “derivatives”, which according to the numerology for the scalar heat equation would
be sufficient to guarantee nonlinear decay. The reason to hope for derivatives is the presence of a
conservation law associated with the translation symmetry, which in turn generates the neutral decay

in the linearization.

To be precise, we now consider reaction diffusion systems
u; = DOyzu + f(u), (1.2)

where u,f € R", 2z € Rt € (0,4+00),D € R™™ is a diagonal matrix with strictly positive diagonal
entries and f is smooth. Firstly, we assume the existence of a Turing pattern of the system.

Hypothesis 1.1 (existence) The system of ordinary differential equations DO,y u+f(u) = 0 possesses
a smooth periodic even solution u,.

Without loss of generality, we assume that the period is 2. Our aim is to study nonlinear stability of
this temporal equilibrium under general small non-periodic perturbations. To this end, we introduce
an initial condition

u(0, z) = u,(z) + vO(x). (1.3)
Then assuming that u(t, x) = u.(x)+v(t, z) is a solution to (1.2) with the given initial condition (1.3),

we have

{Vt = AV—l-g(ZC,V), (14)

v(0) = v7,



where

A XU — X
v +— DOypv+f'(u,)v. (1.5)
Here we define
X = (L'R)"N(L2(R)", X' = (W' (R))" N (W>*(R))", (1.6)

with norms
- Mlx =Mz + 11 ey M- lxr =1 ez 4+ 1 w2

Note that from now on, we suppress n and R if there is no ambiguity. Moreover, g : T x R” — R" is
smooth, g(z,v) = f(u, + v(z)) — f(u,) — f'(u,)v, so that g(z,0) = 0 and dyg(x,0) = 0.

According to Bloch wave decomposition, let us introduce the family of Bloch operators, for o € [—%, %],

B(o): (H*(T))" — (L?(Tor))"

1.7
% — D(0p +i0)?v + f'(u,)v. (L7)

For further reading on Bloch wave decomposition and Bloch operators, we refer to Section 6.2 and [17].
Note that one obtains B(c) formally by applying A to functions of the form u = el®v.

Hypothesis 1.2 (spectral stability) The family of Bloch wave operators B(o) has the following
properties.

(i) spec(B(0) ({{ReA > 0} =, for o # 0;
(11) spec(B(0)) N{ReA = 0} = {0} and 0 is simple with span{u’,} as its eigenspace;

(iii) Near o = 0, the only eigenvalue X is a smooth function of o and the expression of A\(o) reads:
Ao) = —do? + O(|o|®), where d > 0 is a constant.

Remark 1.3 The expansion in (iii) is a consequence of the simplicity of A = 0 at o = 0 and the
evenness of u,. In fact, we have an “explicit” expression for d; see Section 6.4.

Given the above hypotheses, we can state our main result.

Theorem 1 (nonlinear stability) Assume Hpotheses 1.1 and 1.2 hold. There are C,o > 0 so that,
for any ||V°||x < o, where X = (LY(R))™ N (L*°(R))", the solution v(t) to the system (1.4) emists for
time t € [0,00) and satisfies the estimate

0
oIVl

T (1.8)

[v() | (Loe (m))n <

The rest of the paper contains three main contributions. First, we construct normal form coordinates,
where the neutral mode is represented by a discrete phase 6;, which decays according to a linear discrete
diffusion equation éj = d(0j4+1 — 20; + 0;_1). The idea is to capture the leading order dynamics of
perturbations using an ansatz of the type u(t,z) = u.(z — 6;) + w;(t,z) on intervals x € [27(j —
1/2),2n(j +1/2)], where w;(t, x) lies in a linear strong stable fiber. The coordinate change mimics the
much simpler coordinate change in [4], where strong stable fibers of a temporally periodic, but spatially
homogeneous solution were straightened out.



Our second main contribution are decay estimates for the linearization in these coordinates. In partic-
ular, we show that the w; indeed decay with higher algebraic rate than the ;.

Our third main contribution is the computation of nonlinear terms in the new coordinate systems.
Leading nonlinear terms turn out to involve discrete derivatives, associated with the discrete transla-
tional symmetry near the periodic pattern. Similarly to the scalar case, these discrete derivatives render
the nonlinearity irrelevant. From a different view point, dependence on derivatives, only, indicates the
presence of a conservation law: An equation u; = ugzy + f(uy) can be rewritten as v, = vy + (f(V))a,
for v = u,, and the gain in decay is now clear from an integration by parts in the variation of constant
formula. An analogous observation applies to the § — W system, where discrete derivatives in the
nonlinearity reflect a discrete conservation law.

Together, these observations quite readily imply a nonlinear stability result—Theorem 1 as shown above.

The remainder of this paper is organized as follows. In Section 2, we construct the normal form.
Section 3 contains linear estimates in Fourier-Bloch space. Section 4 converts those decay estimates
into LP — LY decay estimates in physical space. Section 5 contains the proof of the nonlinear stability
result. We relegate a detailed description of the nonlinearity, and the spectral properties and the
analytic semigroup results of the linear operator to the appendix.

Notation Throughout we will use the following notation.

e (-,-) is the standard inner product on R" given by

n
(u,v) = Zujvj, for any u = {u;}7_;,v = {v;}j_; € R™.
j=1

e (-,-) is the standard inner product on the Hilbert space (L?(—m,7))" given by

(u,v) = /7r (u(z),v(z))dz, for any u,v € (L*(—m,))".

e (-,-) is the standard inner products on (£?)", or the (¢*)"—(£9)" pairing, given by

(w,v) = (wj,v;), for any u = {u;}jez, v = {v;}jez.

JEZ.
We denote the Euclidean norm in Euclidean spaces as | - |, the norm in a general Banach space 2~ as
|| - ||2-, and the norm of a linear operator from a Banach space 2" to % as ||-||| 4. For the case
% = 2, the last norm notation simply becomes |||-||| 5.

2 Normal form

As we pointed out in the introduction, the linear system for the perturbation

Vi = Opev + ' (us(2))v, (2.1)



is expected to exhibit diffusive decay for the linear part. This weak decay is not obviously strong enough
to conclude nonlinear decay because of quadratic and cubic terms in the nonlinearity. Our approach
here converts the system (2.1) into an infinite-dimensional lattice dynamical system for V.= {V;};cz,
where V; = (6, W;) € Rx LP(—n, ) for all j € Z. Here, the scalar component §; of V; measures local
shifts of the primary periodic pattern, and the infinite-dimensional component, W, represents local
complements. In such a representation, one expects diffusive decay of 0; and faster decay of W;. We
will make this precise in Section 4. In fact, the linear asymptotics of §; are equivalent to the discrete
diffusion
0; =d(0;11 —20; +6,_1).

The key idea is that in this lattice system, nonlinear terms in the 8-equations involve discrete derivatives,
0j+1—0;, rather than 6; alone. Roughly speaking, we expect #-dependence to disappear when 0; = 0,1
for all j € Z due to shift invariance of the original system. Just like in the continuous scalar heat
equation, these derivatives decay faster, so that terms like (641 — Hj)2 are now irrelevant, that is, they
do not alter linear diffusive decay.

In summary, we will find a system, where the linear part exhibits diffusive decay, and where nonlin-
earities are explicitly irrelevant. In this sense, our transformation has eliminated lower-order terms in
the system, that turn out not to contribute to leading order dynamics. The term normal form alludes
to this elimination of lower-order terms by comparing with normal form theory in ODEs, where coor-
dinate changes are used to simplify equations and systems at least locally, mostly through removing
lower-order terms in the Taylor jet of the equation or system.

The remainder of this section is organized as follows. We discuss local well-posedness and “chopping-
up”, the first key step in the transformation to a lattice system in Section 2.1. The ultimate transfor-
mation towards a quasilinear lattice dynamical system is constructed in Section 2.2. Key steps involve
separation of the neutral phase 6; and a smoothing procedure at the chopping boundaries.

2.1 Well-posedness: spatially extended system and lattice system

We first show local-in-time well-posedness of the system (1.4) on the space X = L' N L.

Lemma 2.1 The initial value problem of the semi-linear parabolic system (1.4) is locally well-posed in
X. To be precise, the following assertions hold:

(i) (existence and uniqueness) For any given v° € X, there exists some T > 0, depending only
on |[v0||x, such that the system (1.4) admits a unique mild solution

v € C([0, T, (L'(R))") N C°((0, T, (L= (R))").
Here a mild solution solves the integral-equation variant of (1.4).

(ii) (regularity) The solution v(t,z) to (1.4) is smooth for t € (0,T]. Moreover, there exists C > 0
such that, for all t € (0,T],
V@Ol < CEHIVx

Proof. The existence and uniqueness follow directly from [5] and [12]. To show that ||[v(¢)| g2 <
Ct=1||v||x, we first note that for any Ty € (0,T), there exists C'(Tp) > 0 such that

V()| gz2 < C(T0) V0|2, for all ¢ € (Tp, T). (2.2)



Moreover, by [12, Thm. 7.1.5], for every v" € L?, there are T} > 0 and C(T}) > 0 such that
IV(t/2)lln < CTM)(E/2) V0N g2, IVl < CT)(E/2) 2w (t/2)] 1, for all t € (0,T1),

which implies that

C(T;
Iv(E)| 2 < (21)t_1||v0||L2, for all ¢t € (0,77). (2.3)
Combining (2.2) and (2.3), we conclude our proof. ]

Remark 2.2 By Lemma 2.1, we can assume without loss of generality that, in the proof of Theorem
1, the initial perturbation is small in X N H2.

Now suppose that v(t,z) is a solution to (1.4), close to 0. In particular, v(¢,z) is close to 0 on all
intervals [2m(j — 1/2),27(j + 1/2)], 7 € Z. Then instead of solving (1.4), we claim that it is equivalent
to solve the infinite-dimensional system, for all j € Z,

Ovj = DOypvj + ' (ue)v; + g(x,vj)
Vi (t,m) = Vj+1(ta —) (2'4)
835Vj (t, 7[') = 83;Vj+1 (t, —71’).
In order to justify the well-posedness of (2.4), we first introduce the chopped space
Xen = €(Z, (L} (=m0, m))") N E(Z, (L (=7, m))"), (2.5)
with the norm defined as

1wl xy, = > 1wl pr + sup|[w; oo, for any w = {w;}jez € Xon.
jEZ JEL
We then consider the chopping map

%h: Xch — X

v — %h(K)v (26)

where X is defined in (1.6) and J,(v)(2mj + x) = vj(x),for all © € [—7, 7] and j € Z. It is not hard
to see that 7, is an isomorphism and thus we have the diagram

x = X
Fen T Fen T
XL ANy

where X} == 7, 1(X!) and 1
Ach : Xch — Xch
v o T ATgv.

More specifically, (Acv); = DOyyv; + £'(us)v;. To describe X}, we define

D(Ach, Xen) 1= LL(W2L (=7, 7)) N L2 (W22 (=7, ),
DA, Xen) = {v € D(Aar, Xa) | v (t,m) = v (8, —m),t > 0,5 € Z,k = 0,1}.



Lemma 2.3 We have X}, = P(Ach, Xen)-

Proof. From the definition, we find X Clh C P(Acn, Xen). We only need to show that for any given
v € Z(Ach, Xan), we have v = F,(v) € X!, In fact, for arbitrary w € C2°, we obtain
(VoW amy = Y (vi(@), W' (2mj + ) = = Y (Vi(x), w(2mj + 7)) = —(Tan({v}}jez), W) 12 m),
JET jez
which shows that v/ = Ja,({v/}jez) € X. Similarly, we have v/ =" 7, ({v/};ez) € X. |
In all, we conclude that our initial value problem for a spatially extended system (1.4) is equivalent to
an initial value problem for a lattice system as follows.

v =Aav+ G(v), z€(—mnm),t>0,
v m) =v®(t,-m), k=01jeZt>0, (2.8)

v;(0,2) =v(271j+ 1), z¢€[-m7],j€ELZ,
where G(v) = {g(z,Vv;)}jez.

Remark 2.4 For any solution v to (2.8), we have all higher matching boundary conditions, that is,
oOvi(t,m) = O0vip1(t,—m), for allt >0, j € Z and m € Z*.

2.2 Lattice system: phase decomposition and boundary-condition matching

We start with sketching the construction of the normal form step by step without rigorous justification.
We first decompose each 27-long piece v;(x) = v(27j + z) into a linearly neutral phase and a stable
phase and then match the boundary conditions for the stable phase. This two-step smooth phase
decomposition procedure will be summarized and justified rigorously in a lemma at the end of this

section.

We now decompose each v; according to

{Vj(x) = w;(2) + u.(e — 6;) — u.l(a)
(wWj(2), wada(z — 05)) =0,

where u,q is an element in the kernel of the adjoint operator of B(0) with (u}, u,q) = 1. Substituting
this expression into (1.4), we can therefore formally derive a system for 6; and w;, which takes the
explicit form

1 , .
T (i gy () ) Dl 0)

+ (Oxw;(m) — 0 w;(—7), Duaa(m — 6;)) + (8(0;, W), taa(z — 0;))]
W; =D0pW; +u,g(x —0; )9 +f(w; +u(z —0;)) — f(u(z —0;)),

;

with boundary conditions
{ O wi(m) — 0w (—m) = u™ (1 — 0;41) — 0™ (7 — 6;), for m = 0,1
(W (@), waa(z - 05)) = 0,

where

g(0;, w;) = f(w; +u(z — 0;)) — f(ui(z — 0;)) — ' (u(z — 0;))w;.



Remark 2.5 In the second equation of (2.9), éj represents the right hand side of the first equation.

Note that w; is in a codimension-one subspace depending on ;. More formally, we mapped every v;
into a vector bundle. Also, the boundary conditions are now nonlinear. These facts generate technical
difficulties so that we find it easier to work with a further modified system, where, for all j € Z, we
substitute

wi(z) = Wj(x) + H(x,0;-1,0;, 0511, Wj). (2.10)

For simplicity, we denote H;(x) = H(z,6;_1,6;,60;4+1, W;). In the new coordinates V. = (6, W), where
0 = {0;}jez and W = {W,};cz, we will have again “homogeneous matching boundary conditions”
and all W;’s are in a fixed codimension-1 subspace, that is, for all j € Z,

OF'W(m) — 0'W 11 (—7) =0, for m = 0,1, (2.11)
(Wj(2), uaq(x)) = 0. (2.12)

We now construct H = {H,(z)} ez explicitly in the form
H; = H} + H, (2.13)

where Hj1 accomplishes “homogeneous matching boundary conditions” (2.11) and H? corrects so that
every W is perpendicular to u,q (2.12). First, we construct HJ1 In order to accomplish (2.11), one
readily verifies that we need

OH}(m) — O Hy oy (—m) = wl™ (7w — 511) — ul™ (7 — 0)), for m = 0,1,

which can be achieved by choosing
1
H;(az) = §(u*(az —0j41) —u(x —0;)),for & ~ 7,
1
H}(m) = i(u*(x —0j_1) —u(x —6;)),for x ~ —m.

In light of this observation, we let

1 1
Hj(z) = 5 o(@) (W@ = 0j41) = wlz = 0;-1)) + 5 (@ = 041) + 0@ = 0j1) = 2uu(w = 0;)), (2.14)
where ¢ is a smooth odd, increasing function on [—m, 7] such that

1 s
> for x > 3
p(x) =

1 i < T
- = or xr < ——.
2’ 2

To be specific, we can choose

1
¢(2) = [1* X[0,00)](2) - X[ () = 5,
where x s is the characteristic function of the interval J and 7 is a smooth nonnegative even mollifier
such that

/ n(x)dz = 1,and |n(x)| =0, for all |z| > %
R

9



In order to keep H; identical with HJ1 near =+, Hj2 has to be 0 near £7. We first note that there exists
an odd function ¢ € (C°(—m,7))™ such that (¢, u.q) = 1 since (C°(—m,7))" is dense in (L?(—m,7))"
and (u},u,q) = 1. We then define
H? = cjip(z — 6;), (2.15)

where

¢ = —<H]1-, Wad (7 — 05)) — (W, Uag(z — 05) — ag(2)). (2.16)
Noting that 6; and W are small, this concludes the construction of H;.
Defining le ={v € Xon | (vj,uaq) =0, for all j € Z}, where X, is defined in (2.5), we summarize

the “smooth phase decomposition” procedure, denoted as Zp4, in the following lemma.

Lemma 2.6 The “smooth phase decomposition” operator Fpna, as constructed above, is a smooth local
diffeomorphism. More precisely, there are two neighborhoods of zero % € Xen, V € ' x XCLh such that
the nonlinear transformation

<7phd : 4 — 4
V=(0W() — {W;@)+H;@)+u(e—0;) —u(r)}jez

is invertible with Fna and ez)ié smooth. Its derivative at the origin is

-’S/ﬂphd = %hd(()) : fl X XCJB — Xch

2.17
V=0@W) — W+Ex0, (210

where E is defined in (2.18) below.

Proof. We claim that

(i) Fpna(0) = 0;
(ii) <7phd is COO;
(ili) Fa(0), denoted as Zpq, is an invertible bounded linear operator.

Property (i) is straightforward. As for (ii), Zynq is smooth with respect to W due to the fact that Fnq
is linear in W for fixed #. On the other hand, the smoothness of .7,1,q with respect to § can be readily
reduced to the smoothness of the mapping 0 — {u.(z — 6;) — u.(z)};ez. A direct calculation shows
that, for given m € Z, the mth-derivative mapping at 6 is 1 — {%u&m) (0j —x)nj}jez. We now only
have to show that (iii) is true. In fact, the linear part of {H; + u,(z — ;) — u,(x)},cz with respect to
(0, W) around (0,0) is Ex 0 = {>, ., Ej_10k}jcz, where E = {E;};cz with

(@) — (1 + Lo@)ui(a), j =1,
() + w()), =0,
Ej=1{,°2 2.18
77 Bo) - (2 = Lo@)l(a), 5=1. (2.18)
0, others.

Then we have the linear phase decomposition operator

fphdl £1><XCJI‘1 —_— Xch
V=00W) — W+Ex0.

10



Moreover, through direct calculation, it is not hard to obtain the bounded inverse of Z}1q

Lo X — 0 x X3
v +— (Fv,v—ExFv),

where )
F: X
ch - ¢ (2.19)
v={vjtjez > {=(vj taa)}jez-
By (i), (ii) and the inverse function theorem, the conclusion of the lemma follows. ]

Remark 2.7 The above lemma still holds when replacing X¢, with ;%h(XﬁH2) and the proof is similar.

In the new coordinates, the system contains lengthy expressions. We therefore introduce some simpli-
fying notation first.

5y cz — o2
z={zj}tjer +— {zj1 — zj}jez
O_: CZ — CcZ (2.20)
x — {JUj - l“jfl}jez' '
r: (C(-m=n,R"))%2 — RZ
v — {(vj(=7), Duly(7))}jez

Now, sorting out the linear terms, our lattice system is

: 0
(&) 2o () + (e3) -

with boundary-matching and phase-decomposition conditions (2.11), (2.12), where N?/W represent the
nonlinear terms of the system and

F 0 5.T
Ayt = L AW Long = A id) = + 2.22
£ = ZphaAen-Lphd <id _Ex F) (B ) (AchE* A —E + 5+F> ’ 222

where A, is the linear operator acting on the chopped variables; see (2.7).

Remark 2.8 (i) Due to the fact that Ty, ¢ are isomorphisms, Ay = fp}ézglA%hfphd shares
many properties with A. For example, Apnt is sectorial in ' x Xi since A is sectorial in X. Here
we use the definition of a sectorial operator from [12] which does not require the operator to have

a dense domain.

(ii) We relegate the detailed estimates of the nonlinear terms to Lemma 6.1 in the appendiz since
expressions are lengthy. We have, roughly,

{ IN?| ~ [(64-0)2] + 10°[10+-0] + (10] + [W]) (W] + [0+ 00: W) + [W?|
INY] ~ 101104-6] + (10] + [W)(IW] + |04-00. W) + [W?].
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(iii) Since the branch of continuous spectrum connected to X = 0 may intersect the branches of con-
tinuous spectrum in Re\ < 0, it is in general not clear how to globally separate neutral from
stable modes even linearly. Phase decompositions have been achieved globally in the case of weak
pulse interaction, that is, in the regime where u,(x) is close to a homoclinic orbit in the ordinary
differential system Dug, + f(u) = 0 ; see [18] for a linear analysis and [25] for a nonlinear
reduction.

3 Linear Fourier-Bloch estimates

In Section 3 and Section 4, we derive linear diffusive decay in our linear normal form
V = AyV.
To illustrate the idea, we again use the linear heat equation

wy(t, z) = Ault, ).

At

In order to obtain the diffusive decay on e~*, we apply the Fourier transform and obtain the “diago-

nalized” equation

Uy(t, k) = —K*u(t, k).

Then we have that [G(t, k)| = e *1|G(0, k)|, for all ¢ > 0 and k € R, which, combined with Young’s
inequality, will give us diffusive decay for the scalar heat equation.

In light of this procedure, we exploit Fourier transforms and the Bloch wave decomposition of A to
construct an isomorphism diagram, from which we obtain a direct integral representation of A,¢, that

t

is, A\nf = 1/2 A\nf(U)dO'. Unlike the explicit expression of e_k2t, the estimates on e“nf(?)t are more

~1/2
intricate and their derivation will occupy most of this section.

To show the conjugacy between the linear normal form and its counterpart in a Fourier-Bloch space,
we build a commutative isomorphism diagram involving the underlying spaces for these two operators,
the linear operator A and its Bloch wave decomposition. To this end, we recall the definitions of the
linearized operator A in (1.5), the chopping operator g, in (2.6), and the linear phase decomposition
operator Zphq in (2.17) from above. We now consider these operators on L? /f?>-based spaces, that is,
with new notation,

A (H2(R))" — (L*(R))",
Tn: (L (L(Teq))”) — (L*(R))™, (3.1)
Zova: 2% C(Z,(LA(T2x))") — L(Z, (L*(Tar))"),

where T, = R/aZ is the one-dimensional torus of length a and

(2, (L(T2))") = {w € (Z, (L*(T2x))") | (W, taa) = 0, for all j € Z}.
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We write G = [, u(z)e *?dz and introduce several Fourier transform variants as follows:

F 2 — L3(Ty)
0= {Hj }jGZ — Z]GZ 0 6712700
T (L?(Ta,))" — (2)n
u(z) — u= {7 u()e “da}ez,
(3.2)
Fan: L (L(Tr))") — L*(Ty, (¢2)")
u(@) ={u;(@)}jez > 8(0) = {7 fp,, wi(x)e HICTTI Y0y,
Fng o 02 X L2 (Z,(L*(T2r))") — L*(Ty) x L2 (Ty, (£*)™)
(0, u)” — (Z(9), Za(w)",
where
L2 (T, (0®)") = {w € L*(Ty, (1)) | {w(0), Fn(e%uuq)) =0, for all o € Ty},
We then have a commutative diagram of isomorphisms as follows,
2 n 2 2 n Zona 2 2 2 n
(LA(R)) Z 22, (LA(Ta))") &2 2 x (2, (L(Tan)")
L 5! T V P (3.3)
ATy, (EA(Ton))") &2 LTy, (@) 20 L2(T) x L2 (T, (1)),
where 7! is the inverse of the direct integral defined in (6.2), Section 6.2 and
T ATy (3)") > LA(Ty, (EA(T2n)")
u(o) = {u;(o)}jez > ulo) = (2127, 'u(o),
Zona 1 LA(Ty) x L3 (Ty, (2)") — A( 1, ()"
(0(c), w(c)) —  0(0)E(0) + w(0).
Here we have
E(U) = ych(E)? (34)

with E defined in (2.18). The inverse of DS/,’;hd, which will be used later, has the expression

Do LATLB)Y) — L) x LA (T, ()"
w(o) —  (F(w(0)),w(0) — E(0)F(w(0))),
where
F: LTy, (") —s L2(Ty)
w(o) — —(w(0), Fn(e7 7 Uaq))).

We now use tildes for operators in physical space and hats for their conjugates in Fourier space. The
index “ch” refers to the chopped operators, the index “phd” refers to the smooth phase decomposition
operators, and the index “nf” refers to the normal form operators. We then define

Ay = iglﬁih, Ay, = ZhlA%ha
Ay = fp}ﬁZﬁlg«%hfphd, Ayp = jphdezhlgéc\hg;hdy (3.6)
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where, according to the Bloch wave decomposition from Theorem 2 in the appendix, we have

1
B A% =A= | B(o)do, (3.7)

N

with B(o) defined in (1.7). Therefore, by the commutative diagram (3.3) and the equivalence relations
n (3.6), (3.7), we find the conjugacy
Apt = 1AAnft%nf (38)

Just as we pointed out at the beginning of this section, based on this conjugacy, in order to obtain
Ant e only need to derive estimates on e?

estimates on e ntt To this end, we first derive an explicit

direct integral expression of Ay, From the equivalence relations in (3.5),(3.7), it is straightforward to
see that

1
Ag = |7 Aun(0)do, with A (o) := FnB(0)FL, for all o € [-1/2,1/2]. (3.9)
_1
Moreover, for any given (8(c),w(c)) € L*(T;) x L2 (Ty, (€%)") and fixed o € [—3, 3], by definition, we
have,
(A\nf ( )) (wgphdzhlAZhogphd ( )) (U)
F(o) o~ ~ ‘ 0(o)
= AN ~ A
<1d —E(0)F( )) alo) (B0 id) <W(a))
(3.10)
B 0 R( 0(o)
Aa(0)E(0) An(0) — E(0)R(0) ) \w(o)
_ Anf (9 o >
w(o)
where R
F(o): ()" — C
W —{(w, Zu(e 77" uaa))),
(3.11)
R(o): (H" — C
wo o PRI (S, (—1) Wy, Dugy(m).
We now conclude that
1
A\nf = L 24\nf(o')do' = / . thd( ) lgch(o-)gphd(o-)do-a (312)

where
Zond(o): Cx (A)(0) — ~ (2n
(0, w) — 0E(0) + w.
Here (02)"(0) = {w € (2)" | (w, Fn(c7u,q)) = 0}. We also recall that Ag,(0) is defined in (3.9)
and E(o) defined in (3.4).
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Remark 3.1 We note that for any u € L2(T1, ((2)") and v € D(Aa),

~

(Fu)(o) = F(o)u(o), (F6, 7.7, v)(0) = R(0)v(0), for a.e. o€ [—é, %]

In addition, for any (0,w) € L*(Ty) x L2 (Ty, (¢2)"),

(-i/ﬂ;hd (i)) (0) = ZLpna(o) (3}@2) , for a.e. o € [—%, %]

We now consider the family of linear systems,

(i) = A\nf(0'> <‘i> , for all o € [—%, %] (3.13)

While we obtained these operators based on L?/£? spaces, we can also consider them on L?//4-based
spaces. To be more precise, we first define a family of projections

Py(o): Yg — Y . (3.14)
W W o (W, T (e 0) ) Fn (e MWL),
where
" for 1< q < oo,
Y, = (e, forl<g<oo (3.15)
()T, for g = oo.

Here we have (5% = {x € £*° | lim|,|_, |Zn| = 0} with the supremum norm. For any ¢ € [1,oc], the
projection P, (o) is well-defined. In fact, %, (e 717%u,q), Fn(e79%U,) € Y7 since uaq(E£m) = u(+7) = 0.
We now denote Y, s(0) = Rg P,(0), and, in the following lemma, define An¢(o) on L?/¢9-based space.

Lemma 3.2 For q € [1,00] and o € [-3, 3],

Zna(0): CxVulo) — Y,
bw) s OB(0) +w,

18 uniformly bounded and invertible with its inverse
Lopalo) ™t Y, — C x Yys(0)
v — (Flo)v,v - E(0)F(o)v).
Moreover,
Ang(0) : Cx (Yos(0) N Zg(Aen(0))) — CxYys(o)

is well-defined and sectorial. Here .@q(gch(a)) ={w e Y, | {(1 + m®)Wp, }mez € Yy} is the domain of

~

An(o) in Y.

Proof. The assertions for .Z,q(0) are straightforward. In order to show that Ani(o) is well-defined,
we recall the definition of Ay¢(c) in (3.10), which indicates that we only need to show

o~ ~

Aa(0)E(0) € Ygs(0), Rg(Aa(0) — E(0)R(0)) C Yys(0).
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We claim that Ae,(0)E(0) € Rg (Aen(0) — E(0)R(0)). In fact, recall the definition of R(c) in (3.11)
and define E(o, z) := (3_, Ej(z)e —i2mjo)e—ior ¢ (C%)( Ty, ), we have

R(0)E(0) = 2isin o (E(o, ), Duly(r)) =0,

which means that Ag,(0)E(0) = (A (o) — E(0)R(0))(E(0)) € Rg (A (o) — E(0)R(0)).

We now only have to show Rg (gch(a) - E(U)R(U)) - Y s(0). Actually, for any w € .@q(gch(a)) with
finitely many nonzero components, we have

~ ~

(A (0)w — B(0)R(0)W, Fn (77" Uaq))) =(Ach(0)W, T (€77 tq))) + 27 R(0)w
=21 (A F; ' W), wq) + 27 (77 Z, ' w, Duly(2))|
=21(e!7*.Z tw, B*(0)u,q) = 0,

and {w € Dq(A\Ch(O')”ﬂ has finite many nonzero elements} is dense in _@q(zzl\ch(a)) under the graph
norm of Ag,(c). Therefore, Ay(o) is well-defined.

Next, Enf(a) is sectorial, due to the facts that A\nf(o') = gphd(a)_lzzl\ch(a)fphd(a) and Ech(a) is
sectorial (for details, see Section 6.3 in the appendix). ]

Now we are ready to obtain the estimates for the time evolution of system (3.13), for any given

o€ [—5, 5] Our discussion is split into the case o close to 0 and the case o away from 0.

For the case o ~ 0, the derivation of the estimate relies on a diagonalized normal form, that is, a
complete separation of the netural and stable phase. First, we notice that spec(gnf( ) = spec(gch( )
%, 2} which we will prove in Proposition 6.4.
Moreover, for o sufficiently small, there is a unique continuation of the eigenvalue 0, denoted as A(o).
The set A1 := {\(0)} is a spectral set; see Section 6.4, 6.5 for detailed treatment. Hence, let

is independent of the choice of ¢ € [1,00] and o € [—

P,o): Y, — Y,

W o W %«W, Fn(e*(0)))Fn(e(o)) (3.16)

be the spectral projection associated with Ay := spec(Aq (0))\{\(c)}. Here e(c) (respectively, e*(c))
is the eigenvector of the Bloch wave operator B(o) (respectively, the adjoint operator B*(o)) according
to A(o) with

e(0) =u}, e"(0)=ua, (e(0),e’(0)) =1 (3.17)

We refer to Section 6.4 in the appendix for more details on e(o) and e€*(c). We now denote

Yyc(0) = spanfe(a)},  Ygs(0) = Rg Fy(0),
An(0)lyet0) = Ac0),  Am(0)ly,. = As(0).

We then introduce the following diagonalized operator

Agg(o) = (A(OU) Eja)) . (3.19)

It is not hard to conclude that for ¢ sufficiently small,

(3.18)

Agg(0) : C x (Yps(0) N 29(Ae(0))) = C X Yy 4(0)
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is a well-defined operator.

The key step here is to find an invertible bounded linear transformation

— . j—\bo(a) f()l(()') . nd o o
Taslo) = (ﬁo<o> fn(g)> € x Vyu(0) = C % Yyu(0) (3.20)

such that %g(0'>;{nf(0') = Edg(a)ﬁg(a). We note that the choice of ﬁg(a) is not unique since there
are nontrivial invertible operators that commute with Agg(0).

Lemma 3.3 For o sufficiently small (that is, |o| < 70) and q € [1, 0],

— o) — ,U( S(U)’?q,s(g)
%g( )_ (Pq(a) (U) Pq<0)?qys(g)> (3.21)

= =

satisfies the relation %g(U)A\nf(O') = ﬁdg(a) ,éd\g(a). Here we have that (o) = —L«E(U),,ﬁn(e*(a)))}
and

S(e): Y, — C
w o - (w, Fu(e*(0))).

Moreover, we have

I .
T - (Too - T01T 1T10 ! EaE e e S A=l \AA— H -1 m p— ’ 322)
dg i Tho) ~T'Tho  (Too — Ton Ty Tho) T+ T T Ton Tt (

i which we suppress o-dependence for simplicity.

Proof. We recall from (3.10) that

-~ (o) ~ =~ .
Anf(a):<id_ (a)ﬁ(a)> Aan(0) (E(o) 1d>-

Therefore, in order to find a égg as required, we only need to find an invertible bounded linear operator

= =

=~ . (7).
Tt (0) = (95(0)) 1Yy — C x Yys(0)

such that

— o~ —

Tt (0) A (0) = Adg(0) Font (),
which is equivalent to

—

{@ (9)(\(©) = Aan() =0,
T5(0)Acn(0) — Aap(0) Ta(0) = 0.

While the choice of é; /2(0) satisfying the above equation is apparently not unique, we choose that
9}(0) = S(0) and %(J) = Py(0). As a result, we have

N 9\(0) R ‘ (o S(U)‘Nq’S o
Taglo) = (é(@) (E(O’) id ’?q}s(o')) = (pq(a)ﬁ(a) pq(U)Y ( )) :

‘?qs(f’)
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To show that ﬁg(a)_l in (3.22) is correct, we only need to verify that
_~ —~ id 0 —~ = id 0
Tag(0) ™! Tag(o) = : , Tag(0) Taglo) ™ = : :
g( ) g( ) 0 ld‘?q’s(o-) g( ) g( ) 0 1d|Yq’s(o')
which is clearly true. [ |

Based on this lemma, we now derive the estimate for e Aut (o)t when o is close to zero. We first introduce
new notation M (t,o) :=e Anet and M(t) = et with

o Mog(t,O’) Mol(t, ) % ~ o % ~ o
M(t70-) N <M10(t,0') Mll(t, )> - Yq’S( ) - - }/q’S( )’ (3 23)
(1) = (jjfgf; jjjﬁi) 2 x B2 (2(T)) — 2 x B2, (L(Ta)")

To make sense of the derivatives and Taylor expansions with respect to o of entries in Fg.(0), we
extend T (o) and T11(0) continuously as operators on Yy, that is,

Tor(0) = S(0)Py(0),  Tia(o) = Py(0) Py(0). (3.24)
The same argument applies to operators :7\71(0) and M(t,o).

Lemma 3.4 For o sufficiently small (that is, |o| < 7o) and q € [1,00], there exist positive constants
C(q) and d such that, for allt >0,

[Moo(t, o) [[|Moa(2, o) 1A\
<M t M (t Yo < C(q) 1 \/11? e th- (3.25)
M0t o) ley, Mt o)y, A

Moreover, we have a higher regqularity result for My1(t, o), that is, for any given o € [—70, 0], ¢ € [1, 0]
and o > 0, there exists C(q,«) > 0 such that

2o, 1
14+t

SIS

021‘,]‘

1M1t 0)llly, v < Clg; @)[(1+E7)e”

Proof. The idea is to evaluate M (t,0) = (@)t hased on eAn(@)t = %g(a)_legdg(a)t%g(a). We first
state the following estimate from Proposition 6.7: For all ¢ € [1,00] and o € [—79, 70|, there exists a
constant C'(¢) > 0 such that

71

g — 0’2 O' — 11
X < Clg)em 37, e, < Clg)e .

[SIIcH

To obtain estimates on %g and its inverse, we start by computing the Taylor expansions of entries in
Tag(0). A straightforward calculation using (3.17), (3.4) and (2.18) shows that

e(o) = v, +ice; + O(c?), e*(0) = yq + ice} + O(c?),

e 9% = 1 —iox + O(c?), E(0) = Z,(—u, — 2micou’, + ioaul) + O(0?),
where el(respectively, e}) is even and nonzero due to the fact that B(0)e; = —2Du/ (respectively,
B*(0)e} = —2Du),). Then, plugging these expansions into Jgs, and using (3.24), we obtain

G [ Ha)  S@F(0)) _ 1 —2mio W O(0?) O(c?)
Tag(o) = (Pq(U)E(U) Pq(J)Pq(U)> <—27ria§5n<cp) P,(0) ) + ((’)(02) O(U)) ,  (3.26)
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where ®(z) = —5-u) + ¢u), — 5L and

v: Y, — C
W o (W, T (2aa + €]))).

Therefore, for any o € [—70,70], ¢ € [1, 00|, there exist positive constants C'(g) and d such that, for all
(0,w) € C x Y, we have the following estimate.

| Moo (t, 0)0| | Mo1(t, 0)w]| < C(g) 1 o] o507t 0 1 o 0]
[ Mio(t, )0y, [[Mii(t,o)wly, ) o] 1 0 e 2t \lo| 1) \[wly,
Lo\ _ap2y  flo]* lol\ 0]
<C e 27" + e 2
(Q)Kw \a!2> <|a\ i Iwll,

. 1 1 0
< C(q)e_dUQt ( ) @) ( | ‘ ) )
Virt 14t wlly,

Using (3.20), (3.22) and (3.23), we now expand Mi;(t,0) and obtain

IMi1(t, )W [y <C(|T11(0) " Tio(0) [y [eX 7 Tor (o)W + [|Ti1 (o)~ e Ty (0) Wy +
1T (0)Th0(0) v | Toa (o) T1a (o )71 AS(U)tfn( )W)
<C(g 0)lo2e 27" + (17 + 1)e™ F! + oo™ F1] [ W]y,

<C(q,a)[(t +1)e 2" +

—50'75 W
e W,

where in the second inequality we used (3.26), and Proposition 6.7. ]

Remark 3.5 We point out that, in the above lemma, the estimate for Mio(o) can not be improved,
since Fn(®) # 0. In fact, due to the fact that ®(x) € (C™(Tar))™ and $u, is a nonzero even function,
we have 1

B(0)® = %[—2Du’*’ — B(0)e1 + 27 B(0)(¢ul)] = B(0)(¢ul) # 0.

On the other hand, the estimate for Mo (o) can be improved given suitable additional assumptions. For
example, if we assume that ul (£m) =0, then xu,q + €] is zero, which leads to a better estimate.

For the case o away from 0, we have the following result.

Lemma 3.6 For o away from zero (i.c., for v < |o| < 3) and q € [1,00], there exist constants
C(q),v2 > 0 such that
Mt 0)llcxy, < Clg)e™™ (3.27)

Moreover, we also have a higher regularity estimate for My (t, o), that is, for any given vy < |o| < %,
g € [1,00] and a > 0, there exists C(q, ) > 0 such that

IM11(t o)y, sy < Clg; @)1+ %)e ",

Proof. Recall that e/nr(@)t = fphd(a)*legch(”)tfphd(a). The inequality (3.27) is true due to the
uniform boundedness of .7 (o) in Lemma 3.2 and the fact that |HeA0h(U)t|qu < C(q)e™ 2, for o away
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from 0, in Proposition 6.7. Moreover, by the expressions of Z,nq(0) and its inverse in Lemma 3.2, we
have M1 (t,0) = (id — E(0)F(0))ea(9)t. Applying Proposition 6.7, we conclude that

1003 (2,0)ly, e = (i = E(@)F(@))ed @y, Ly < Clg,a)(1+ 1),

Lemma 3.4 and 3.6 give the following proposition.

Proposition 3.7 (Fourier-Bloch estimates) For any o € [—3, 3], ¢ € [1,00], there exist constants
C(q), ¢ > 0 such that Ane(o) is sectorial and

Moo(t Mo (t, 1 1
‘ 00( ,O')| H| 01( U)”|Yq—>(c < C(Q) ) \/tl—‘,—il efccr2t7 f07’ all t > 0. (328)
M0t ey, MMy,

VT B

Moreover, we have a higher regularity estimate on Mi1(t,0), that is, for any o € [—%, %], q € [1,00]
and o > 0, there exist constants C(q, ), v > 0 such that

11 (80l oy < Clara) (20 4 oy

e§02t> . for allt > 0. (3.29)

We also need the Fourier-Bloch estimates for the derivative d,M (¢, o) in the following lemma.

Proposition 3.8 (Fourier-Bloch estimates for derivatives) For any o € [—3,1], ¢ € [1,00] and
B e (%(1 - %), 1), there exist positive constants C(q,3) and ¢ such that, for all t > 0,

|0 M)00(t, )| 107 M)or(t0)lly, 1 ﬁ> AP
<H|<80M>m<tja>qu 1@ M) (1, 0y, )gc(q’5)<l L e (350

Vitt 1+t

Moreover, we have a higher regularity estimate on (0o M )11(t,0), that is, for o € [—%, %], q € [1,00],
B e (%(1 - é), 1) and o € (0,1), there exist C(q,«, ) >0 and 5 > 0 such that

1
t2 +t7P 4 1 g\ =
H|(60M)11(t30-)H|Yq—>an <C(Q7awﬁ) (me 29 ¢ + (t2 @ +t1 ﬂ)e ,Yt> ) fO’F a’” t> 0.

Proof. On the one hand, we take the partial derivative of the following system with respect to o

0(t,o) \ 0(0,0)
(vAV(t, o)) - M) (vAV(a a)) ’
0,0(t, o) \ 0,6(0,0) 6(0,0)
(aﬁ (M)> _M(to) ( o (0’0)> + @M (t,0) (vv (0’0)) |

On the other hand, we have that
Q(ta U) -~ 0 t, o
Y = Aps(o) 7\( ) .
W(t, o) W(t, o)

20
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Taking the partial derivative with respect to o, the equation becomes

00)t0)\ _ 5 0bt0)\ 5 0t0)
((aﬁxua)) Al (aovvw) ) (W@,U)) |

for which the variation of constant formula gives

0,0(t, o) \ 0(0,0)
<80\/7\\7(t,0)> = M(t,0) ( > / M(t —s,0) ( )M (s, 0) <\/7&\7(0,0)> ds.

Therefore, one has

t
O-M(t,0) = / M(t—s,0)Al
0

nf

(o)M(s,o)ds
¢ ~ R ~
_/ Zona(o) et ) L4 (0) (Lona(0) T Aen(0) Lona(0)) Lpna(o) et La(o)ds  (3.31)
/ 'i/ﬂphd ) 1 Ach(a)(t S)JV( ) ch(a)s phd(a)ds7
where
~ ~ ~1/ ~ ~/ ~ —~
N (0) = A (0) + Aan(0)E (0)F(0) — E (0)F(0) Aen(0). (3.32)

We recall that E(c) is defined in (3.4), F(o) in (3.11) and Ag(c) in (3.9).
For |o| < 79, by Lemma 3.3 and the above equation (3.31), we have
t — —
9y M(t, o) = / Trg(0) (0,1, 8) Tg (0)dls, (3.33)
0
where
ﬂ07t7 3) eAdg( )(tfs) S<O') ,/V(O') (_gne(o_), ld> eA\dg(U)S
Py(o)
_ ( —N'S(0).4 (o) Fne(0) AOIG(0) 4 (g)e ) ) (3.34)

eA(J)Segs(U)(t—s)Pq(o’)e/V(o-)ﬁne(o-) eAS(U)(t_S)Pq(U)JV(J)e S(0)s
_. (NOO(UJ, s) Noi(o,t,s)
W (0:t.5))

Nl()(U,t, S) j\vfu U,t, S

We now evaluate the entries of .4 with expansions combining (3.32) and (3.34). First, recall the
definitions of Agg(c) in (3.9), S(o) in Lemma 3.3, Py(o) in (3.16), %, in (3.2), and e(o) in (3.17).

For ]\700, note that it is smooth with respect to o and

~ ~ ~/

Noo(0,,5) = =5(0) (45,(0) + A (0)E' (0)F(0) — E'(0)F(0) Aen(0)) Fre (0).

We claim that ]VOO(O s) 0. In fact, since E’Ch(O)ﬁn(e(O)) and A\Ch(O)El(O) are orthogonal to
/

Fn(Uaa) in Yo, S(0)43,(0)Fn(e(0)) = 0 and S(0)Ae(0)E'(0) = 0. Moreover, F(0)Am(0) = R(0),
which is defined in (3.11) with R(0) = 0. Therefore, there exists a positive constant C' such that

’N00| C|a\e 2
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For Nw, due to Proposition 6.7 and the fact that ﬁlo is smooth in o with ﬁlo(O, t,s) # 0, there exists
a positive constant C' such that

\T —LL(t—s —703 —252¢ M (t—s
IN10llleosy, (o) < Co™ 2 em39% < Qo273 (70),

For No;, we have, for any q € [1,00] and 8 > (1 — 7)

180l 010 <X (1A @)™y, )3,

1S(0) A (@) E (@)l ly, (o) + IF (@) A (@) ly, )10
q, q,

—452(t—s As(o)s As(o)s As(0)s
<Ce 27 ( )<H|e (@) |HYQ,S(U)_>Y% + |o]|fle) ly, ooy + lolllle @ |||Yq,s(a)—>Y1>

q

—d52(t—s) As(0)s Ay(0)s o(0)s
<CEe I (A ey + ol ).

where the last inequality results from the fact that, for any ¢ € [1,00] and 5 > (1 — 7), we have a
continuous imbedding
VP <.
Now, using Proposition 6.7 and 6.5, we can further conclude that
1No1lly, (o) ¢ SC(g, B)(s™2 + 1+ [o]s~¥)em27 (e
<CO(q, B)e 27" (572 + |o] + |o]s~*)e~ 12,

For Ni1, we have, for any ¢ € [1,00] and 8 > 11— 7)

il <™l (Il 1
As(o)s - As(0)s
Hlle@=[lly. oy + [1F () Aen (o)) ’HY%S(O‘)*)C>
<C(q.B) (572 +1+Jofs™?) 31,

Therefore, combining (3.33), (3.26), and the above estimates for entries, we conclude that, for |o| €
[—Y0,70], ¢ € [1,00] and § € (%(1 - %), 1), there exist positive constants C(q, 5) and ¢; < g such that

(0 M)oo(t,0)[  [[[(85M)or(t, 0)llly, ¢
10 M)10(t o)y, 1(GaM)ii(t; o)y,

< 1 |0-‘ /t _ |j\700(0-7t78)| ‘||N(E(Uatas)|||Yq’s(o-)—>C ds 1 |U|
ol 1) Jo H|N10(0=7578)|||<c_>yq<() |HN11(0',15,8)|HY,,,S(0) o 1

* olt 4 lo| -t
<C(q,B) ( ! ’U|> | 1| \/ﬁ o] 1+t)1 B (1 |a|> o

lo| 1 t2 £2 4410 lo| 1

Vit 1+2
1 1
<C(q,B) ( ) \7/11+ t> (t% _‘_tl—ﬂ)e—cw?t.
Jirt T+t

Here the inequality (*) relies on the fact that for any 5 € (0, 1), there exists a positive constant C'(f)
such that

(3.35)

by th g m ti=h
-39S < I “PeT s < = 3 -
/0 e d ds\C(ﬂ)(l i /0 s Pe 4 ds\C(,B)(l 7
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On the other hand, for 7o < |o| < 3, ¢ € [1,00] and B € (3(1 — %),1), by the expression (3.31) and
Proposition 6.7, there exist positive constants C(q, 8) and ¢y such that

t -~
106 M (t, 0)lllc vy, <C(Q)/O et (g)eten(s)] s

t
<Cla. e [+ 1+ lols)ds (3.36)
0

<C(g, B)(t7 +t + |oft'P)e ",

By (3.35) and (3.36),we now conclude that, for any o € [—3, 3], ¢ € [1,00] and 8 € (5(1 — %), 1), there
exists positive constant C'(q, 8) and ¢ such that

(@ Mmlts Dl (@M ot Ml ! r) 1o
(!H(@aM)m(t,a)mcﬁyq 110 M)11 (£ 0)lly, )gc(q,ﬁ)< 1 e+t :

Vvt T

We now consider (0,M )11(t,0). For o € [—0, 7], we plug égg(a) from (3.20), %g(a)_l from (3.22),
and N (o,t,s) from the last equality in (3.34) into (3.33). We then obtain

t
(05 M)11(t,0) = / ~T7' Tho <N00T01 + N01T11> + Ty <N10T01 + N11T11> ds- (1+ 0O(0))
0
More precisely, for ¢ € [1,00] and « € (0, 1), there exists C such that

10 M) (t. )Wy <C (175 ol (1ol P W]+ [ ¥on T )
+|’fﬁlﬁlo\|yqa|f01ﬂ\ + ||fﬁ1]\711f11ﬂ\\yqa} ds
<C /0 t (1ol (1Mool Tor W] + | Not T W)
+||J\~710||an|f01ﬂ| + ||ﬁ11f11W||an} ds.
Here the inequality (%) relies on the fact that

fn(o‘): Y — }/qa

v v {e(0), e ) (s P (6T 000)) Fre(o)

is a uniformly bounded operator for ¢ € [1,00] and « € (0,1). Using the explicit expressions of the

entries of ﬁgg(a) in (3.21) and the estimates on the entries of .4” as shown above, we derive the following

estimates,

t
—~ ~ ~ _d_2
/ I T10llv;e | Nool[Tn W]ds < C(g, a)|o*te ™27 | W |y,
0

A ||T10||Yq°"N01T11W|dS < C(Cbavﬁﬂ(j’ (\/m + |U| (1 —I—t)l_ﬁ e 27 tHWHYq’
t 1
~ ~ t2 _d 2t
| 1ol [ Wds < O o)t 47 W,
t t
[ 1T Wlypds < Claand) (146774 [ (=975 20s) o F iy,
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We now conclude that, for o € [—v9,70], ¢ € [1,¢], B € (%(1 — %),1) and « € (0,1), there exists
C(q,a, 8) > 0 such that

1
t2 4178 4 5 1 By M
1@ M)11(t, )y, —yp < Cla, 0, B)[————e 27" + (t2 1P e,

For vo < |o| < 4, g € [1,00], B € (3(1 — %), 1) and « € (0, 1), there exists C(q, a, ) > 0 such that

(06 M) 11 (2, 0)lly, s ye =IlI(id —E(U)ﬁ(a))eACh(”)(t_s)W(U)GAC‘“(”)SIIIYQ%yqa
t
<C(q, a,ﬁ)e_”m/ (t—s) %2 +572+1+|o|s'Pds
0
<C(g, o, B) (127 + t1 P~ 51,

Altogether, for o € [—%, %], qel,o0], B € (%(1 — %), 1) and « € (0,1), there exist C(q,a, 8) > 0 and
~ > 0 such that

1
tz +¢178 4 1 e~
1@ M1 (80l sy SOl B e 8 4 (2272 4 #1)e T, for all £ 0.

4 Linear estimates in physical space

According to the outline at the beginning of Section 3, we are now ready to derive the linear estimates
for entt, To be more precise, we first show by Fubini’s Theorem that

(1) <V’;,> — NI(t) + (&) ,

where M(t) is the generalized “inverse Fourier transform” of M(t, o). We then employ an argument
similar to, but more intricate than, Young’s inequality for the case of the scalar heat equation, exploiting

the linear Fourier-Bloch estimates in Proposition 3.7 and 3.8, to obtain the general LP—L¢ estimate on

our linear normal form e“ntt,

To this end, we first note that A, = gnf|e1xxj‘ and thus we have, by (3.8), for any (8, W) € ¢! x th7

Q _ L Apgt Q o Avnft Q _ g1 A\nfto" Q
///(t)(w)—e <W>_e W =F eIt W , for all ¢t > 0.

Recall the notation . (t) = ei?, the definition of .%,; from (3.2), and the definition of Avnf, Ay from
(3.6). In addition, by (3.12), we have, for any (6(c), W (o)) € L?(T;) x L2 (Ty, (%),

<eg“ft (\%)) (o) = eAni(@)t (%Z;) = .,E,”phd(J)_le‘zch(")tfphd(a) (%Zj)) , for a.e. o € [—%, %]
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To show that e“nf? is a generalized convolution, we first define M (t,o)’s “generalized inverse Fourier
g ) g

MOO MOI

transform” M (t) := ( .
My, My

), with expressions as follows

Moo (t) :=={Moo(t, )} jez == {/ Moo (t,0)e*™ do} jez,

I\J\H

Moy (t,y) ={Moi(t,y,4)}jez = {/ > (Moy)e(t, 0)e 0HWe2T7do ) ey,
2 ZGZ

Mo (t, ) :={Mo(t, z,5)}jez =15 / > (Mig)e(t, 0)e 07?0 dg} e,
2 (e

E
My (t,2,y) ={Mu(t,z,y.5)}jez =1{5 / D (Min)ey(t, 0)e O HOme Ot MURMI7 40 ey

T2 4nel
We then have the following lemma.

Lemma 4.1 For any (9, W) € 0! x X% and all t > 0,

an(g) = () = (Hog o).

where 5 3
Moy 0 ={>_ Moo(t, j — k)0r}jez,
keZ
My +W {Z/ Mo (t,y,j — k)Wk(y)dy}jez,
keZ
Mlo * Q :{Z MlO t7x7j - k')ek}jEZa
kez
My + W {Z M11 t,x,y,j — k)Wi(y)dy}jez.
kez

Proof. The proof is a straightforward application of Fubini’s theorem.

We are now ready to obtain the general LP — L9 linear estimates on .Z (t). We denote
X, = (LUZ, L9(T2,)))", for any g € [1,00],

and prove the following proposition.

(4.2)

Proposition 4.2 (general LP—LY estimates) For any 1 < ¢ < p < oo and (6, W) € £* x X, there

exists a positive constant C' such that, for all t > 0,

1 1_1 il _1y_ 1
<|///00(t)9||£17 |///01(t)W||£P> <C< A0 el 0 Wy, )
(

|10 x, |21 (W] x, 1+t>—%<%—5 3|0l 2T (141 Wx,
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Proof. We illustrate the derivation of the estimates on .#j; and sketch the estimates on .#yo and
M. Lastly, we show the estimates for .#11.

We first notice that, for any W € ij and 1 < ¢,r < p < oo satisfying 1 + % = é + %, there exists a
positive constant C' such that

T

1_1 . .
A0y YW lew < CI Moy (D)% | D sup [Mor(t,y,4) | [Wlx,. (4.4)

j ly|<m

In fact, by Holder’s inequality, we have

| A1 (W[5, =[| Mo, = W7, = ZIZ/ Mo (t,y,j — k)W (y)dy|?
jEZ keZ
<Z (

JEZ \k€EZ

Z/ [Non (¢35 — )7 (W) [ (1Don (89,5 — B)| TWik(y)[%) dy)

<M oy ()5, IWIRT D / [ Mo, (t,y, 5 — k)" W (y)|dy
jkGZ

<My (DI%," | sup D [Mou(t 9, DI | IWII,

ly ‘<7T]€Z

1

1
-1 11
<|@m) My )% | sup Y 1Moty ) | [W]x,

ly |<7T]€Z

Moreover, by (4.1), we have

1
- 2 .
M, (t < > (Mo1)e(t, o) H0¥|d / —e*ldg < . 4.5
[ My (8)]| x.e < sup | s ’eEZ( 01)e(t, o)e |do] < ,/ 1 1+t (45)

lyl<m J—3

Here we use the fact that any bounded linear functional on £5° can be viewed as a bounded linear
functional on /> with the same norm. We now estimate the X; norm of { My (t,y,7)}jez- By using
Proposition 3.8, there exists C' > 0, independent of the choice of y € [—7, 7], such that

U2\~ SVAVI
> ittt =3 (14 L2EE) T (14 U230 iy )

t
j#0 Jj#0

1 % (~_y)2
C(/lefdx) Z(1+%)\Mm(ty] }

N|=

N

J

= a’ aa MOI) (t O’)) —i 0+€)y| do (46)
[ ey

2 a=0 LEZ
= a—2co?t =

! e 1

<(Ctz d —
(/1 1+t 0+t/1
2 2

1

< t4—i—13 < C ’
(1+1t)a v+t

N
N

Ct

N
[ SIS

(t% +t172)2€—2502t 2
d
1+t 7

for all ¢ > 0.
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Here in the inequality (***), we applied Proposition 3.8 with ¢ = co and § = % (actually, any fixed
B € (3,3]). Combining (4.4), (4.5), and (4.6), we have that, for all 1 < ¢ < p < 0o and W € X,
there exists a positive constant C such that

Q

||\/ 1+ t%()l(t)wugp < Hﬂ”){q, for all t > 0.

(l_

[T
B =
—

(1+1)

For .y, the steps are the same as above but easier. For .#p, we point out two main differences to
the above calculation. First, instead of (4.4), we use

3

11 ™ 5 '
| #10(t)8|x, < ClIMyo(0)%.7 / > Motz )| dz | (6]l
\5

Second, to estimate the Y} norm of {Mlg(t,:c,j)}jez, we use Proposition 3.8 with ¢ = 1 and 8 =
%(actually, any fixed 8 € (0, %]), instead of g = occ and 8 = 3

The last step of the proof consists of deriving the estimates for .#1,. We first have

1_1 r
q p
1 . _ . _
-1 (H) W] x, <(27f)r< sup Sup!M11(t7w7yJ)\> sup Y | Mua(t, 2y, 5)| | I[W]x,.

[z],|y|<[m| JEZ el lyl<m ez,

On the one hand, we apply Proposition 3.7 with ¢ = oo and « > % and have

1
-~ 2 . .
sup sup [Mi(t, z,y,j)| < sup / |§ (Mll)zn(t,J)e’(”+g)$e_1(”+")y|da
2], ly|<|m| F€Z el lyl<inl /=3 ez

|~

<C(a) / (YOI —"

2
£ (14 1)

N

On the other hand, by applying Proposition 3.7 and 3.8 with ¢ = 0o, o € (%, 1) and 8 = %, there exists
C(«), independent of choices of z,y € [—m, 7], such that

1

1 1
. ) i+ =Y 2 2 j_i_ﬂ 2\ 2 .
Z |Mu(t,z,y,5) = Z (1 + W) (1 + (t27r) |Maa(t, 2, y,7)|

lil>1 li1>1

<Cti / Zt—ﬂz 5 (Mi1)en(t, 0)) € HO7ei MY 2 g

2 a=0 LneEZ

N|=

1
2

<C(a)it ( [ yedo+ [ @0 a)Hrywyado)

1
2
1
1 2
<Clajti |
t20(1 4 ¢)2 2

<C(a)— , for all t > 0.
«

m

27



Moreover, combining the above two estimates, we have that, for given o € ( %, 1), there exists C'(a) > 0
such that

sup Z |Mi1(t, 2.y, §)| <
el lyl<r “7

Therefore, for any 1 < g<p < oo, a € ( 1) and W € X+ o there exists C'(a) > 0 such that

C(a) 1
(1 H)é(iﬁ) to(1 4 ¢)t-«

|11 ()W x, < IW][x,-

Moreover, we can improve the above estimate for ¢ close to zero. Note that for the Laplacian operator,
we have the general LP-L? estimate for all ¢ > 0. As a perturbation of the Laplacian operator, .#11 has
the same estimate for sufficiently small ¢, which can be seen by using the variation of constant formula
as follows.

()W x, = [|(id — E * F)e’'W||x, < Clle” "W |y, = C|le* W[z,
where W = {W;(z)};ez and W(27j + x) = Wj(z) for all j € Z and = € [-m,m]. We now let
V(t,z) = e*W(z) and have

t
V(t) = ePomtwW / Do (=)' (1, )V (s)ds.
0

from which we derive

11_1 _l¢1_1 1L

sup 202 [V(O)lo < [Wilzo +CT' 2670 sup 263V (1)) o

0<t<T 0<t<T
Taking T sufficiently small such that C'T’ 1=3(G=3) < %, we obtain

C
AW 1o < o [Wilsa,
t2'a »
which implies that
C
| 211(H)W]| x, < ||W|]Xq7 forall 0 <t <T.

3G
Therefore, for any 1 < g < p < 00, there exists C' > 0 such that

C 1

G- (1 +1¢)

[ 2nOW]x, < <
t2

Wl x, -
|

Remark 4.3 By (4.1),(4.2) and a similar argument as in Proposition 4.2, it is not hard to conclude
that, for any j € Z*, 1 < ¢ < p < 00 and (8, W) € {1 x Xz, there exists a positive constant C such
that, for all t > 0,

\Iﬁ///oo(t)Q”ep ||5Zr///01(t)w,\ep
|0% A10()0|x, 0% 11 ()W | x,

_1 l,, _1¢1_ 1.,
<C< A+ 2T g (W )
X _ 161 1 _ 11 1 J .
(162G D gl 2G40~ W,

(4.7)
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5 Maximal regularity and nonlinear stability

In this section, we prove the main theorem—Theorem 1. To achieve this, we first introduce a Banach
space that our argument will be based on. We then collect several maximal regularity results since the
normal form system is quasilinear. Based on our normal form and the general LP — L9 linear estimates,
we can apply a fixed point argument to the variation of constant formula, thus obtaining the nonlinear
stability result.

We choose r € (4,400) and define
Z = (6. W) € C((0,+00), £ x (Xen N Ty, (H?))) | [1(8: W)|z < o0},
where
18, W)llz =sup ||6(¢)l¢r +sup(1 + £)2[10()]]e + sup(l + £)[16%0)

1 5
+sup(l+1)2|[W][x, +sup(l +)[W][x., + +sup(l + )46, W]|x,
>0 >0 >0

1/r

n (/000(1 +t)7“||5+8mW(t)ll§<2>

Here we have 62 := §_d,, where é4 is defined in (2.20).

Lemma 5.1 (maximal regularity) For any given T > 0 and r € (1,400), there exists a positive
constant C such that the following holds. If (n,v) € L"((0,T),4* x X5) and if (0, w) satisfies

00\ _ [ (1)),
(W(t)>_/0///(t )(V(S)>d, te 0,1,

T T -
/ 10saw()[%,df < C / (Il + Iv(0)llx.)" dt.
0 0

then

Proof. The result follows from the standard maximal regularity results on the Laplacian operator and
the robustness of maximal regularity with respect to lower order perturbations. To see that, we first
recall ./ (t) = et where Ay is defined in (2.22). By [13], maximal regularity holds when we replace

An¢ by Ag, which is defined as
0 0
Ay = .
0 (o D8m>

Viewing A.¢ as a perturbation of Ay, we have

00\ [ (1Y g [t (o (09 L (2)) o,
<w<t>> I )<v<s>>d / (“““‘ ) <w<s>>+(v<s>>>d'

Then by the maximal regularity property of Ag, we obtain

T T "
| lomwiar<c | <H<Anf—Ao> (j((i))) ety + 1 (ZE%) ugm) ds.
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We observe that, for any € > 0, there exists K (e) > 0 such that

0 0 0
[I(Ant — Ao) <> 2 x, < €] Ao () ez x, + K (€] () ez x,
w w w

In addition, it is straightforward to see that

oo\, T (n®) .
/0 | (W(ﬁ) o, dt S C/o | (V(t)> i, dt

The conclusion follows by combing the above three inequalities and taking e sufficiently small. [ |

We also prove a corollary which will be useful in the proof of nonlinear stability.

Corollary 5.2 For given o € R and r € (1,00), there exists a positive constant C such that, if

00\ _ [t e (1)),
<w<t>)‘ L )<v<s>)d’ =t

/1 (14 1) Draw (1), dt < C / T 0 (@)l + 1v)]x)" d.

then

Proof. We first note that, for t € [n,n+ 1), n € N\{0},
<i(<tt)>> - ([, ‘/:> A=) (ZED @
_ (/Ot—nH - /Ot‘”> M(E—n+1-s) <Z((Z: i i g) ds.

Applying Lemma 5.1 to the above expression, we obtain

n+1 n+1 ,
/ 18w (1) 5, dt < C / (0 + O] .

The conclusion follows from multiplying both sides with n® ~ (1 + ¢)* and summing over n € N\{0}.

|
Lemma 5.3 If (6, W) € £ x (X4 N ﬂcgl(H2)), the solution of the linear system
0(1) By
=t
(W(t)> €) <W0>
belongs to Z and there exists a positive constant C1 > 0 such that
6(t) 0
|| (W(t)> Iz <Gl (vﬁ) [P — (5.1)
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Proof. By Proposition 4.2, it is straightforward to see that

C
|- #00(t)0 i < Cll0o]l e, | A0 ()Wl < m\\ﬂonu
C C
|- #00(t)8] e < WHQOHW |01 (1) Wl geo < 1 H\Ifonu
C C

16% A00(t)8o | > <

N

2
WHQOW% 6= 01 () W, |2 WHWOHXN
C C

[-#10(8)8o | x, < WH%H% Il (O Wollx, < 7 1Wollx,,
C
[#10(t)8 || x. < 1+t||90||£ : Il () Wollxoo < 777 I1Wollx-

Moreover, we have

0
16+ 0 W (8) 1 x, < CIl6 Aot (1) (V§ ) e,
RAN()

0 0
< O(I6 Augott (1 (“3 ) s + 113 (Aut = Aot (1) (V;; ) lezsx,):
YVo ~*0

We need to show that the two terms on the right hand side of the above inequality decay sufficiently
fast. On the one hand, we claim that

Qo c QO
|04 Ang A (1) <W0> lle2xx, < @H (W) s 71 (a2, for all £ 20

Actually, for t € [0, 1], the above inequality is true since d; is bounded and

0 0 0
HAnf'ﬂ(t) <‘A?0> ||€2><X2 g CHAnf (“%]) HZQXXQ g CH (&) HEQX:ZEI(HQ)'

For t € [1,00], we first point out that, to show ||Ane.#(t) = AnfeAnft|H£2><X2 decays with rate ¢!
as t goes to oo, we only have to show that the supremum norm of its Fourier-Bloch counterpart
;{nf(U)M (t, o) decays with rate t~! as t goes to oo, just as in the scalar heat equation case. This is true
by applying the steps in Lemma 3.4 and Lemma 3.6 to ;{nf(O')M (t,o). Second, it is straightforward to
see that the discrete derivative operator d,. gives an extra t~ /2 decay, which concludes our justification.
On the other hand, we have the explicit expression, using that d; and A,s, Ag commute,

b\ ([ O o, T 640(t)
04+ (Ant — Ao) A (1) <V\?0> - <AChE* ' (u,) —+E * 5+F> (5:“/'(0) .

We apply Proposition 4.2 again and obtain

C
I A E * (0:0(1)) [l < C||8%0(1) ]2 < ETE (8oller + 1Wollx,)

—
N

£ (w) 6+ W) [l x, < ClIos W (H)l|x, € ——(l6pller + [Wollx,)-

(1+1t)3
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In addition, recalling that I" is defined in (2.20), we conclude that, for any € > 0, there exists K(¢) > 0
such that

16+T(0+ W.(#))llx, < Cll020+ W(H)]| x, < €040z W.(#)[|x, + K ()[04 W2 x-

Therefore, by choosing e sufficiently small, we conclude that
C
15+ 053 < = (10l + 1ol )
which shows that

</0°°(1 + t)r“5+ame(t)“7‘X2dt)

This proves the lemma. u

1/r
< C (180l + [Wo 712, ) -

Lemma 5.4 For [|(0(t), W.(t))|lz < €, where ¢ is sufficiently small (0 < e < €g), there exists a positive
constant Cy > 1 such that

t 0 s s
I [ s (ll\fw(<§((s>)”‘(,vv((s))))> dslz < Call ), W(H)[3. (5:2)

Moreover, for (6;, W), (85, W5) with their norms in Z smaller than e, we have

N W (9)) — N (), W (s))
I, =9 (Nw<el<s>,wl<s>> —Nw<ez<s>,w2<s>>> dollz

2
<Cy (Z (9j(t),Wj(t))z> 1(61(t) = Oa(t), W, (t) = Wy (1))l 2-
j=1

Proof. We start with proving the estimate (5.2). The proof is fairly straightforward. The strategy is
to use estimates for the linear part .# (t) in Proposition 4.2, the estimates for the nonlinear terms in
Lemma 6.2 from the appendix, and the maximal regularity estimates in Lemma 5.1, Corollary 5.2. For
simplicity, we denote

N’(s) = N(6(s), W(s)), NY(s) =N"(8(s), W(s)).

By Lemma 6.2, we have that

IN?(s)ller < a fs)g I(6), W ()% + m(:)f,lll(ﬂt),w(t))llz(l + 8)[16+- 022 W (s)||xo,

IN?(s)llee < a fs)g I(6(), W ()% + mi)gll(ﬂt),w(t))llz(l + 8)[16+- 022 W (s)|xo,

INY(s)llx, < ﬁ\l(ﬁ(t%ﬂ(i))l\z + ———1(6(t), W)l z(1 + $)[[0+ 02 W (s) | x.,
S (1+s)4

IN™(8)[|x, < =116(2), W(t))l|Z + L;II(Q(t)vﬂ(t))llz(l + 5)[10402a W (5) | x -
(1+4s)4 (I+s)2
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We also exploit the linear estimates from Proposition 4.2 and obtain the following estimates.

t t
N=| / Mot — N (s)ds |l < C / INY(s)]| 1 ds,
0 0

FIN(s)lx
Ny = \/ My1(t — )NV (s)ds|[p < C’/ 71d s,
(1+t— s)
t N9
Ny = (14 1)} H/ M (t — sNO(s)ds e < C(1 +t)é/ Nl
0 (14+t—s)2
it w 1T INY(s)x,
Ny=1+t)2| | Api(t—s)NV(s)ds|lpe < C(1+1t)2 | ———"Lds,
0 0 1 + t—s
t t NG
N5 =(1+ t)?l]]52/ Moo(t — )N (s)ds 2 < C(1+ t)% / L'S)Hﬂds,
0 0 (1+t—s)1
t t NWY(s
Ng = (1+t)i|]52/ My (t — )NV (5)ds]|, <C(1+t)i/ IN"()llxs
0 0 (I1+t- s)
(5.5)
o[ 0 L[t IN(s) ]l
N7 =(1+1t)2] Mo(t — s)NY(s)ds||x, < C(1+1t)2 ——————ds,
0 0 (1+t—s)2
t t NW
Ng = (1+t)é|y/ M1 (t — s)NY (s)ds||x, < C(1+1)2 ”1(5)”’(1@1 ,
0 + t—s
t t NG
Ny = (1+t)i|]5+/ Moot — )N (s)ds]|x, <C(1+t)i/ L‘“")””ﬁds,
0 0 (14+t—s)4
t t NW
Nip=(1+ t)i||6+/ A1 (t — )NV (s)ds||x, < C(1+ t)% / %ds,
0 0 (14+t—s)2
NO
Nyp=(1+1) H/ Mo(t — )N (s)ds||x., < O(1+1) / Hl T _HKI
t t Nw
Nig = (1+1)]| / M (t— )NV (s)ds||x, < C(1+ t)/ IN(5)llx, Tds.
0 0 (1+t—s)(t—s)2
At this point, we substitute (5.4) into (5.5), estimate the resulting integrals, and find
N; < ClI(8(1), W(t))||Z, for all 1 < j < 12. (5.6)
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The calculations establishing the estimates for Ny, ..., IN11 are based on the following elementary
integral estimates.

/t1 1d<0/21d+0/z1d

s < s s.
o (14+t—s)>(1+s)P 1+t Jy (1+5)8 1+t)8 Jy (1+s)
For the estimate on Njg, we just need to show that the following integral expression

e\ 12
. 1 1 t 1 1 r—1
Mt = (1+2) /o(1+t—s)(t—s)%1+8d5+ /o<(1+t—s)(t—s) <1+s>i> "

has a uniform upper bound for t € (0,00). First, for all ¢ € (0, 1], there exists C' > 0 such that,

h(t) < 2 (/Ol(t— s)"2ds + (/01(t_ s)‘zxf—nd(s)l_i) <C

Second, for ¢ € [1,00), we have

t 1 1 501 t 1
(1+t)/ g © 1/2 ds+0/ _ds
0 (1+t—s)(t—s)z1+s (1+t)2Jo L+s L (I+t—s)(t—s)2

0 (1+s)s2

Similar arguments show that the second part of h(t) is also uniformly bounded on [1, 00).

[SIE

N

The estimates on Ny, ..., N12 bound the Z-norm of the left-hand side of (5.2), except for the maximal
regularity component. Thus it remains to show that

( JACE: t>r|r<s+aw<t>||&2dt) " <ol Wl (5.7)

where

t
W (t) = / Mo(t — s)N(s) + 11 (t — s)NY (s)ds.
0
For ¢ € [0, 1], by maximal regularity in Lemma 5.1, we have

1 1
/0 (14 0)7 (64000 (1), <C / 100a (1) [, dt

1 T
<C/0 (HNe(t)H@—|—HNW(t)HX2> da (5.8)

<CI(O), Wt)IIZ -

For ¢t € [1,00), we split # into two parts, that is,

W - </0t1 +/tt1) Mot — s)NO(s) + 1 (t— $)NW (s)ds = Wi + W,
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By Corollary 5.2, we have
/ (14 1) 6400 #a () |, dt <C / (14 0)7 [ 9a #a () |, dt
1 1

<C/Ooo(l +1)" <||N0(t)||e2 + ||N“’(t)HX2)rdt
<C)(@t), W(t)|Z -

By similar arguments as in Lemma 5.3 and with the condition that ¢ — s > 1, we can show that

16 0rs (-0t~ )N(s) - n(t — IN"(9)) 1, € ——— (IN(5) s + IN™ ()],
(1+t—s)4
< 100 WOz (100 W)z + 1+ 95,0, W)x, )
(1+t—s)i(l+s)1

As a result, we obtain

t—1
(1L+ )64 004 (B)]x, < (14 1) /0 184 0rs (Ar0(t = 5)N(5) + 1 (t = )N (5) ) [ x, s

t—1
<(1+1) / O 1O W)z (100, WD) 2 + (1 + )840 W (s) | x,) s
0 (I+t—s)i(l+s)2
<% e, Wy,
(1+1)]

which immediately implies that
/1 (L4 0)7 84 Bas WA (), dt < C|| (B(8), W) |2

Together with (5.8), this establishes (5.7) and concludes the proof.

In a completely analogous fashion, one establishes the Lipshitz estimates. [ |

We now prove our main theorem.

Proof of Theorem 1. The proof is a fixed-point-theorem argument. We first recall the variation of

60\ (00 [ (N
(w@) ) <w0> [t (Nw<9<s>,w<s>>> o

Let & be the right-hand side of the formula, that is

0(t) \ _ ( "o [ NO), W) )
o (W(t)) - (W) v )(NW<0<s>,W<s>>> o

Assume that now the initial value is sufficiently small, that is, for some small € > 0,

constant formula,

—
V)
~—

(80, Wo)llerx(znz—1(m2y) < €.
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If (6(t), W(t)) € Z with norm smaller than e, we know that

0(t)
iz (W(t)) € Z.

By Lemma 5.3 and 5.4, we have that

|1 <‘§,‘2)> 2 < Cre + Gl (féi;) 1 65:9)
Moreover, we have
|2 (;ﬂ,%) 2 (&,%) Z 16,0, W, 012 | 18:6) — 8a6). W, (8) - Wa0))].
(5.10)

We denote B = {V € Z | |V|z < R}, where R = min(2C¢,¢). We now take € > 0 small enough so
that 2C3R < 1 and readily conclude, based on (5.9) and (5.10), that #(B) C B and that & is a strict
contraction in B. By Banach’s fixed point theorem, there is a unique fixed point of &2 in B, denoted as
(0(t), W(t)). Then (6(t), W(t)) is a global solution of (2.22), and if we return to the original variables,
we obtain a global solution of (1.2) which satisfies the decay estimate in Theorem 1. This concludes
the proof. [ |

6 Appendix

6.1 Estimates on nonlinear terms

In this section, we derive the estimates on the nonlinear terms N and NV in our normal form (2.21).

Lemma 6.1 For |W]|x
creasing function C(g) > 0 such that, for all 1 < p < 0o, the nonlinear terms in system (2.21) have the

N8l < e, where € is sufficiently small(0 < e < €g), there exists a nonde-

ch?

following estimates.

1 0
INY <C(e [ Z 1(5:40) j+x|* + (Z |9j+kr3) <Z |<5+9>j+k|)

k=-1 k=-1 k=—1

1
+ < Z |9j+k:|> <‘(5+W)j(—ﬂ)‘ + ’(5+3mW)j(—7T)!>

k=-1

Wl (55 W), ()| + W2 HLP],

(6.1)
1
INF[|zr <C(e [(Z (640 J+k|> <Z |9j+k|> + 105 [1W | e
k=1 k=1
1 1
+ ( Z |9j+k|> (Z |04 W)k (—m)| + |(5+5xW)j+k(7r)|>
k=1 k=1

+ Wil | (64 W) (=) + [ W] o + NG|+ NG| + ‘N?—1|:| :
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Proof. We point out that throughout the proof, we repeatedly exploit the fact that the L? scalar
product of an even function and an odd function are zero. We also recall that u, is even and u,q is
odd. By equations (2.9),(2.10) and (2.21), we obtain

N =I; + (II; + ITI; + IV; 4+ V;) .%; and
0G;
OW;

w_ (g 090G\
NV = VIj+V[Ij+V[IIj+IXj+

J oW, —L X, ) , Where

1

S = (=1+(Wj(z) + Hj(2), uq(z - 0;)))
G; =G(0;, W;) = (W;(2), Uad(z — 0;) — Waa(2))9(z — 05);
Ij =(=5 = 1)(6+:TW)j;
Ij = = (Wji1(=7) = W;(=m), D (uq(m — 0;) — wq(m))) ;
IIT; = (0; W g1 (—7) — 0, Wj(—7), Duag(m — 6;));

1V; =(0,H;(m) — 9, H;(—), Duaa(m — 05)) — (Hj(m) — H;(—7), Dujq(m — 05));
Vi =(9(0;, W; + H;), uaa(x — 6;));
VI =A(H; — (E x0););
VIL =~ (B = w,(z = 0;)0;) = (Ex0); + (W, (@), ua( — ;) — waa (@) — 05) ) ;
VIII; =(E * (6,TW —0));;
IX; =40, W; + H;) + [f'(u.(z — 0))) — £'(u(2))] (W; + Hy);
Xj :A(E*Q)] + AW]' — (E* (5+Fﬂ)j.

<.

We recall here that E is defined in (2.18) and point out that the term in VII; involving Wj in fact
cancels with a contribution from Hj. We now prove the estimate of N?.

Estimate on I;: |[;| < C(e){ [(0+8);] + [(6-0);] + [[Wllr ) [(6+ W) (=)

We first recall that H; is defined in (2.10) and (2.13). We claim that the number ¢;, appearing in the
definition of H as in (2.15) and (2.16), can be estimated as

lcj] < C(e)

(620);1 + (!( 01 +1(0-9); ) Z Oj ik + 105][[W !Lp] ,

k=-1
where we use notation §2 = §, 6_. In fact, we have
(@) (We(a + 0j = Oj41) — Wl + 05 = 0j-1)), waa ()] < C10:0);1* + |(6-0);1);

|<C
[((¢(z +0;) — (@) (ue(z + 05 — 0j41) — ui(@ + 6; — 0;-1)), Waa())| < C16;[(|(5+0);] + [(6-6),]);
[{(w (@ +0; — 041) + wu(z + 05 — 0;-1)), waa(2))] < C|(6°0);.

We also have |H;(z)| < C(e) <|(5+9)j] +1(6-0),| + ’6j’”Wj”Lp>, from which we obtain the estimate.

Estimate on I1;: |II;| < C|0;*|(6-W);(—)|.
This is straightforward.

Estimate on I11;: |I11;| < C0;]|(0+:0;W);(—m)|.
This is straightforward.
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Bstimate on 1Vj: [1V3] < C [(540),2 +0-0),7 + 16:8); + (6-0)1 (1672 + 8, + 16511 )|
We first simplify IV; and obtain

1 1
IVj =5 (u(m = Oj1) = w(m = 0j-1), Dutaa(m — 05)) = 5 (ue(m = 0j1) = uu(m = 0j-1), Duga(m — 05)).

Then, it is not hard to see that

1 1
B <ul*(7r —0j41) — Wy (m — 601), Dugg(m — '9]')) -5 <u*,ae(7f)(9j—1 —0j11), —Dugd(ﬂ)9j> ‘

<C (10,131 = 6311+ 18,16501 — 6,1 ).

% (= B541) — el — 051), Duta(m = 05) ) = 5 ( S1e00(m) (O34 — 62_.), Dy ()
( ) -3 )

<c(w;*-+1 10,2167 — ei_n),

1/1
(e (06,1 = 6y10), ~Duta(8; ) = 5 (e w1~ 02). Dutr) )

= N

(1woan(m). Dutm) ) 6202 - (0,2,
which establishes the estimate on I'V; as claimed.

Bstimate on Vs V5] < C(6) (15,017 +1(6-0);7 + [W311s ).

Noting that |V;| < C(¢)||[(W; + H;)?||» and applying the estimate of H; to the inequality lead to the
above estimate.

Estimate on .%j: |.%;| < C(e).
This is straightforward.
Combining our estimates of I; — V; and .#;, we obtain the first inequality in (6.1).

Now, we have to show that the estimate of N7 in (6.1) is true.
Estimate on VI;:

1
(\wm n \(6—9)j!> S 16545+ 1651W 10

k=-1

VI;i| < Cle)

First, for f 2m-periodic and smooth, we have
|[f(x = 61) = f(x = b2) — f'(x) (62 — 61)] < C(102 — 61> + [62][02 — 61 ).
If in addition, f is odd, we have
|£(61) = f(82) — ['(0)(61 — 62)| < C|65 — 67].
The latter implies that

10,1 <CE@ (10105 + 10-0) + 6,1W; 1 ).

l¢j =
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Moreover, by the former inequality, we have

VI <C<|(5+9)j\2 +1(0-0);1* + 16;11(0+:0);] + \9jH(5—9)j!) + |cjA(x — 0;) — *(52 )jAY(z)

<C(e) ((u) | +1(6_6); > Z 10+] + 165 W; e

k=-1

Estimate on V1I;:

\VII;j| <C

(21: |9j+k|> (Zl: \9j+k\> + éjHIWjIILp]

k=—1 k=-1

Noting that (E * 0); is the linear part of H; + u,(x — ;) — u,(z) and there is no term invovling W
in VII;, we have

) . ) . 1 .. .
VL] < (65ad30al + 185110511+ 1651651) + e (o - )8 + |1 0%8)006) ~ Ervta ~ ).

where ch =¢j+ <Wj(96), Upd(z — 9]') — Uaq(T)).
First, we note that

’c,w’(:c 6, ‘ <Clé4]

(8%0);] + (!(5+9) | +1(6-8); > Z Ok + 1051 [W; ||LP] :

k=-1

Moreover, we claim that

1
&5 <C 184851 + 1(6-8);] + (Z !%w!) (Z \9j+k\> +\9j!HWjHLp] :
k=-1 k=—1
1
&= 5 52 (Z \93+k\> <Z !9j+k!> + |9j\HWjHLp] :
k=—1 k=-1

In fact, we have
00+ 6; = B502) = o+ 6, = 65-1)) waa(o))| < (10200116811 + 10-8),110- )1 ).
0+ 070004 6, = 0300) = o+ 05 = 0,-1)) waa(o))| < U1 (160:51+16-0)1).
(6o +6,) = )+ 65— 6500) = e+ 65 = 65-1)) waa )| < 11 (16028)1-+16-011).
(a4, = 0500) + a4 6, = 652, )] < € (100,8)1+16-0)1).

(i 465 — B41) + i+ 0 — ;1)) waa2)) + 6%, < c(\<a+e>ju<a+é>jr T \(5_9>ju<a_é>jr),

which establishes the claim and thus the estimate on VII;.
Estimate on VIII;:

VIIT| < C(Ner FING |+ |N§’»_1|>
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The calculation is straightforward using the expressions for K; and 9]

Estimate on /.X;:

|IXJ| < Cle

1 1
<Z!(59)j+kz|) (Z |9j+k> + 1051 W]+ 165 W | 2o + |Wj|2]
k=0

k=-1

The calculation is straightforward using the estimate on H;.

. 9G,
Estimate on oW,

ol < (e|2(5+ej+k|+|<6+w>]+k< >|)+<ij<x>,uad<w—ej>—uad<m>>)-

k=-1

Integrating by parts, we have

(AW j(2), Uad (2 = 0;) = Waa(2)) =(W;(2), A" (taa(z — ;) — Waa(2)))+
(02 W1 (=m) = 0: Wi (=), D(taq(m — 0;) — Waa(7)))—
(Wit (=m) = W;(=m), D(ugq(m — 0;) — ugq(m))).

Thereofore, we have

0G; :
ow, il < €101 ( > (|(5+‘9)j+k| + |(5+W)j+k(—7r)l> + Wil + |(5+8xW)j(—7r)l> :

k=—1

Estimate on (i ]) L: For any @ € ¢*° and p € [1, 00}, there exists a constant C' > 0 such that

9Gj 1
I <C.
Cid = 5 s
Combining estimates on VI; to 1.X}, 6\?’\, and (i gvcz', )~!, we obtain the second inequality in (6.1).

Moreover, we have the following lemma.

Lemma 6.2 There exist C > 0 and n > 0 such that, for all (8, W) € Y with its Y -norm smaller than
n, we have

IN(8)]lr < —— 7 [10(t), W) + %H(Q(t),ﬂ(t))lly(l + )[04 020 W ()| x
(1+s)2 (1+4s)2
IN?(s)]l 2 < L;H(Q(lt)aﬂ(t))HQy + L;H(Q(lt),ﬂ(t))lhv(l + 8)[104 022 W (s) | x,
(1+s)2 (1+s)2
INY(s)]lx: < 1i$\|(9(t)7W(t))H?/+ a —fs)i 16(8), W)y (1 + 8)[10+ 0ne W (s) | X
N () xs < — s [10(t), W) + L;H(Q(t)yﬂ(t))HY(l + 8)[104- 022 W ()| x -
(1+5)i (1+5)}
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Proof. The estimates are obtained through a direct calculation from the estimates in Lemma 6.1. We
sketch the computation for |[N?(s)||,1, and the others follow similarly.

First, for terms only involving @, we notice that

1
Z| (6+0)] 29 5°0); < 1012|670l 2 < ——— 1(6(t), W(1)) I3,
jez jez (1+s)2
3 1 1
> 10;21(64:0)51 < 10117 18]l 216+l < 11017 16]] 211520112 < m“(ﬁ(t),w(t))ﬂilﬂ
jez

Second, for terms involving W, we observe that

=

s 2
S 1651609, < 8l | 3 ([ 0ue W) - s
JEZ JEZ -
< V2861 00s W]
<Y o),
(1+s)1

|0;]1(64+ W) ;(—)|, we have

W)y (1 + 5)[|0+ 022 W (s)]| x,-

Similarly, for 3.,

D106 W) (=m)| < V2|6l 21640, W | x.-
JEZL

Using the “homogeneous matching boundary conditions ” (2.11), we have

NG

16,0, W, = (-3 / (6, W), (1) (6 00 W), (2)da

JEZ
1 1
< ||5+ﬂ||§(2||<5+0mﬂ||§(2
<04+ Wllx, + |04 022 W]|x,-

We plug the latter estimate into the former one and obtain that

S 16116, W3 (—m)] < Va8l <H5+WHX2 T |16+amwux2)

JEZL
V21 V21
< 0@), W)} + ——5 (0(t), W.(t))[ly (1 + )[|04 00 W (5) | .-

(1+s)2 (1+s)4
For 3.7 [Wjlle[(64+ W);(—=m)|, we take p = 2 and follow steps as above, obtaining the following
estimate.

V2r V2r

D Wil 2] (6: W) (=) < 5 1 (06), W) [T +——— [ (0(t), W (1)) [y (1+5) |6+ s W (5) |
= (1+35) (14 s)1

For > .z ||W]2HLP|, we take p = 1 and obtain that

1
D IWE I < W%, < ——11(8(6), W(0)|3-
JEZ (1+s)2

Combining the above estimate, we establish the first inequality in the lemma. [ |
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6.2 Bloch wave decomposition

In this section, we present the Bloch wave decomposition of the linear operator A. We first recall that
A, as in (3.1), is defined as

A (H*R)" — (L*(R))"
v —  DOypv — f'(uy)v.

We introduce the direct integral [17, XIII.16.]

#: L*(Ty, (L*(T2r))") — (L*(R))"

U(o,z) — iU (o, -)do’ (6:2)

€Ty ¢

The direct interal is an isometric isomorphism with inverse
21 (PR) — LZ(TL (L?(T2r))")
u(z) = Y pegm €°7U(0 + 0).
The following result from [20, 14] characterizes the Bloch wave decomposition of A.

Theorem 2 (Bloch wave decomposition) The linear operator A is diagonal in Bloch wave space.
To be precise,

B 'AB=A= | B(o)do, (6.3)

NI

where by A = f2 o)do, we mean that, given any u € L*(Ty, (L*(Tar))"),

11
(Au)(0) = B(o)u(o), a.e. o € [—5, 5]
Moreover, we have the following spectral mapping property.

spec(A) = spec(A) = | ] spec(B(0)). (6.4)

O’G[—%,%]

6.3 Spectral properties of {A.,(c)}

UE[ 2,2}

We recall that Ag, (o) is defined in (3.9) as Aw(0) = %, B(0).F; !

n

and Y, in (3.15) for 1 < ¢ < oo.
We are concerned with their spectral properties as unbounded operators in Y, which is useful for the
derivation of the estimates for M(¢,0) as defined in (3.23).

We first show the well-definedness of A, h(o) in Y; in the following lemma.

Lemma 6.3 For any given o € [—3, 3], Aen(0) is an unbounded closed operator in Y, that is,

Aa(0): Do(Am(0)) CYe —> Ys

6.5
w — {—(U + E)QDWg + ZkeZ hZ—ka}Ze% ( )

where Zo(Aa(0)) = {w € Ya | {(1 + m*)Win}mez € Yo} and b = {hy}beez = 3= [T £/ (u.(2))e " da.
Moreover, gch( ) can naturally be considered as an unbounded closed operator in Yy, with 2, (ﬁ (0)) =
{we Y, | {(1+m*) Wy tmez € Yy}, for all 1 < g < .
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Proof. The expression for gch(a) in Y5 follows from a direct calculation. The extension to Y, fol-
lows from the fact that the set {w € Y, | w has finitely many nonzero entries} is dense in Y, and

~

Dq(Acn(0)), for all g € [1, 00]. [ ]

We then have the following proposition.

Proposition 6.4 For any fized o € [—%, %] and p € [1,00], gch(a) defined in Yy is sectorial and has

compact resolvent. In fact, there exist C > 0, w € (7/2,m) and Ay € R, independent of o and q, such
that the sector S(Ag,w) ={A € C|0 < |arg(A — Xo)| S w, A # Ao} C p(Aen(o)) and

~ 11
Il(Aen(o) — )\)_1H|Yq < CIA = ol ™Y, for all X € S(\g,w),0 € [—5, 5] and q € [1,00]. (6.6)
Moreover, for any fired o € [—%, 3], the spectrum ofgch(a) is independent of the choice of its underlying

space Yq and thus denoted as spec(Acn(0)), for any q € [1,00], with spec(Aw (o)) = spec(B(0)),
consisting only of isolated eigenvalues with finite multiplicity.

Proof. We view A\Ch (o) as a perturbation of the Laplacian in the discrete Fourier space, that is,

o~

Ach(a) - L(U) + H,

where L(o)w = {—(c + £)*Dwy}ecz and Hw = {3, ho_gwiteez. It is straightforward to verify
that the proposition holds for the Laplacian L(c). We only have to show that the perturbation H is
good enough to preserve these properties. Noting that H € £ ((¢P)") for any p € [1, oo] with its norm
uniformly bounded, we have, for XA € p(L(c)), |A| sufficiently large,

(Ap(o) =Nt = (L(o)+ H -\ = (L(e) = N7 Hid + H(L(o) = X))~ (6.7)

All assertions in the proposition easily follows from this expression (6.7), except for the fact that the
spectrum of A (o) is independent of q.

To prove this property, we denote the spectrum of ﬁch(a) defined on Y; as spec(ﬁch(a),q), which
consists of eigenvalues with finite multiplicity, accumulating at infinity, only. Given any eigenfunction

v = {v;}jez, v belongs to 1Yy since v are smooth, that is, v; decays algebraically with any

g€[l,00

o~ o~

rate. This establishes spec(A(0), q) = spec(A(o),p), for any p,q € [1, <]. ]

6.4 Perturbation results

We apply perturbation theory to the Bloch wave operator B(o) for o near 0 and obtain more detailed
spectral information, including the Taylor expansion of d in Hypotheses 1.2.

To this end, we define
F: [-3,3]xCxH? — L?
(o, A\, W) —  (B(o) = \)(w+ul),
where H? = {w € (H*(T2:))" | (w,u}) = 0}. A standard implicit-function-theorem argument shows

that there are a small neighborhood of o at the origin and a smooth function (A(c),w(o)) with
(M(e),w(c)) = 0 on this neighborhood such that F (o, \(c),w(c)) = 0. We denote e(c) = u), + w(o).
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Similarly, replacing B(o) with its adjoint B*(¢), we obtain a smooth continuation of u,q, denoted
as e*(0). Without loss of generality, we can assume that (e(o),e*(0)) = 1. Moreover, we have the
following proposition.

Proposition 6.5 There exist positive numbers vy and 1 such that for any |o| < vy in R, B(o) has
only one simple eigenvalue within the strip |Re A| < v1 in C, which is exactly the continuation A(o) of
the eigenvalue A(0) = 0. Moreover, \(c) has the Taylor expansion,

Ao) = —do® + O(|o ),
where —v1/4 < —2do* < Re\(0) < _%‘727 for all o € [=0,70] and

.0%(0, z)

d= _<21W —u(x), Duyg(7)).

Proof. We first derive the explicit expression of d. To do that, taking first and second derivative with
respect to o of F(o,\(o),w(o)) = 0, taking the inner product of the derivatives with u,q and letting
o =0, we have

N (0) = (B(0)9,e(0,x) + 21D (x), uaq(z)),
N'(0) = (B(0)9%€(0, z) 4 (41D, — 2X(0))d,e(0, x) — 2D, (z), taq(z)).

Noting that span{u,q} L Rg(B(0)) and the inner product of an even function and an odd function is

always 0, we have
N(0)=0, M(0)= 2(21M —ul(z), Duyy(z)).
0x0o

It remains to prove the uniqueness of the eigenvalue of B(o) in a vertical strip centered at the origin
for sufficiently small o. First, there is no eigenvalue within the strip far away from the origin due to
the fact that, by Proposition 6.4, spec(B(c)) is in the same sector for every o € [—3,3]. Secondly,
the uniqueness within a small neighborhood of the origin follows from the above perturbation results.
For the region inbetween, compactness and the local robustness of resolvent guarantee the absence of
eigenvalues within this area. [ |

Remark 6.6 (i) We stress that we may choose vy as small as desired.

(ii) The uniqueness implies that, for |o| sufficiently small, N(o) is a real number since its complex
conjugate is also an eigenvalue.

6.5 Properties of analytic semigroups {egch(”)t}ge[_%é

In this section, we will derive various estimates on e4<h(?)t We first note that by [5, 1.4] the interpolation

~

space Zy(Aen(0)®) is independent of o,
Zo(Acn(0)*) = {w € Yg [ {1 +m®) Wintmez € Yo} =Yg [wllve = [{(1 +m®) Wit mezlly,.

We then recall the definitions of Y; (o), Ygs(0), Ac(o) and Ag(o) from (3.18). We now have the
following proposition.
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Proposition 6.7 For every q € [1,4+00] and o > 0, there exist positive constants € € (0,1), v2, C(q),
C(a) and C(«,q) such that

e ly, .y < &5 for all |o] < 0, > 0,
[l t|HYq,C<(,)—>Yq°‘ < Ca)e 27", for all |o| < 7o,t =0,
Weﬁs(ff)tmyqs(o) < COlg)e 2t for all |o] < vo,t >0,
e Dllvyyrp < Clana)t™e M2, for allfol < 50, >0,
e}y, < Cl)e™ ™, for all o] < 0.t >0,
Jleer f’>t|||yq < Clg)e™, for all o <lo| < 3,1 >0,
o3y, e < Ol p)t~ e, for all 70 < |o] < 5, > 0.

Proof. We first derive estimates for the case |o| < vp. For A, (o), we have eAc(@)t — A, The first
two inequalities follow directly from the fact that Re A(0) < d 02 and e(o) is smooth, by Proposition
6.5, for |o| < o

For Es(a), by Proposition 6.4 and 6.5, for any o € (—vp,70) and ¢ € [1, o],
n 7o~ -~ ™
spec(As(0),q) C (C\S(—E,w), where © € (5,7r).
Moreover, for every ¢ € [1,+00], there exists a positive constant C(gq) such that

~ Y1, — 7o
I(As(a) = X Hlly, o) S C@IN+ Il, for all |o] <70 and A € 5(=—,@).

Thus, by [5, Thm.1.3.4, 1.4.3], we immediately obtain the two inequalities for 121\5(0'). The first inequality
on Acy (o) follows directly by combining the first inequality for A.(c) and the first inequality for As(o).

By a similar analysis as in Proposition 6.5,

We now derive the estimates for the case vy < |o| < 3.

there exists a positive constant 9 such that

Re(spec A (0)) < =27, for all vo < |o| <

l\D\»—\

It is then not hard to conclude that
~ . N T
spec(Acn(0)) C C\S(—v2,@1), where @; € (5,7r).
Moreover, for every ¢ € [1,+00], there exists a positive constant C(gq) such that

)
1 -
5 and A\ € S(—v2,@1).

(A (0) = 2) M ly, < C@)A+ 72| ", for all o < |0 <

Therefore, again by [5, Thm.1.3.4, 1.4.3], we immediately obtain the last two inequalities for A\Ch(a),
which concludes the proof. [ |
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