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Liesegang Patterns:

Phase-Field Dynamics

Ryan Goh

(FialKowski,Bitner,Grzybowski 2005)
(Lagzi,Ueyama 2008)



Our General Model

at = daaxx " ab

bt = dbbxx " ab

c t = dccxx + ab " f (c,e)

et = deexx + f (c,e)

A + B"C# E

(Stone,Goldstein 2004)



Simple Cubic: Spinodal Regime
f (c,e) = "c #g(e) = "c #e(1$ e)(e $%)

• Phase Portrait of ODE dynamics:

• Conditions: " =1, # = 0.5$ % 4

g'(ekt") = g'(ekt+) = 0

For: ekt" < e < ekt+ g'(e) < 0



Simple Cubic: Homogeneous

(Bistable)
f (c,e) c + #g(e) "c + #e(1$ e)(e $%)

• Phase Portrait of ODE dynamics:

• Conditions: " 1, # 0.5$ % 4



Phase-Field Analogy
c t dccxx " f (c,e)

et deexx + f (c,e)

#

C,E-Dynamics:

Phase Field:

"t � (1# d)et = "xx

et = dexx � $g� %(" # de)

&
ˆ " t +

(1# d)

$%
et = ˆ " xx

et = dexx + $&g+ $'(% ˆ " # de)

(

ˆ " t + let = ˆ " xx

#et = ˆ d exx + $%g + $&(' ˆ " ( de)

" = c + e

ˆ e = e /#

ˆ " =
"

$

$ =
%

&

' = (#%)
(1

ˆ d =' d

l =
(1( d)

#$

Scalings:



Existing Models as Limits:
Cahn Hilliard (spinodal decomp.):

l"# ($" 0) et = ˆ " xx
ˆ " = ( ˆ d exx + #$g + %de)(#&' )

%1

(

et = ("#$)
%1

( ˆ d exx + "&g % de)xx

Antal, Droz, Magnin, Racz



Existing Models as Limits

f (c,e) = c H(c " cs)

f (c,e) = "c + g(e) = c #
e

$
Exp(#e

2

$
)

d" 0, #" 0$ Keller Model (bistable):

"



Difference Between Bistable

and Spinodal

Spinodal
Bistable (Homogeneoous)

Triggered Fronts: c t = cxx " f + A#(x " s t)

et = dexx + f



Difference Between Bistable

and Spinodal:

• Pushed • Pulled

Pushed and Pulled Fronts 

Bistable Bistable & Spinodal

stable

unstable



Revert Patterns

• Wavelength determined by

•       determined by e

•  e determined by initial

concentrations

• Only occurs in spinodal

regime

fe

fe

Molná, Izsák, Lagz, (2008)i
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