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Liesegang in a tube

2NaOH + MgCl2 ¡! Mg(OH)2

[George&Varghese, J.Coll.Int.Sci.]

2H3 PO4 + 3 CaCl2 ¡! Ca3 (PO4 ) 2

2KF + Pb(NO3 ) 2 ¡! PbF2

[Rácz, Physica A]



More Liesegang patterns



Characterizing Liesegang patterns

u t = Du xx + f (u ) ; u 2 RN ; x ¸ 0

and

b(u; u x ) = 0 ; Rk(@1b; @2b) = N

De�nition

² spike u s(x ) ! u 1 , jx j ! 1 , no b.c.

² Liesegang pattern u(x ) ! f u s(x )g setwise, ¢ x j ! 1

References

² Raphael Liesegang (1896)

² Matalon-Packter (1955): ¢ x j +1 =¢ x j ! ´ > 1

² M Droz (review), J Keller (1980), D Hilhorst et al. (2007,. . . )

Question: Do Liesegang patterns exist for f D; b; f g, open?



Liesegang patterns are not robust

u x = v

vx = ¡ D ¡ 1 f (u )

spike » rev' hom' homoclinic

periodics

boundary condition

Whom
C

”Generically' ' W c
hom is

² 2-dimensional (monotone tails of spike)

² �lled with periodic orbits

² normally hyperbolic

u (x ) ! f u s(x )g
asy 0phase

=) u(x ) ! 0

Generically either �nitely many spikes or periodic pattern !



Reversibility: the non-role of gravity

[García-Ruiz,Rondón,García-Romero,Otálora: J. Chem Phy s.]



Liesegang patterns are robust

A smaller class: irreversible chemical reactions u = ( u 1 ; u 2 )

f u 1g $ f u 1g; f u 1g ! f u 2g; f u 2g $ f u 2g

e.g. a + b ! c; c $ d; ([ a]; [b]) = u 1 ; ([ c]; [d]) = u 2

Leads to

u 1;t = D 1u 1;xx + f 1 (u 1 )

u 2;t = D 2u 2;xx + f 2 (u 1 ; u 2 )

Theorem Liesegang patterns exist for open set of D j ; bj ; f j .

¡! give list of ingredients, suf�cient and (almost) necessary !



Ingredients I

² boundary layer

u b
1 (x ) » u b

1;1 e¡ ®x ; x ¸ 0

² spike u 1 ´ 0, x 2 R,

u s
2 (x ) = u s

2 ( ¡ x ) » u s
2;1 e¡ ¯ j x j

² slowly decaying boundary layer

® < ¯



Ingredients II

² Generic linearization L u = D 2u xx + @2 f 2 (0 ; u s
2 (x )) u

² 1d-kernel he¤ i of L ¤ with e¤ (x ) » e¤
1 e¡ ¯ j x j

² L invertible in L 2
´ with norm ju(x )e ´x jL 2 , ´ = § ( ¯ + " )

² Glide-interaction balance For

Fbc =
Z

R
he¤ (x ) ; @1 f 2 (0 ; u s

2 (x )) u b
1;1 e¡ ®x i dx;

F int = he¤
1 ; Du s

2;1 i ;

require: Fbc F int < 0

² Non-resonance and spectral gap (possibly not optimal)



Constructing Liesegang patterns

Theorem

Assume: Ingredients I&II

Choose: boundary conditions from an open set

Find: Liesegang patterns

Moreover: Liesegang patterns are loc' unif' lim' of k -spike patterns.

Scaling constant is ´ = ¯= ( ¯ ¡ ®) .



Spike interaction on a parameter ramp

Heuristics

_x j » Fbc e¡ ®x j + F int e¡ ¯ ( x j ¡ x j ¡ 1 )

=)

¢ x j +1 =¢ x j = ¯= ( ¯ ¡ ®)

if and only if F int Fbc < 0.



The frozen ”orbit �ip”

u 2;x = v2

v2;x = ¡ D ¡ 1
2 f 2 (u 1 ; u 2 )

u 1;x = ¡ ®u 1

Liesegang heteroclinic

homoclinic

periodics

u1

u1,x

u2

boundary condition

² reduce to 3d homoclinic center-mfd W c
hom

² smooth, resonant linearization with parameters [Sell '85]

² iterate W s(0) backwards along homoclinic ¡! k -spike sol's

² show iterates converge to smooth manifold W s
hom

² boundary conditions ”transverse” to W s
hom give robust

Liesegang patterns



The backwards Poincaré map

Poincaré map ª on § out :

p0 = p + © 1q + R 1

q0 = ( q + R 2 )¢

(p + © 1q + R 1 ) ¡ ®=¯

Sinin

Sout

vss

vuuvs

Y globglob

Y loc

u1

u1,x

u2

Lemma ©1 > 0 () Fbc F int < 0

Now, change of variables: ² = 1 ¡ qp° ¡ 1 :

p0 = p1¡ ° + : : : expansion

² 0 = p° + : : : contraction

with invariant manifold ² = p°= (1 ¡ ° ) for leading terms.

but neither map nor manifold are Lipschitz!



Graph transform and weighted Lipschitz norms

ª # de�ned as action of ª on graphs ² = h(p)

graph (ª # h) = f Ã(p; h (p)g

Key: weighted Lipschitz norm

jh j ¹ := sup
jh(p1 ) ¡ h(p2 ) j

jp1 ¡ p2 j
(p1 + p2 ) ¹

Show: ª # is contraction on fj h j ¹ · M g ½ C 0 , equipped with

sup-norm, control error terms . . .



Open questions

² width laws: approach heteroclinic cycle

² stability

² temporal laws: diffusive spread

² more structure: conserved quantities

from stoichiometry

² more structure: zero-diffusion limits
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T h a n k y o u !
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