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Abstract. Using the field-of-norms functors, we prove a result analogous to a classical Noether’s
theorem about the Galois module structure of the ring of p-adic integers. We start with a tower
of discrete valuation rings that is defined via the Frobenius map.

1. Introduction

The aim of this paper is to study finite Galois extensions of complete discrete valuation fields
of characteristic zero and characterize a certain kind of tamely ramified extensions in terms
of the vanishing of some Galois cohomology modules. By a p-adic field, we mean a complete
discrete valuation field of characteristic zero with perfect residue field of characteristic p > 0.
As a classical result, it is known that the Galois group of a finite unramified extension of p-adic
fields with finite residue field is isomorphic to the cyclic group, generated by the Frobenius
map on the residue fields. Fontaine and Wintenberger [3], [5] established this Galois correspon-
dence between p-adic fields and complete discrete valuation fields of positive characteristic via
the method of field-of-norms functors. Recently, Andreatta [1] generalized this Galois corre-
spondence to higher dimensional Noetherian rings, which also extends the classical theory of
(ϕ, Γ)-modules.

In Fontaine and Wintenberger’s theory, one requires a fine study of the behavior of the
ramification of extensions of p-adic fields to construct complete discrete valuation rings in
positive characteristic in a functorial way. We call the resulting valuation ring a small Fontaine
ring, which is valid only in this paper. Let L/K be a finite Galois extension of p-adic fields.
Then the Galois group GL/K acts on the ring of integers of L. We fix a basic sequence K• :=
(Kn | n ∈ N) (see the definition below), and let L• := (Ln | n ∈ N) be the sequence defined
by Ln := KnL. Then one can define the small Fontaine ring E+

Kn
(resp. E+

Ln
) for n ≥ n0 with

some n0 ∈ N, which depends on the extension L/K. The basic properties of this ring with its
naturality are contained in Proposition 2.5. Consider the Galois cohomology module:

H i(GLn/Kn
,E+

Ln
)

for n ≥ n0 with some n0 ∈ N. Then we make use of a fact that the Galois cohomology is
annihilated by the image of the trace map Tr : E+

Ln
→ E+

Kn
, which is non-zero as the extension

is Galois (Proposition 2.5, (3)). The following theorem is well-known:

Theorem 1.1 (E. Noether). The extension L/K is tamely ramified if and only if the oK [G]-
module oL is projective.
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Recall that a finite extension L/K of p-adic fields is called tamely ramified if p ∤ [L : K].
In the situation of the above theorem, all the higher Galois cohomology groups of the ring of
integers oL are zero. Our next result is regarded as a variant of Noether’s theorem.

Theorem 1.2. Suppose L/K is a totally ramified cyclic extension. If K• is a basic sequence,

then the following conditions are equivalent:

(1) H i(Gn,E
+
Ln

) is zero for all i > 0 and n ≥ n0.

(2) H i(Gn,E
+
Ln

) is zero for some i > 0 and n ≥ n0.

(3) p ∤ [Ln : Kn] for n ≥ n0.

Note that the extension L∞/Ln is totally ramified for sufficiently large n > 0. If L/K is
totally ramified, then so is KnL/Kn for every n ≥ 0, which is easily verified by taking the
maximal unramified subextension Kur/K for Kn/K.

2. Totally ramified infinite extension

In this section, we start with a valuation field K∞ obtained as an infinite Galois extension
of K. Then we attach to K∞ a sequence K• = (Kn | n ∈ N) such that every ring of integers
oKn

is a complete discrete valuation ring for all n ≥ 0 whose residue field is perfect. Let L be a
finite extension of K and denote by Ln the composite field KnL and by oLn

the ring of integers
for Ln. Then we have a diagram of finite extensions of complete discrete valuation rings:

oK −−−→ oK1 −−−→ · · · −−−→ oKn
−−−→





y





y





y

oL −−−→ oL1 −−−→ · · · −−−→ oLn
−−−→

Since the fields K∞ and Ln will be linearly disjoint over Kn for all n ≥ n1 for some n1 ∈ N, we
have GLn/Kn

= · · · = GL∞/K∞
for n ≥ n1. Following Tate, we make the following definition.

Definition 2.1 (the basic field K∞). Let K be a complete discrete valuation field of charac-
teristic zero with perfect residue field of characteristic p > 0. Let K∞/K be an infinite Galois
extension such that:

(1) Gal(K∞/K) contains Zp as a finite index subgroup, and

(2) the extension Kn → K∞ is totally ramified for large n > 0, where Kn := K
pn+1

Zp
∞ .

The following theorem was first proved by Tate in the case of a finite extension K/Qp, and
then Faltings extended it to the case of an arbitrary p-adic field. Let DLn/Kn

denote the different
ideal for the extension Ln/Kn.

Theorem 2.2 (Tate, Faltings). Let K• be the same as above, and let L• be the induced sequence.

Let vp be some fixed p-adic valuation on L∞. Then lim
n→∞

vp(DLn/Kn
) = 0.

Proof. The proof may be found in ([1], Proposition 3.6). �

Using the above theorem, we prove the following proposition. In fact, this is proved in a
more general form in [1]. For the reader’s convenience, we insert a short proof below.

Proposition 2.3. Under the hypotheses of Theorem 2.2, there exist n0 > 0 and ǫ, 0 < ǫ ≤ 1
such that the Frobenius map on oLn+1/p

ǫoLn+1 induces a surjection:

oLn+1/p
ǫ
oLn+1 ։ oLn

/pǫ
oLn

for every n ≥ n0.
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The following proof is expanded from [1]. First of all, let δLn/Kn
denote the p-adic valuation of

the different ideal OLn/Kn
. Let also ǫn := 1− pδLn/Kn

. Then by Theorem 2.2, we have ǫn → 1
as n→∞ and the well-defined Frobenius map:

oLn+1/p
ǫnoLn+1 → oLn

/pǫnoLn
· · · (1).

It suffices to prove that there exists sufficiently large n0 ∈ N such that the Frobenius map (1)
yields a surjection:

oLn+1/p
ǫ
oLn+1 ։ oLn

/pǫ
oLn

for every n ≥ n0 and some fixed 0 < ǫ ≤ 1. In the case when L/K is unramified, there is
nothing to prove since the extension Ln/Kn is unramified, in which case one can take ǫ = 1.
So assume the extension L/K is ramified. Then we must prove that the map:

oLn+1/p
ǫ
oLn+1 → oLn

/pǫ
oLn

.

is surjective by choosing small enough ǫ > 0. By choosing n large, we may assume that
[Ln : Kn] is constant. Then by Nakayama’s lemma, we deduce that oLn

/mnoLn
is a vector space

over oKn
/mn such that:

[oLn
/mnoLn

: oKn
/mn] = [Ln : Kn] = const.

for n≫ 0, where mn is the maximal ideal of oKn
. Furthermore, since ǫn → 1, we may assume

that pǫn ∈ mn and let mn = (pǫ) for some ǫ > 0. Then one has:

[oLn+1/mn+1oLn+1 : oKn+1/mn+1] = [oLn
/mnoLn

: oKn
/mn]

and it follows that the ring homomorphism

oLn+1/p
ǫp−1

oLn+1 → oLn
/pǫ

oLn

induced by the Frobenius map is well-defined and is an isomorphism for every n ≥ n0 for some
n0. Hence the map

oLn+1/p
ǫ
oLn+1 → oLn

/pǫ
oLn

is surjective. Inductively, we conclude that the map

oLn+l+1
/pǫp−l

oLn+l+1
→ oLn+l

/pǫp−l

oLn+l

is surjective for every l ∈ N. We set A := oLn+l+1
, B := oLn+l

, and b := pǫp−(l+1)
. Now let

Fil•(A/pǫA) (resp. Fil•(B/pǫB)) be a filtration induced by

(bmA | 0 ≤ m ≤ pl) (resp. (bpmB | 0 ≤ m ≤ pl)).

Then the Frobenius map induces a filtered homomorphism Fil•(A/pǫA) → Fil•(B/pǫB), and
the associated map of graded abelian groups Φ• : Gr•(A/pǫA) → Gr•(B/pǫB) turns out to be
surjective, due to the following commutative square:

A/bA
Frob
−−−→ B/bpB

bl





y bpl





y

blA/bl+1A
Φl

−−−→ bplB/bp(l+1)B

for all l ∈ N in which Φl is induced by the Frobenius map. Then it follows from ([2], Ch.III, §2.8,
Corollary 2) that the the Frobenius map A/pǫA → B/pǫB is surjective, which is the desired
claim. �
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In the situation of Proposition 2.3, we say that the sequence L• is deeply ramified for
n ≥ n0. Now we begin with such a sequence to construct a tower of discrete valuation rings in
a functorial way, due to Fontaine:

Definition 2.4 (small Fontaine ring). Let the sequence L• be as above and let n ≥ n0. Then
define

E+
Ln

:= lim
←−

(

· · ·
Frob
−−−→ oLn+1/p

ǫoLn+1

Frob
−−−→ oLn

/pǫoLn

)

where each transitive map is surjective and is induced by the Frobenius map. We also set

Erad
L•

:=
⋃

n≥n0

E+
Ln

.

An element of E+
Ln

is of the form (an | n ∈ N), and an ∈ oLn
/pǫoLn

such that ap
n+1 = an.

Denote by 〈p〉 := (p, p1/p, p1/p2
, . . .) in the following. Then Erad

L•

is a perfect ring of characteristic
p > 0. We define a natural projection map:

ΦLn
: E+

Ln
→ oLn

/pǫ
oLn

, (a0, a1, a2, . . .) 7→ a0,

which is surjective. Let EKn
(resp. ELn

) denote the field of fractions of E+
Kn

(resp. E+
Ln

). The
construction of small Fontaine rings is functorial.

Proposition 2.5 (Andreatta). Let the notations be the same as above.

(1) The extension E+
Kn
→ E+

Ln
is module-finite of complete discrete valuation rings.

(2) The ring Erad
L•

is the perfect closure of E+
Ln

that surjects onto oL∞
/pǫoL∞

.

(3) The extension Ln/Kn is Galois if and only if the extension ELn
/EKn

is Galois for all

n ≥ n0. Furthermore,

Gal(Ln/Kn) ≃ Gal(ELn
/EKn

)

for all n ≥ n0. In particular, the ring E+
Ln

admits a semilinear action of the Galois

group.

Proof. See ([1], Proposition 4.5, Corollary 4.6, Corollary 5.4, and Corollary 6.4). �

From the proposition together with the fact that the extension ELn+1/ELn
is purely insepa-

rable, it is always the case that n1 ≤ n0, where n0 and n1 are defined previously.

3. Galois cohomology of small Fontaine rings

We recall from [4] the definition of the Galois cohomology for finite groups. Let G be a finite
group, and let M be a discrete G-module and let Γ denote the functor that sends a module
M to MG, the submodule of M of G-invariants. Then let H i(G, M) := RiΓ(M) for i ≥ 0.
Henceforth, we denote by oK the ring of integers of a complete discrete valuation field K of
characteristic zero with perfect residue field kK of characteristic p > 0. Let L/K be a finite
Galois extension with Galois group G = Gal(L/K). Let K• be a basic sequence and let L• be
its induced sequence. If Gn := Gal(Ln/Kn), then the group Gn acts on the small Fontaine ring
E+

Ln
by Proposition 2.5, and we take its Galois cohomology:

H i(Gn,E+
Ln

), i ≥ 0.
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In the following, we assume that L/K is a finite Galois extension. Consider the following
commutative diagram of natural inclusions:

E+
Kn
−−−→ E+

Kn+k




y





y

E+
Ln
−−−→ E+

Ln+k

Then the above diagram induces a homomorphism of abelian groups:

H i(Gn,E+
Ln

)→ H i(Gn+k,E
+
Ln+k

)

for all k ≥ 0. In what follows, we choose n0 ∈ N such that:

(1) The sequence L• defines a deeply ramified tower for all n ≥ n0.
(2) Gn = Gn+1 = · · · = G∞ for all n ≥ n0.

Then the inclusion E+
Ln
→ E+

Ln+k
admits a splitting as an E+

Kn
-module map with Gn-action,

and the above Galois cohomology map is an injective homomorphism of E+
Kn

-modules. Let

m
E

+
Kn

(resp. m
E

+
Ln

) be the maximal ideal of E+
Kn

(resp. E+
Ln

).

Lemma 3.1. Let the notations be as above with n ≥ n0. Then the following hold:

(1) m
E

+
Kn

⊂ TrELn/EKn
(E+

Ln
).

(2) H i(GLn/Kn
,E+

Ln
) is annihilated by m

E
+
Kn

for all i > 0.

Proof. For (1), we notice that Erad
L•

is a perfect ring and the extension Erad
K•

→ Erad
L•

is Galois,
so the trace map is non-zero. Hence we get the following commutative square:

Erad
L•

Frob
−−−→

∼
Erad

L•

Tr





y
Tr





y

Erad
K•

Frob
−−−→

∼
Erad

K•

,

and it follows easily that m
E

rad
K•

⊂ Tr(Erad
L•

). Then this implies that

Tr(E+
Ln

) = Tr(Erad
L•

) ∩ E+
Kn

,

which obviously contains the maximal ideal m
E

+
Kn

.

For (2), this follows immediately from (1) by taking an injective resolution E+
Ln
→ I• by

E+
Kn

-modules, which is compatible with the Gn-action. �

We prove the main theorem now.

Theorem 3.2. Suppose L/K is a totally ramified cyclic extension. If K• is a basic sequence,

then the following conditions are equivalent:

(1) H i(Gn,E
+
Ln

) is zero for all i > 0 and n ≥ n0.

(2) H i(Gn,E
+
Ln

) is zero for some i > 0 and n ≥ n0.

(3) p ∤ [Ln : Kn] for n ≥ n0.

Proof. (1) ⇒ (2): This is trivial.
(2) ⇒ (3): We note that the maximal ideal m

E
rad
L•

is the direct limit of principal ideals. Let b

be the generator of m
E

+
Kn

. Then b1/pk

is the generator of the maximal ideal m
E

+
Kn+k

, and it is easy
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to verify that this maximal ideal is the same as the limit of the direct system: (Am | m ∈ N),
where Am := Erad

K•

and the transition map is given by

bp−m(p−1) : Am → Am+1.

Then it follows from Lemma 3.1 (2) that the cohomology H i(G∞, m
E

rad
K•

Erad
L•

) is zero for i > 0.

Since the valuation of Erad
K•

(resp. Erad
L•

) is not discrete of rank one, it follows that m
E

rad
L•

=

m
E

rad
K•

Erad
L•

. Using the fact that the small Fontaine ring has perfect residue field and the extension

E+
Ln
→֒ E+

Ln+k
is purely inseparable, we deduce that H i(Gn+k,E

+
Ln+k

) is zero for all k ≥ 0 by
assumption. Since

H i(G∞,Erad
L•

) = lim
−→
k≥0

H i(Gn+k,E
+
Ln+k

),

we have H i(G∞,Erad
L•

) = 0. Taking the cohomology exact sequence associated to the short
exact sequence:

0 −−−→ m
E

rad
K•

Erad
L•

−−−→ Erad
L•

−−−→ kL∞
−−−→ 0,

where kL∞
is the residue field of L∞, we have isomorphisms:

0 ≃ H i(G∞,Erad
L•

) ≃ H i(G∞, kL∞
), i > 0.

Since L/K is totally ramified by assumption, so is L∞/K∞. Hence kK∞
= kL∞

. Now assume
that #G∞ = [L∞ : K∞] is divisible by p. Then since G∞ is a cyclic group acting trivially on
kL∞

, H i(G∞, kL∞
) ≃ kL∞

by ([4], P. 133), which is a contradiction and thus p ∤ [L∞ : K∞].
(3) ⇒ (1): Since the Galois cohomology in question is killed by both [Ln : Kn] and p, this

implication is obvious. �

The next corollary is immediate from the theorem.

Corollary 3.3. In addition to the hypotheses of the theorem, if GL/K is a p-group and H i(Gn,E
+
Ln

)
is zero for some i > 0 and n ≥ n0, then L ⊂ Kn for all n ≥ n0.

Proof. By Theorem 3.2, we must have Kn = Ln for n ≥ n0, which implies that L is the subfield
of Kn. �
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