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Abstract. We provide a projection-based analysis of a large class of finite element methods
for second order elliptic problems. They include the hybridized version of well known mixed meth-
ods as well as old and new hybridizable discontinuous Galerkin methods. The main feature of this
unifying approach is that it reduces the main difficulty of the analysis to the verification of some
properties of an auxiliary, locally defined projection and of the local spaces defining the methods.
Sufficient conditions for the optimal convergence of the approximate flux and the superconvergence
of an element-by-element postprocessing of the scalar variable are obtained. New hybridizable dis-
continuous Galerkin methods with these properties are devised which are defined on squares and
cubes.

1. Introduction. In this paper, we propose a projection-based a priori error
analysis of finite element methods for second-order elliptic problems. The analysis
is unifying because it applies to a large class of methods including the hybridized
version of most well known mixed methods as well as several hybridizable discontin-
uous Galerkin (HDG) methods. The novelty of the approach is that it reduces the
whole error analysis to the element-by-element construction of an auxiliary projection
satisfying certain orthogonality and approximation properties, and to the verification
of very simple inclusion properties of the local spaces defining the methods. For the
sake of simplicity, we present our approach in the framework of the following diffusion
problem:

q +∇u = 0 in Ω,(1.1a)
∇ · q = f in Ω(1.1b)

u = g on ∂Ω.(1.1c)

Here Ω ∈ Rn (n = 2, 3) is a bounded polyhedral domain, f ∈ L2(Ω) and g ∈ H 1
2 (∂Ω).

Two ideas led to this approach. The first is that many mixed methods, including
the method of Raviart-Thomas (RT), [15, 11, 1], Brezzi-Douglas-Marini, [5], and
Brezzi-Douglas-Fortin-Marini, [4], were analyzed by using suitably defined auxiliary
projections; see also [6]. The second is that both mixed and HDG methods can
be seen as particular cases of a single, general numerical method uncovered in [9].
This suggested the possibility of using a similar projection-based approach to analyze
HDG methods. Recently, this was actually achieved, first for a particular case of
the so-called local discontinuous Galerkin hybridizable (LDG-H) methods (defined on
simplexes) in [8], and then for the whole family of those methods in [10]. In this
paper, we continue this effort and show that a single error analysis of many of the
methods fitting in the general framework proposed in [9] can be realized.

To better describe our results, let us begin by introducing the general form of
the methods under consideration; we follow [9]. Let Ωh := {K} denote a conforming
triangulation of Ω, where K is a polyhedral element. Let Eh denote the set of all faces
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F of all the element K ∈ Ωh. The methods we are interested in seek an approximation
to (u, q, u|Eh

), (uh, qh, ûh), in the finite element space Wh × V h ×Mh, where

V h := {v ∈ L2(Ωh) : v|K ∈ V (K), K ∈ Ωh},
Wh := {w ∈ L2(Ωh) : w|K ∈W (K), K ∈ Ωh},
Mh := {µ ∈ L2(Eh) : µ|F ∈W (F ), F ∈ Eh},

and determine it as the only solution of the following weak formulation:

−(uh , ∇ · v)Ωh
+ (qh , v)Ωh

+ 〈ûh , v · n〉∂Ωh
= 0,(1.2a)

−(qh , ∇w)Ωh
+ 〈q̂h · n , w〉∂Ωh

= (f , w)Ωh
,(1.2b)

〈q̂h · n, µ〉∂Ωh\∂Ω = 0,(1.2c)
〈ûh, µ〉∂Ω = 〈g, µ〉∂Ω,(1.2d)

for all (w,v, µ) ∈ Wh × V h ×Mh. Here we write (η , ζ)Ωh
:=

∑
K∈Ωh

(η, ζ)K , where
(η, ζ)D denotes the integral of ηζ over the domain D ⊂ Rn. We also write (η , ζ)Ωh

:=∑
K∈Ωh

〈η , ζ〉∂K , where 〈η , ζ〉D denotes the integral of ηζ over the domain D ⊂ Rn−1

and ∂Ωh := {∂K : K ⊂ Ωh}. The definition of the method is completed with the
definition of the normal component of the numerical trace:

(1.3) q̂h · n = qh · n+α((uh − ûh)n) · n on ∂Ωh.

By taking particular choices of the local spaces V (K), W (K) and M(F ), and the
linear local stabilization operator α, the different mixed and HDG methods are ob-
tained.

Our main result is to show that if we can construct, in an element-by-element
fashion, an auxiliary projection Πu(q, u) := (ΠV q,ΠWu) satisfying certain orthogo-
nality and approximation conditions, and if the local spaces V (K), W (K) and M(F ),
for all the faces F of the element K, satisfy some inclusion properties, then the method
is well defined and we have the estimates

‖q − qh‖Ωh
≤ 2 ‖q −ΠV q‖Ωh

,

‖ΠWu− uh‖Ωh
≤ C h‖q −ΠV q‖Ωh

,

where ‖ · ‖Ωh
denotes the L2(Ωh)-norm.

Note that if the error ΠWu − uh converges to zero faster than the error u − uh,
this superconvergence property can be advantageously exploited; see [1, 5, 16, 12, 17].
Indeed, following [16, 12, 17], we define a new approximation to u, u∗h, in the space

W ∗h := {w ∈ L2(Ωh) : w|K ∈W ∗(K), K ∈ Ωh},(1.4a)

as follows. On each element K ∈ Ωh, the postprocessing u∗h is the element of W ∗(K)
such that

(∇u∗h,∇ω)K =− (qh,∇ω)K ∀ ω ∈W ∗(K) : (ω, 1)k = 0,(1.4b)
(u∗h, 1)K = (uh, 1)K .(1.4c)

It is not difficult to prove that the postprocessing u∗h is well defined and that we have

‖u− u∗h‖Ωh
≤ ‖ΠWu− uh‖Ωh

+ C h (‖q − qh‖Ωh
+ inf

ω∈W∗
h

‖∇(u− ω)‖Ωh
),
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which means that it is possible to define u∗h converging to u as fast as ΠWu − uh

converges to zero.
Moreover, we do provide a single template for the construction of the auxiliary

projection Πh with which we can analyze all the methods, old and new, that we give
as examples fitting our general framework. The old ones are the (hybridized versions
of) the main mixed methods, the LDG-H method for simplexes, and the so-called
BMMPR-H method; see [9]. The last method, which had never been analyzed before,
is proven to superconverge even though it uses a local stabilization operator α which
is different from those of the previous examples. The new methods are the super-
convergent LDG-H methods for squares and cubes. The definition of these methods
had remained elusive in the last few years and it is thanks to the our projection-
based approach that it became clear. It is important to emphasize that, although
it is very easy to devise HDG methods that are well defined, it is far from obvious
to devise them so that they display the above-mentioned superconvergence property.
The technique we propose here is a new and effective tool to achieve this goal.

The rest of the paper is organized as follows. In Section 2, we describe the con-
ditions on the auxiliary projection Πh and the local spaces associated with our finite
element methods and present our a priori error estimates. In section 3, we give vari-
ous particular examples of hybridized mixed and HDG methods with superconvergent
properties. We then end with some extensions and concluding remarks in section 4.

2. Main results. In this section we show how an a priori error analysis of the
HDG methods can be reduced to the verification of a few conditions on the local
spaces and on some properties of an associated, auxiliary projection Πh defined in an
element-by-element fashion.

2.1. A priori error estimates. The main idea of our error analysis is to esti-
mate the projection of the errors Πh(q − qh, u− uh) and then deduce bounds of the
L2(Ω)-norm of the errors q − qh, u− uh and u− u∗h.

2.1.1. Estimate of q − qh. Our first result gives an estimate of the projection
of the error ΠV q − qh solely in terms of the approximation error of the projection
q−ΠV q. To state it, we need to describe our assumptions on the projection Πh and
on the local finite element spaces V (K), W (K) and M(F ).

Assumptions A:

• Orthogonality properties of Πh. On each element K, there exist a projection
Πh(q, u) = (ΠV q,ΠWu) ∈ V (K)×W (K) satisfying the following properties:

(A.1 ) (ΠV q,v)K = (q,v)K for all v ∈ ∇W (K),
(A.2 ) (ΠWu,w)K = (u,w)K for all w ∈ ∇ · V (K),
(A.3 ) For all faces F of the element K,

〈ΠV q ·n+α(ΠWun) ·n, µ〉F = 〈q ·n+α(PMun) ·n, µ〉F for all µ ∈M(F ).

We also need to assume suitable relations between the traces on the faces F of
the local spaces V (K) and W (K) with the local space M(F ).
• Properties of the traces of the local spaces. For each element K, and for any of

its faces F ,

(A.4 ) V (K) · n|F ⊂M(F ),
3



(A.5 ) W (K)|F ⊂M(F ).

Here, V (K)·n|F denotes the space of the traces of normal components of functions
of V (K) on the face F of K. Similarly, W (K)|F denotes the space of traces of
functions of W (K) on the face F .

Finally, we need a simple assumption reflecting the stabilizing role of the linear
operator α.
• The semi-positivity property of α. For each element K and any of its faces F ,

(A.6 ) 〈α(µn), µn〉F ≥ 0 for all µ ∈M(F ).

We are now ready to state our first result. In what follows, we use ‖·‖k,D, |·|k,D to
denote the standard norm and seminorm on any Sobolev space Hk(D), respectively.
For simplicity, we use ‖ · ‖D to denote the L2(D)−norm on any D.

Theorem 2.1. Suppose that the Assumptions A are satisfied. Then we have

‖ΠV q − qh‖Ωh
≤ ‖q −ΠV q‖Ωh

.

Note that, since this implies that

‖q − qh‖Ωh
≤ 2‖q −ΠV q‖Ωh

,

the quality of the approximation qh depends on the approximation properties of the
first component of the projection only.

2.1.2. Estimate of u− uh. Our next result shows that ΠWu− uh can also be
controlled solely in terms of the approximation error of the projection q −ΠV q.

It is valid under a typical elliptic regularity property we state next. We assume
that, for any given η ∈ L2(Ω), we have

(2.1) ‖φ‖2,Ω + ‖θ‖1,Ω ≤ C‖η‖Ω,

where C only depends on the domain Ω, and (θ, φ) is the solution of the dual problem:

θ +∇φ = 0 in Ω,(2.2a)
∇ · θ = η in Ω,(2.2b)

φ = 0 on ∂Ω.(2.2c)

We also need a couple of additional assumptions.

Assumptions B:

The first is an approximation property of a projection Π∗h(q, u) = (Π∗V q,Π
∗
Wu)

which satisfies the assumptions (A.1 ), (A.2 ) and (A.3 ) where the local stabilization
operator α(·) is replaced by its dual α∗(·), that is, by the linear function defined by

〈α(p) , q〉∂K = 〈p ,α∗(q)〉∂K for all p, q ∈ L2(∂K).

• The approximation property of the projection α∗. For each element K and any
(q, u) ∈H1(K)×H2(K),
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(B.1) ‖Π∗V q − q‖K ≤ C∗app hK(|u|2,K + |q|1,K).

The second assumption is a condition on the local space W (K).
• The local space W (K) is not too small. For each element K, we have that

(B.2 ) P 0(K) ⊂ ∇W (K),

Here P 0(K) := [P 0(K)]n and P 0(K) is the space of constants defined on K.
We are now ready to state our second result.
Theorem 2.2. Suppose that the Assumptions A and B are satisfied. Also, sup-

pose that the elliptic regularity property (2.1) holds. Then we have

‖ΠWu− uh‖Ωh
≤ C h‖q −ΠV q‖Ωh

,

for some constant C depending on C∗app but independent of h and the exact solution.
From this result, we immediately get that

‖u− uh‖Ωh
≤ ‖u−ΠWu‖Ωh

+ C h ‖q −ΠV q‖Ωh
,

and we see that the quality of the approximation uh only depends on the approxima-
tion error of the projection.

2.1.3. Estimate of u − u∗h. Note that if the second term of the above right-
hand side converges faster than the first, the convergence of uh to ΠWu is faster than
that of uh to u. As mentioned before, we can take advantage of this superconverge
result to show that the postprocessing u∗h defined by (1.4) converges to u as fast as
uh superconverges to ΠWu. For that purpose, we need the following assumption.

Assumption C:

• The local space V (K) is not too small. For each element K,

(C.1 ) P 0(K) ⊂ ∇ · V (K).

We can now state our third and last result.
Theorem 2.3. Suppose that the Assumptions A, B, and C are satisfied. Then,

we have

‖u− u∗h‖Ωh
≤ ‖ΠWu− uh‖Ωh

+ C h (‖q −ΠV q‖Ωh
+ inf

ω∈W∗
h

‖∇(u− ω)‖Ωh
).

3. Applications: Examples of superconvergent methods. In this section,
we give several examples of methods fitting in our framework. They include (the
hybridized version of) well known mixed methods as well as HDG methods. To do
that, we show how to construct the auxiliary projection. We then study the main three
examples of local stabilization operators. Finally, we give examples of superconvergent
methods using simplexes and then consider those using squares and cubes.
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3.1. A template for the auxiliary projection Πh. For all our examples, the
associated projection Πh(q, u) := (ΠV q,ΠWu) has a single form devised in such a
way that the first three properties of Assumption A are satisfied. On the element K,
Πh(q, u) is the element of V (K)×W (K) satisfying the equations

(ΠV q,v)K = (q,v)K ∀ v ∈ Ṽ (K),(3.1a)

(ΠWu,w)K = (u,w)K ∀ w ∈ W̃ (K),(3.1b)
〈ΠV q · n+α(ΠWun) · n, µ〉F = 〈q · n+α(PMun) · n, µ〉F ∀ µ ∈M(F ),(3.1c)

for all faces F of the element K. The auxiliary spaces Ṽ (K)× W̃ (K) are chosen in
such a way that

∇W (K)×∇ · V (K) ⊂ Ṽ (K)× W̃ (K) ⊂ V (K)×W (K),(3.1d)

In all of our examples, the local stabilization operator α is self-adjoint so that we
have Π∗h = Πh.

3.2. The local stabilization operators α. There are three main examples of
local stabilization operators α satisfying Assumption (A.6).

The first example is the trivial choice α := 0 which is used in all the mixed
methods.

The second example is α := τ Id. If τ is taken to be non-negative on each face
on each of the elements K ∈ Th, it is very easy to see that this operator satisfies
Assumption (A.6) and that it is self-adjoint.

The third and last example is the local stabilization operator used by the so-called
BMMPR-H methods; see [9] and the references therein. It is is given by α := τr,
where r is a suitably defined lifting operator. In [3] and [7], see also [2], such operator
was introduced in the case in which K is a simplex and V (K)×W (K) := P k(K)×
P k(K) and M(F ) := P k(F ). It is not difficult to extend its definition as follows.
Given an element K, for any µ ∈ M(F ), we define r(µn) on K as the element of
V (K) satisfying

(3.2)
1
|K|

(r(µn),v)K =
1
|F |
〈µ,v · n〉F , for all v ∈ V (K).

We now see that Assumption (A.6) is satisfied, and that α is self-adjoint. Indeed,
taking v := α(ηn) in the definition of the lifting operator r,(3.2), we get

(3.3) 〈α(ηn), µn〉F = τF 〈r(ηn), µn〉F = τF
|F |
|K|

(r(ηn), r(µn))K .

3.3. Methods using simplexes. We begin by considering methods for which
the element K is a simplex. To describe them we use the following notation: P k(D)
denotes the space of polynomials of total degree k defined on D, P k(F ) denotes the
space [P k(D)]n, Rk(∂K) denotes the functions whose restriction to each face F of
K belong to P k(F ), and Φk(K) denotes the space of functions in P k(K) which are
divergence-free and whose normal component on ∂K is zero.

In Table 1, we give methods that satisfy conditions A, B and C, and in Table 2,
we show their orders of convergence predicted by our theoretical results.

The methods include the well known mixed methods of Raviart-Thomas, RTk,
of Brezzi-Douglas-Marini, BDMk, and of Brezzi-Douglas-Fortin-Marini, BDFMk+1.
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Table 1
Methods satisfying assumptions A, B, and C for which M(F ) = P k(F ), k ≥ 1, and K is a simplex.

method V (K) W (K) Ṽ (K) W̃ (K)

BDFMk+1 {q ∈ P k+1(K) : P k(K) ∇P k(K)⊕Φk+1(K) P k(K)
q · n|∂K ∈ Rk(∂K)}

RTk P k(K)⊕ xP̃ k(K) P k(K) P k−1(K) P k(K)
HDGk P k(K) P k(K) P k−1(K) P k−1(K)
BDMk

k≥2
P k(K) P k−1(K) ∇P k−1(K)⊕Φk(K) P k−1(K)

Table 2
Orders of convergence for methods for which M(F ) = P k(F ), k ≥ 1, and K is a simplex.

Methods τ ‖q −ΠV q‖Ωh
‖u−ΠWu‖Ωh

BDFMk+1 0 k + 1 k + 1
RTk 0 k + 1 k + 1

HDGk > 0,O(1) k + 1 k + 1
BDMk

k≥2
0 k + 1 k

Methods ‖q − qh‖Ωh
‖ΠWu− uh‖Ωh

‖u− u?
h‖Ωh

BDFMk+1 k + 1 k + 2 k + 2
RTk k + 1 k + 2 k + 2

HDGk k + 1 k + 2 k + 2
BDMk

k≥2
k + 1 k + 2 k + 2

Recall that, for 3D problems, the RTk method was introduced by Nédélec in [14]
and the method BDMk was introduced by Brezzi, Douglas, Durán and Fortin in [4].
The methods also include the HDGk method with the two possible local stabilization
operators proposed in [9].

The definition and approximation properties of the projections Πh associated with
the mixed methods can be found in [6]. Those of the projection associated with the
HDGk method with α := τ Id in [10]. The projection Πh associated with the HDGk

method with α = τr has not been previously considered, but its properties are not
essentially different from those of the case α := τ Id, as we are going to show in
Section 5 for HDG methods on squares and cubes.

3.4. Methods using squares and cubes. Here, we consider methods for which
the element K is a square (n = 2) or a cube (n = 3). To describe them we use
the following notation: Qk(D) denotes the space of polynomials of degree k in each
variable defined on D, Qk(F ) denotes the space [Qk(D)]n, P̃ k(D) denotes the space
of homogeneous polynomials of degree k defined on D, and P `1,`2(D) for n = 2 and
P `1,`2,`3 for n = 3 denote the space of polynomials of degree `i on the i− th variable,
i = 1, . . . , n.

In Table 3, we display the methods using squares and in Table 4, those using
cubes. Their orders of convergence are given by Table 2 if we simply replace simplex
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Table 3
Methods satisfying assumptions A, B, and C for which M(F ) = P k(F ), k ≥ 1, and K is a square.

method V (K) W (K) Ṽ (K) W̃ (K)

BDFM[k+1] P k+1(K)\{yk+1} P k(K) P k−1(K) P k(K)
×(P k+1(K)\{xk+1})

RT[k] P k+1,k(K) Qk(K) P k−1,k(K) Qk(K)
×P k,k+1(K) ×P k,k−1(K)

HDG[k] P k(K) P k(K) P k−1(K) P k−1(K)
⊕∇× (xyP̃ k(K))

BDM[k] P k(K) P k−1(K) P k−2(K) P k−1(K)
k ≥ 2 ⊕∇× (xy xk)

⊕∇× (xy yk)

Table 4
Methods satisfying assumptions A, B, and C for which M(F ) = P k(F ), k ≥ 1, and K is a cube.

method V (K) W (K) Ṽ (K) W̃ (K)

BDFM[k+1] P k+1(K)\P̃ k+1(y, z) P k(K) P k−1 P k(K)
×P k+1(K)\P̃ k+1(x, z)
×P k+1(K)\P̃ k+1(x, y)

RT[k] P k+1,k,k(K) Qk(K) P k−1,k,k(K) Qk(K)
×P k,k+1,k(K) ×P k,k−1,k(K)
×P k,k,k+1(K) ×P k,k,k−1(K)

HDG[k] P k(K) P k(K) P k−1(K) P k−1(K)
⊕∇× (yzP̃ k(K), 0, 0)
⊕∇× (0, zxP̃ k(K), 0)
⊕∇× (0, 0, xyP̃ k(K))

BDM[k] P k(K) P k−1(K) P k−2(K) P k−1(K)
k ≥ 2 ⊕∇× (0, 0, xyP̃ k(y, z))

⊕∇× (0, yzP̃ k(x, z), 0)

by square or cube, and NAMEk by NAME[k].
Note that although the mixed methods BDFM[k+1], RT[k], and BDM[k] are

well known, the HDG[k] methods are new. It is easy to verify that these mixed
methods satisfy Assumptions A, B, C; see, for example, [6]. This also holds true for
the HDG[k] method, as we show in Section 5.

Let us end by pointing out that in [13], the convergence properties of the HDG
method defined by V (K) := Qk(K), W (K) := Qk(K) and M(F ) := Qk(F ) (in two
dimensions) were numerically studied. It was shown that the approximate flux qh

converges with order k and that the postprocessing u∗h does not superconverges with
order k + 2 but converges with order k + 1, just as uh does– it does provide a better
approximation though. This is to be contrasted with the convergence properties of
our HDG[k] method which achieves a full order of convergence more in both qh and
u∗h with a significantly smaller space.

8



4. Proofs of the error estimates. In this section we provide detailed proofs
for our a priori error estimates. The main idea is to work with the following projection
of the errors:

eq := ΠV q − qh,

eu := ΠWu− uh,

ebq · n := PM (q · n− q̂h · n),
ebu := PMu− ûh.

Here, PM is the L2−projection from L2(Eh) into Mh. We abuse the notation for the
sake of simplicity and denote with the same symbol the L2−projection from L2(∂Ωh)
into the space

{w ∈ L2(∂Ωh) : (w|∂K)|F ∈M(F ) for all faces F of K and all K ∈ Ωh}.

We begin by obtaining the equations satisfied by these projections. We then use
an energy argument to obtain an estimate of eq; this would prove Theorem 2.1. To
obtain an estimate of eu and prove Theorem 2.2, we employ an elliptic duality. Finally,
we obtain the estimate of u−u∗h of Theorem 2.3 by using a simple element-by-element
argument.

Step 1: The equations for the projection of the errors. We begin our
error analysis with the following auxiliary result.

Lemma 4.1. Suppose that the orthogonality properties of the projection Πh and
the properties of the traces of the local spaces of Assumption A are satisfied. Then,
we have

(eq , v)Ωh
− (eu , ∇ · v)Ωh

+ 〈ebu , v · n〉∂Ωh
= (ΠV q − q , v)Ωh

,(4.1a)
−(eq , ∇w)Ωh

+ 〈ebq · n , w〉∂Ωh
= 0,(4.1b)

〈ebq · n, µ〉∂Ωh\∂Ω = 0,(4.1c)
〈ebu , µ〉∂Ω = 0,(4.1d)

for all (v, w, µ) ∈ V h ×Wh ×Mh. Moreover,

(4.2) ebq · n = eq · n+ PM (α((eu − ebu)n) · n) on ∂Ωh.

Proof. Let us begin by noting that the exact solution (q, u) satisfies the equations

(q , v)Ωh
− (u , ∇ · v)Ωh

+ 〈u , v · n〉∂Ωh
= 0,

−(q , ∇w)Ωh
+ 〈q · n , w〉∂Ωh

= (f , w)Ωh
,

〈q · n, µ〉∂Ωh\∂Ω = 0,
〈u , µ〉∂Ω = 〈g , µ〉∂Ω,

for all (v, w, µ) ∈ V h ×Wh ×Mh. By the orthogonality properties (A.1 ) and (A.2 )
of the projection Πh = (ΠV ,ΠW ), we obtain that

(q , v)Ωh
− (ΠWu , ∇ · v)Ωh

+ 〈u , v · n〉∂Ωh
= 0,

−(ΠV q , ∇w)Ωh
+ 〈q · n , w〉∂Ωh

= (f , w)Ωh
,

〈q · n, µ〉∂Ωh\∂Ω = 0,
〈u , µ〉∂Ω = 〈g , µ〉∂Ω,
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for all (v, w, µ) ∈ V h ×Wh ×Mh. Moreover, since PM is the L2-projection into Mh,
we get, by the properties (A.4 ) and (A.5 ) of the traces of the local spaces, that

(q , v)Ωh
− (ΠWu , ∇ · v)Ωh

+ 〈PMu , v · n〉∂Ωh
= 0,

−(ΠV q , ∇w)Ωh
+ 〈PM (q · n) , w〉∂Ωh

= (f , w)Ωh
,

〈PM (q · n), µ〉∂Ωh\∂Ω = 0,
〈PMu , µ〉∂Ω = 〈g , µ〉∂Ω,

for all (v, w, µ) ∈ V h ×Wh ×Mh. Subtracting the first four equations defining the
weak formulation of the HDG method (1.2) from the above equations, respectively,
we obtain the equations for the projection of the errors.

It remains to prove the identity for ebq. We have

ebq · n = PM (q · n)− PM (q̂h · n)
= PM (ΠV q · n+α((ΠWu− PMu)n) · n)− PM (q̂h · n),

by the orthogonality property (A.3) of the projection Πh. Inserting the definition of
the numerical trace q̂h · n, (1.3), we get

ebq · n = PM (eq · n+α((eu − ebu)n) · n)
= eq · n+ PM (α((eu − ebu)n) · n),

by the property (A.4) of the trace of the local spaces. This completes the proof.

Step 2: The energy argument for eq. We are now ready to obtain the upper
bound of the L2−norm of eq. We proceed as follows. Taking v := eq in the error
equation (4.1a), w := eu in the error equation (4.1b), µ := −ebu in the error equation
(4.1c), and µ := −PM (ebq · n) in the error equation (4.1d), and adding the resulting
equations up, we obtain

(eq , eq)Ωh
+ Θh = (ΠV q − q , eq)Ωh

,

where

Θh := 〈ebu , eq · n〉∂Ωh
+ 〈ebq · n , eu〉∂Ωh

− 〈eq · n , eu〉∂Ωh
− 〈ebq · n, ebu〉∂Ωh\∂Ω − 〈PM (ebq · n), ebu〉∂Ω.

By the definition of the projection PM , we get that

Θh = 〈ebu , eq · n〉∂Ωh
+ 〈ebq · n , eu〉∂Ωh

− 〈eq · n , eu〉∂Ωh
− 〈ebq · n, ebu〉∂Ωh\∂Ω − 〈ebq · n, ebu〉∂Ω

= 〈(ebq − eq) · n , eu − ebu〉∂Ωh

= 〈PM (α((eu − ebu)n)) , (eu − ebu)n〉∂Ωh
,

by the identity (4.2) of Lemma 4.1. Finally, by the definition of the projection PM

and the property (A.5) of the traces of the local spaces, we obtain that

Θh = 〈α((eu − ebu)n) , (eu − ebu)n〉∂Ωh
.

Since Θh ≥ 0, by the semipositivity property (A.6) of the local stabilization operator
α, we have that

‖eq‖2Ωh
≤ (ΠV q − q , eq)Ωh

≤ ‖ΠV q − q‖Ωh
‖eq‖Ωh

,

and the result follows. This completes the proof of Theorem 2.1.
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Step 3: The elliptic duality argument for eu. The estimate of eu will follow
from the following identity.

Lemma 4.2. Suppose that the assumptions of Lemma 4.1 are satisfied. Then, we
have

(eu , η)Ωh
= (q −ΠV q , Π∗V θ)Ωh

− (eq , θ −Π∗V θ)Ωh
,

where (φ,θ) is the solution of dual problem (2.2).
Proof. We begin by using the second equation (2.2b) of the dual problem to write

that

(eu , η)Ωh
= (eu , ∇ · θ)Ωh

= (eu , ∇ · θ)Ωh
− (eq , θ)Ωh

− (eq , ∇φ)Ωh
,

by the first equation (2.2a) of the dual problem. This implies that

(eu , η)Ωh
= (eu , ∇ ·Π∗V θ)Ωh

− (eq , Π∗V θ)Ωh
− (eq , ∇Π∗Wφ)Ωh

+ (eu , ∇ · (θ −Π∗V θ))Ωh
− (eq , θ −Π∗V θ)Ωh

− (eq , ∇(φ−Π∗Wφ))Ωh
.

Taking v := Π∗V θ in the first error equation, (4.1a), and w := Π∗Wφ in the second,
(4.1b), we obtain that

(eu , η)Ωh
= (q −ΠV q , Π∗V θ)Ωh

+ 〈ebu , Π∗V θ · n〉∂Ωh
− 〈ebq · n , Π∗Wφ〉∂Ωh

+ (eu , ∇ · (θ −Π∗V θ))Ωh
− (eq , θ −Π∗V θ)Ωh

− (eq , ∇(φ−Π∗Wφ))Ωh
,

and, after simple algebraic manipulations, that

(eu , η)Ωh
= (q −ΠV q , Π∗V θ)Ωh

− (eq , θ −Π∗V θ)Ωh
+ T,

where

T :=〈ebu , Π∗V θ · n〉∂Ωh
− 〈ebq · n , Π∗Wφ〉∂Ωh

+ (eu , ∇ · (θ −Π∗V θ))Ωh
− (eq , ∇(φ−Π∗Wφ))Ωh

.

It remains to prove that T = 0.
To do that, we integrate by parts and use the orthogonality properties (A.1) and

(A.2) of the projection Π∗h to get

T = 〈ebu , Π∗V θ · n〉∂Ωh
− 〈ebq · n , Π∗Wφ〉∂Ωh

+ 〈eu , (θ −Π∗V θ) · n〉∂Ωh
− 〈eq · n , (φ−Π∗Wφ)〉∂Ωh

= 〈ebu − eu , (Π∗V θ − θ) · n〉∂Ωh
− 〈(ebq − eq) · n , Π∗Wφ− φ〉∂Ωh

+ 〈ebu , θ · n〉∂Ωh
− 〈ebq · n , φ〉∂Ωh

= 〈ebu − eu , (Π∗V θ − θ) · n〉∂Ωh
− 〈(ebq − eq) · n , Π∗Wφ− φ〉∂Ωh

.

Indeed, the fact that 〈ebu , θ ·n〉∂Ωh
= 0 is proven as follows. Since ebu is single valued

on Eh and θ lies in H(div), we have that

〈ebu , θ · n〉∂Ωh
= 〈ebu,θ · n〉∂Ω

= 〈ebu, PM (θ · n)〉∂Ω,

by the definition of the projection PM . The above quantity is equal to zero by the
fourth error equation (4.1d) with µ := PM (θ · n).
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We can prove that 〈ebq ·n , φ〉∂Ωh
= 0 as follows. By the definition of the projection

PM ,

〈ebq · n , φ〉∂Ωh
= 〈ebq · n , PM (φ)〉∂Ωh

= 〈ebq · n, φ〉∂Ω,

by the third error equation (4.1c) with µ := PM (φ). Finally, by the third equation
(2.2c) of the dual problem, we have that φ = 0 on ∂Ω and the result follows.

Now, inserting the expression for ebq, (4.2), given by Lemma 4.1 in the last ex-
pression for T, we get

T = 〈ebu − eu , (Π∗V θ − θ) · n〉∂Ωh
− 〈PM (α((eu − ebu)n) · n) , Π∗Wφ− φ〉∂Ωh

= 〈ebu − eu , (Π∗V θ − θ) · n〉∂Ωh
− 〈α((eu − ebu)n) · n , Π∗Wφ− PMφ〉∂Ωh

,

by the definition of the projection PM and the second property (A.5) of the traces of
the local spaces. Then

T = 〈ebu − eu , (Π∗V θ − θ) · n〉∂Ωh
− 〈eu − ebu , α∗((Π∗Wφ− PMφ)n) · n〉∂Ωh

= 〈ebu − eu , (Π∗V θ − θ) · n+α∗((Π∗Wφ− PMφ)n) · n〉∂Ωh

= 0,

by the property (A.5) of the traces of the local spaces and the orthogonality property
(A.3) of the projection Π∗h. This completes the proof.

Step 4: The estimate for eu. We are now ready to obtain the estimate of the
L2-norm of eu and prove Theorem 2.2.

We start by taking η = eu in the identity of Lemma 4.2 to obtain

‖eu‖2Ωh
= (q −ΠV q , Π∗V θ)Ωh

− (eq , θ −Π∗V θ)Ωh

= (q −ΠV q , θ)Ωh
− (q − qh , θ −Π∗V θ)Ωh

.

If we now use the orthogonality property (A.1) of the projection Πh and the property
(B.2) that the space W (K) is not too small, we get

‖eu‖2Ωh
= (q −ΠV q , θ − P 0θ)Ωh

− (q − qh , θ −Π∗V θ)Ωh
,

where P 0 is the L2−projection into {v ∈ L2(Ω) : v|K ∈ P 0(K)∀ K ∈ Ωh}. By the
Cauchy-Schwartz inequality, we get

‖eu‖2Ωh
≤ ‖q −ΠV q‖Ωh

‖θ − P 0θ‖Ωh
+ ‖q − qh‖Ωh

‖θ −Π∗V θ‖Ωh

≤ (‖θ − P 0θ‖Ωh
+ 2 ‖θ −Π∗V θ‖Ωh

) ‖q −ΠV q‖Ωh

≤ C h (|θ|1,Ωh
+ |φ|2,Ωh

) ‖q −ΠV q‖Ωh

by the standard approximation properties of the projection P 0 and by the approx-
imation property (B.1) of the dual projection Π∗h. Finally, by the elliptic regularity
property (2.1) with η := eu, we conclude that

‖eu‖2Ωh
≤ C C∗app h ‖eu‖Ωh

‖q −ΠV q‖Ωh
,

and the estimate follows. This completes the proof of Theorem 2.2.
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Step 5: The estimate for u − u∗. By the Poincaré-Friedrichs inequality, we
have that

‖u− u∗h‖K ≤ ‖u− u∗h‖K + C hK ‖∇(u− u∗h)‖K ,

where w is the average of w over K. But u∗h = uh, by the second equation defining
u∗h, (1.4c), and u = ΠWu by Assumptions (A.2) and (C.1). This implies that

‖u− u∗h‖K ≤ ‖ΠWu− uh‖K + C hK ‖∇(u− u∗h)‖K .

Now, for any ω ∈W(K), we have that

‖∇(u− u∗h)‖2K = (∇(u− u∗h),∇(u− ω))K + (∇(u− u∗h),∇(ω − u∗h))K

= (∇(u− u∗h),∇(u− ω))K − (q − qh,∇(ω − u∗h))K ,

by the first equation defining the postprocessing u∗h, (1.4b). Applying the Cauchy-
Schwarz inequality, we obtain that

‖∇(u− u∗h)‖2K ≤ ‖∇(u− u∗h)‖K ‖∇(u− ω)‖K + ‖q − qh‖K ‖∇(ω − u∗h)‖K ,
≤ ‖∇(u− u∗h)‖K (‖∇(u− ω)‖K + ‖q − qh‖K) + ‖q − qh‖K ‖∇(ω − u)‖K ,

and, after simple applications of Young’s inequality and some algebraic manipulations,
we get that

‖∇(u− u∗h)‖2K ≤ 3(‖q − qh‖2K + ‖∇(u− ω)‖2K).

This implies that

‖u− u∗h‖K ≤ ‖ΠWu− uh‖K + C hK (‖q − qh‖K + ‖∇(u− ω)‖K),

and so,

‖u− u∗h‖Ωh
≤ ‖ΠWu− uh‖Ωh

+ C h (‖q − qh‖Ωh
+ ‖∇(u− ω)‖Ωh

).

This completes the proof of Theorem 2.3.

5. Study of the projection Πh for the HDG[k] method. In this section,
we study the properties of the projection Πh for the HDG[k] method for squares
and cubes. We only give a detailed proof for cubic elements since the case of square
elements is similar and easier to prove.

5.1. The system defining the projection is square. We first show that the
system defining the projection Πh is square. We see that the number of equations is

dim Ṽ (K) + dimW̃ (K) + dimM(F ) = 4 dimP k−1(K) + 6 dimP k(F )

= 4 dimP k(K) + 2 dimP k(F )

On the other hand, the number of unknowns is

dimV (K) + dimW (K) = 4 dimP k(K) + dim∇× B̃k

= 4 dimP k(K) + dim B̃k − dimKer{∇ × B̃k},
13



where B̃k = {(yzp1, zxp2, xyp3)| p1, p2, p3 ∈ P̃ k(K)}. Since dimB̃k = 3 dim P̃ k(K),
and

dimKer{∇ × B̃k} = dim P̃ k(K),

since Ker{∇ × B̃k} = {∇ (xyzp4)| p4 ∈ P̃ k(K)}, we finally have that

dim Ṽ + dim W̃ = 4 dimP k(K) + 3 dim P̃ k(K)− dim P̃ k(K)

= 4 dimP k(K) + 2 dim P̃ k(K)

= 4 dimP k(K) + 2 dimP k(F ),

and we see that this is a square system.

5.2. A property of the local stabilization operator α := τ r. Next, we
obtain a property of the local stabilization operator α := τ r we are going to need to
prove the well posedness of the projection Πh.

Lemma 5.1. Let p be an element of W (K) such that (p, w)K = 0 for all w ∈
W̃ (K). Then

‖p‖F ≤ C ‖r(pn|F )‖F ,

for any face F ∈ ∂K.
Proof. Let us pick an arbitrary face F of the cube K. Taking µ := p and v := pn

in the definition of the operator r, (3.2), we get

‖p‖2F =
|F |
|K|

(p, r(pn|F ))K

≤ |F |
|K|
‖p‖K ‖r(pn|F )‖K

≤ C h−1/2
K ‖p‖F ‖r(pn|F )‖K

since p is an element of W (K) := P k(K) such that (p, w)K = 0 for all w ∈ W̃ (K) :=
P k−1(K); see, for example, Lemma 3.1 in [8] for the case in which K is a simplex.
This implies that

‖p‖F ≤ C h−1/2
K ‖r(pn|F )‖K .

Now, taking µ = η := p in the positivity property of the operator r, (3.3), we obtain

‖r(pn|F )‖2K =
|K|
|F |
〈r(pn|F ), pn〈F

≤ C hK ‖r(pn|F )‖F ‖p‖F .

This implies that

‖p‖F ≤ C ‖r(pn|F )‖1/2
F ‖p‖1/2

F ,

and the result follows. This completes the proof.
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5.3. The system defining the projection is unisolvent. Next we show that
the system is unisolvent. It suffices to show that the only solution for the case of a
zero right-hand side, that is, when we set q := 0 and u := 0, is the trivial solution.

So, taking µ = ΠWu in the third equation defining the projection, (3.1c), we get
that

〈α(ΠWun),ΠWun〉∂K =− 〈ΠV q · n,ΠWu〉∂K

=− (∇ · (ΠV q),ΠWu)K − (ΠV q,∇ΠWu)K

= 0,

by the first and second equations defining the projection, (3.1a) and (3.1b), respec-
tively, an by the inclusion properties (3.1d).

If α := τ Id, we have that τΠWu = 0 on ∂K. This is also true for the choice
α := τ r. Indeed, we have that

〈α(ΠWun),ΠWun〉∂K =
∑
F

〈α(ΠWun),ΠWun〉F =
∑
F

τF
|F |
|K|
‖r(ΠWun|F )‖2K ,

by the property (3.3) of the function r with µ := η := ΠWu. This implies that
τF r(ΠWun|F ) = 0 on any face F of K, and, by Lemma 5.1, that τΠWu = 0 on any
face of K.

Without loss of generality, we can assume that two of the faces of the cube K lie
on the planes z = 0 and z = 1. Since τ > 0 at the face lying on the plane z = 0, we get
that ΠWu|z=0 = 0 and hence that ΠWu = z r for r ∈ P k−1(K). Taking w = r in the
second equation defining the projection, (3.1b), we immediately get that ΠWu = 0.

It remains to show that ΠV q = 0. To do that, we take µ := ΠV q ·n in the third
equation defining the projection, (3.1c), to obtain that ΠV q ·n|∂K = 0. In particular,
if we use the notation (q1, q2, q3) := ΠV q, we get that q3|z=0,1 = 0. Therefore we can
write q3 = z(z−1)r′ for r′ ∈ P k−1(K). Then, taking v := (0, 0, r′) in the first equation
defining the projection, (3.1a), we conclude that q3 = 0. By the same argument we
can prove that q1 = q2 = 0. This implies that the projection is well defined.

5.4. Approximation properties of the projection. For the sake of com-
pleteness, here we state a result that contains the approximation properties of the
projection we are considering.

Proposition 5.2. Suppose k ≥ 0, τ |∂K is nonnegative and τmax
K := max τ |∂K >

0. Then there is a constant C independent of K and τ such that

‖ΠV q − q ‖K ≤ C h
`q+1
K |q|H`q+1(K) + C h`u+1

K τ∗K |u|H`u+1(K),

‖ΠWu− u‖K ≤ C h`u+1
K |u|H`u+1(K) + C

h
`q+1
K

τmax
K

|∇ · q|H`q (K),

for `u, `q in [0, k]. Here τ∗K := max τ |∂K\F∗ , where F ∗ is a face of K at which τ |∂K

is maximum.
It can be proven by following the proof of the similar result for the projection for

HDG methods on simplexes proposed in [10] almost work-by-word manner. It holds
when α := τ Id as well as when α := τ r.

Note that this implies that when τ is non-negative and is uniformly bounded, the
orders of convergence of the projection are k + 1 for both the scalar variable and the
flux, for both squares and cubes.
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6. Concluding remarks. We end this paper by discussing some variations on
the theoretical results we have proposed in Section 2.

6.1. Other postprocessings. There are several ways to define a new approx-
imation u∗h ∈ W ∗(K) for which Theorem 2.3 does hold. The following example is
particularly useful when working with the p − version of the method; see also [10]
and the references therein. On each element K ∈ Ωh, the postprocessing u∗h is defined
as the element of W ∗(K) such that

(∇u∗h,∇ω)K =− (qh,∇ω)K ∀ ω ∈W ∗(K) : (ω, w̃)k = 0 for all w̃ ∈ W̃ (K),

(u∗h, w)K = (uh, w)K ∀ w̃ ∈ W̃ (K).

6.2. Optimal convergence when the local space W (K) is small. When
the local space W (K) is small, that is, when it does not satisfy Assumption (B.2),
the superconvergence of the projection of the error in the scalar variable, ΠWu− uh,
is not guaranteed, and in general it does not take place. Examples of these methods
are the HDG0 and the BDM1 methods for simplexes. [HOW about squares?]

However, in this case we can still obtain the optimal order of convergence of
ΠWu− uh. Indeed, by the identity of Lemma 4.2 obtained by duality, we have

‖eu‖2Ωh
= (q −ΠV q , Π∗V θ)Ωh

− (eq , θ −Π∗V θ)Ωh

≤ ‖q −ΠV q‖Ωh
‖Π∗V θ‖Ωh

+ ‖eq‖Ωh
‖θ −Π∗V θ‖Ωh

≤ ‖q −ΠV q‖Ωh
(‖Π∗V θ‖Ωh

+ ‖θ −Π∗V θ‖Ωh
) by Theorem 2.1,

≤ ‖q −ΠV q‖Ωh
(‖θ‖Ωh

+ 2Capp h (|φ|H2(Ωh) + |θ‖H1(Ωh))

by Assumption (B.1). Finally, after a simple application of the elliptic regularity
inequality (2.1) with η := eu, we get that

‖eu‖Ωh
≤ C ‖q −ΠV q‖Ωh

.

Thus, even though the Assumption (B.2) does not hold. the convergence in the scalar
variable can be optimal.

6.3. Superconvergence when the local space W (K) is small. Next, we
show that it is still possible to obtain superconvergence of the projection of the error
in the scalar variable when the local space W (K) is small, that is, when it does not
satisfy Assumption (B.2). We do this for the RT0 method, which is the only method
for which this is known to happen. We begin by noting that, by the identity of Lemma
4.2, we have

‖eu‖2Ωh
= (q −ΠV q , Π∗V θ)Ωh

− (eq , θ −Π∗V θ)Ωh

= (q −ΠV q , θ)Ωh
− (q − qh , θ −Π∗V θ)Ωh

=− (q −ΠV q , ∇φ)Ωh
− (q − qh , θ −Π∗V θ)Ωh

by (2.2a),

=− (q −ΠV q , ∇(φ− φ))Ωh
− (q − qh , θ −Π∗V θ)Ωh

= (∇ · (q −ΠV q) , φ− φ)Ωh
− 〈(q −ΠV q) · n, φ− φ〉∂Ωh

− (q − qh , θ −Π∗V θ)Ωh

= (∇ · (q −ΠV q) , φ− φ)Ωh
− 〈(q −ΠV q) · n, φ− φ〉∂Ωh\∂Ω

− (q − qh , θ −Π∗V θ)Ωh
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by the boundary condition of the dual problem (2.2c). For the RT0 method, we can
write

‖eu‖2Ωh
= (∇ · q −∇ · q , φ− φ)Ωh

− (q − qh , θ −Π∗V θ)Ωh
,

and, proceeding in the previous subsection, we can obtain that

‖eu‖Ωh
≤ C h2 |∇ · q|H1(Ω) + C h ‖q −ΠV q‖Ωh

.

Superconvergence of order two is thus achieved for the projection of the error eu.

6.4. Other formulas for the numerical trace of the flux. The hybridizable
DG method based on the use of the so-called interior penalty (IP) method on each
element, see [9], does not use the formula for the numerical trace of the flux (1.3).
Instead it uses the formula

q̂h · n = −∇uh · n+α((uh − ûh)n) · n on ∂Ωh.

The application of our approach to this method remains open. However, let us point
out that since when α = τId, this method is well defined provided τ is of order 1/h;
see [9]. As a consequence, it seems very unlikely that optimal convergence will be
attained for the approximate flux.

6.5. Conclusion. The projection-approach we have presented here provides a
simple, unified a priori error analysis of a large class of finite elements methods in-
cluding mixed and HDG methods. It provides sufficient conditions on the different
local spaces and by the local stabilization operator α that guarantee the superconver-
gence of the postprocessing u∗h. In other words, it gives us guidelines for the devising
of new superconvergent methods for elliptic problems.

Indeed, by following them, we showed that the HDGk methods for simplexes with
the local stabilization operator used in [3, 7, 9] are superconvergent, and uncovered two
superconvergent HDG[k] methods for squares and cubes, and the only finite element
method known to be superconvergent for general quadrilaterals and hexahedra.

The extension of this approach to more general elliptic problems, to time-dependent
convection-diffusion problems and to the Stokes system of incompressible fluid flow
constitutes the subject of ongoing work.

REFERENCES

[1] D. N. Arnold and F. Brezzi, Mixed and nonconforming finite element methods: implementation,
postprocessing and error estimates, RAIRO Modél. Math. Anal. Numér. 19 (1985), 7–32.

[2] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinuous
Galerkin methods for elliptic problems, SIAM J. Numer. Anal. 39 (2002), 1749–1779.

[3] F. Bassi, S. Rebay, G. Mariotti, S. Pedinotti, and M. Savini, A high-order accurate discontin-
uous finite element method for inviscid and viscous turbomachinery flows, 2nd European
Conference on Turbomachinery Fluid Dynamics and Thermodynamics (Antwerpen, Bel-
gium) (R. Decuypere and G. Dibelius, eds.), Technologisch Instituut, March 5–7 1997,
pp. 99–108.

[4] F. Brezzi, J. Douglas, Jr., M. Fortin, and L. D. Marini, Efficient rectangular mixed finite
element methods in two and three space variables, RAIRO Modél. Math. Anal. Numér. 21
(1987), 581–604.

[5] F. Brezzi, J. Douglas, Jr., and L. D. Marini, Two families of mixed finite elements for second
order elliptic problems, Numer. Math. 47 (1985), 217–235.

[6] F. Brezzi and M. Fortin, Mixed and hybrid finite element methods, Springer Verlag, 1991.

17



[7] F. Brezzi, G. Manzini, L. D. Marini, P. Pietra, and A. Russo, Discontinuous finite elements
for diffusion problems, in Atti Convegno in onore di F. Brioschi (Milan 1997), Istituto
Lombardo, Accademia di Scienze e Lettere, 1999, pp. 197–217.

[8] B. Cockburn, B. Dong, and J. Guzmán, A superconvergent LDG-hybridizable Galerkin method
for second-order elliptic problems, Math. Comp. 77 (2008), 1887–1916.

[9] B. Cockburn, J. Gopalakrishnan, and R. Lazarov, Unified hybridization of discontinuous
Galerkin, mixed and continuous Galerkin methods for second order elliptic problems, SIAM
J. Numer. Anal. 47 (2009), 1319–1365.

[10] B. Cockburn, J. Gopalakrishnan, and F.-J. Sayas, A projection-based error analysis of HDG
methods, Math. Comp. 79 (2010), 1351–1367.

[11] J. Douglas, Jr. and J.E. Roberts, Global estimates for mixed methods for second order elliptic
equations, Math. Comp. 44 (1985), 39–52.

[12] L. Gastaldi and R.H. Nochetto, Sharp maximum norm error estimates for general mixed finite
element approximations to second order elliptic equations, RAIRO Modél. Math. Anal.
Numér. 23 (1989), 103–128.

[13] R.M. Kirby, S.J. Sherwin and B. Cockburn, To CG or to HDG: A comparison study. Submitted.
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