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Abstract. We provide an a priori error analysis of a wide class of finite element methods for the
Stokes equations. The methods are based on the velocity gradient-velocity-pressure formulation of
the equations and include new and old mixed and hybridizable discontinuous Galerkin methods. We
show how to reduce the error analysis to the verification of some properties of an elementwise-defined
projection and of the local spaces defining the methods. We also show that the projection of the
errors only depends on the approximation properties of the projection. We then provide sufficient
conditions for the superconvergence of the projection of the error in the approximate velocity. We
give many examples of these methods and show how to systematically construct them from similar
methods for the diffusion equation.

1. Introduction. In this paper, we propose a projection-based analysis of su-
perconvergent hybridizable discontinuous Galerkin (HDG) methods for the velocity
gradient-velocity-pressure formulation of the Stokes equations, namely,

L−∇u = 0 on Ω,(1.1a)
−∇ · (νL) +∇p = f on Ω,(1.1b)

∇ · u = 0 on Ω,(1.1c)
u = g on ∂Ω,(1.1d) ∫

Ω

p = 0,(1.1e)

where
∫
∂Ω
g · n = 0. Here Ω ⊂ Rn (n = 2, 3) is a bounded polygonal domain if n = 2

or a Lipschitz polyhedral domain if n = 3. We assume that ν is a constant.
In [7], we introduced a new technique to carry out the a priori error analysis

of HDG methods for second order elliptic problem. The technique reduces the error
analysis to the verification of some properties of an elementwise-defined projection and
of the local spaces defining the methods. It also reduces the study of the convergence
properties of the projection of the errors to that of the approximation properties of the
projection. It provides sufficient conditions for the superconvergence of the projection
of the error in the scalar approximation; as a consequence, a new scalar approxima-
tion can be locally computed which converges with the same order. By using this
technique, the well-known mixed methods (Raviart-Thomas methods [16] and their
extension by Nédélec [13], Brezzi-Douglas-Marini methods [2], Brezzi-Douglas-Durán-
Fortin methods [1]) as well as old [5] and new HDG methods can be analyzed at once.
In this paper, we extend this methodology to the Stokes equations of incompressible
flow.

To better describe our results, we adapt to our setting the notation used in [7]
and in [4]. Let Th denote the shape-regular, conforming triangulation of Ω, set ∂Th :=
{∂K : K ∈ Th}, and let Eh denote the set of all faces F of all simplexes K ∈ Th. We
denote by F(K) the set of all faces F of K.
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The methods we consider seek an approximation (Lh,uh, ph, ûh) to the exact
solution (L|Ω,u|Ω, p|Ω,u|Eh

) in the finite dimensional space Gh × V h × Ph ×Mh

given by

Gh = {G ∈ L2(Th) : G|K ∈ G(K) ∀ K ∈ Th},(1.2a)

V h = {v ∈ L2(Th) : v|K ∈ V (K) ∀ K ∈ Th},(1.2b)

Ph = {q ∈ L2(Th) : q|K ∈ P (K) ∀ K ∈ Th},(1.2c)

Mh = {µ ∈ L2(Eh) : µ|F ∈M(F ) ∀ F ∈ Eh}.(1.2d)

To describe how the approximation is defined, we need to introduce some no-
tation related to integrals on the triangulation Th. Here, we write (N , Z)Th

:=∑n
i,j=1(Ni,j , Zi,j)Th

, (η , ζ)Th
:=
∑n
i=1(ηi , ζi)Th

, and (η , ζ)Th
:=
∑
K∈Th

(η, ζ)K ,
where (η, ζ)D denotes the integral of ηζ over D ⊂ Rn. Similarly, we write 〈η , ζ〉∂Th

:=∑n
i=1〈ηi , ζi〉∂Th

and 〈η , ζ〉∂Th
:=
∑
K∈Th

〈η , ζ〉∂K , where 〈η , ζ〉D denotes the inte-
gral of ηζ over D ⊂ Rn−1.

The approximation (Lh,uh, ph, ûh) can now be defined as the solution of the
following equations:

(νLh , G)Th
+ (uh , ∇ ·G)Th

− 〈ûh , Gn〉∂Th
= 0,(1.3a)

(νLh , ∇v)Th
− (ph , ∇ · v)Th

− 〈νL̂hn− p̂hn , v〉∂Th
= (f , v)Th

,(1.3b)
−(uh , ∇q)Th

+ 〈ûh · n , q〉∂Th
= 0,(1.3c)

〈ûh , µ〉∂Ω = 〈g , µ〉∂Ω,(1.3d)

〈νL̂hn− p̂hn , µ〉∂Th\∂Ω = 0,(1.3e)
(ph , 1)Th

= 0,(1.3f)

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh, where

νL̂hn− p̂hn = νLhn− phn−α(uh − ûh) on ∂Th.(1.3g)

Note that, by taking particular choices of the local spaces G(K),V (K), P (K) and
M(F ), and of the linear local stabilization operator α, different mixed and HDG
methods are obtained.

Our main result is that if we can construct an auxiliary projection Πh(L,u, p) =
(ΠGL,ΠV u,ΠP p) satisfying certain orthogonality and approximation conditions, and
if the local spaces G(K),V (K), P (K) and M(F ), for F ∈ F(K), satisfy some inclu-
sion properties, then the method is well defined and we have the estimates

‖L− Lh‖Th
≤ 2‖L−ΠGL‖Th

‖p− ph‖Th
≤ C1(‖ΠP p− p‖Th

+ ‖L−ΠGL‖Th
),

‖ΠV u− uh‖Th
≤ C2h‖L−ΠGL‖Th

,

where ‖ · ‖Th
denotes the L2(Th)−norm and the constants C1, C2 solely depend on

the stabilization operator α.
Note that if the error ΠV u− uh converges to zero faster than the error u− uh

with one more order, this superconvergence property can be advantageously exploited.
To do that, we follow [11, 17, 18] and define a new approximation to u,u∗h, in the
space

V ∗h := {v ∈ L2(Th) : v|K ∈ V ∗(K) ⊃ P 0(K),K ∈ Th},
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as follows. On each element K ∈ Th, the postprocessing u∗h is the element of V ∗(K)
such that

(∇u∗h,∇v)K = (Lh,∇v)K ∀v ∈ V ∗(K),(1.4a)

(u∗h,v)K = (uh,v)K ∀ ∈ P 0(K).(1.4b)

Here P 0(K) denotes the constant vector function space on K. We are going to
show that by properly choosing the spaces V ∗h(K),K ∈ Th, we can make ‖u∗h−u‖Th

converges as fast as ‖ΠV u− uh‖Th
to zero.

The a priori error analysis of the HDG method proposed in [4] is now a particular
case of our general approach. However, we provide an alternative definition of the
auxiliary projection to carry it out. The key property of this new projection is that the
definition of ΠP p is completely decoupled from the definition of (ΠGL,ΠV u). This not
only considerably simplifies the study of its approximation properties but allows us to
see how to systematically construct the HDG methods under consideration from the
HDG methods for diffusion considered in [7]. To the best of the authors’ knowledge,
the methods obtained by using this construction seem to be new, except, of course,
for the HDG methods on simplexes in [15, 4]. It is worth noting that a particular
case of the family of methods employing k-th order Raviart-Thomas elements for the
approximate velocity gradient is already known. Indeed, the two-dimensional case
with k = 0 is nothing but the mixed method proposed in [9] for triangles and in [10]
for rectangles; general, convex quadrilaterals were also considered in [10].

The rest of the paper is organized as follows. In Section 2, we describe the
conditions on the auxiliary projection Πh and on the local spaces associated with our
finite element methods; we then state and discuss the corresponding a priori error
estimates. In Section 3, we show how to systematically construct HDG methods
with superconvergent velocities from superconvergence HDG methods for diffusion.
In Section 4, we provide detailed proofs for the main results. In Section 5, we give a
simple proof for the approximation property of the projection mentioned above. We
then end with some concluding remarks in Section 6 which include the sketch of the
extension of our approach of the HDG methods for linear elasticity recently proposed
in [14].

2. Main results. In this section we show how an a priori error analysis of the
HDG methods can be reduced to the verification of a few conditions on the local
spaces and on some properties of an associated, auxiliary projection Πh defined in an
element-by-element fashion. The main idea of our error analysis is to estimate the
projection of the errors Πh(L − Lh,u − uh, p − ph) and then deduce bounds of the
L2(Ω)−norm of the errors L− Lh,u− uh, p− ph and u− u∗.

2.1. Estimate of ΠGL− Lh and ΠP p − ph. Our first result gives an estimate
of the projection of the error ΠGL− Lh solely in terms of the approximation error of
the projection L−ΠGL. Our second result gives an estimate of the projection of the
error ΠP p− ph in terms of the approximation errors p−ΠP p and L−ΠGL. To state
them, we need to describe our assumptions on the projection Πh and on the local
finite element spaces G(K),V (K), P (K) and M(F ).

Assumption A :

• Orthogonality properties of Πh. On each element K, there exists a projection
Πh(L,u, p) = (ΠGL,ΠV u,ΠP p) ∈ G(K) × V (K) × P (K) satisfying the following
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properties:
(A.1 ) (ΠGL,G)K = (L,G)K for all G ∈ ∇V (K),
(A.2 ) (ΠV u,v)K = (u,v)K for all v ∈ ∇ ·G(K) +∇P (K),
(A.3 ) (ΠP p, q)K = (p, q)K for all q ∈ ∇ · V (K),
(A.4 ) For F ∈ F(K),

〈νΠGLn−ΠP pn−α(ΠV u) , µ〉F = 〈νLn− pn−α(ΠMu) , µ〉F for all µ ∈M(F ).

We also need to assume suitable relations between the traces on the faces F of the
local spaces G(K),V (K) and P (K) with the local space M(F ).

• Properties of the traces of the local spaces. For each element K, and for any of
its face F , we assume,

(A.5 ) G(K)n|F ⊂M(F ),
(A.6 ) V (K)|F ⊂M(F ),
(A.7 ) P (K)n|F ⊂M(F ).

Here, G(K)n|F denotes the space of the traces of normal components of functions
of G(K) on the face F of K. Similarly, V (K)|F denotes the space of the traces of
space V (K) on the face F of K. P (K)n|F denotes the traces of functions of P (K)
multiplied by unit normal vector n on the face F .

Finally, we need a simple assumption on the local stabilization operator α:

• The semi-positivity property of α. For each element K and any face F ,

(A.8 ) 〈α(µ),µ〉F ≥ 0 for all µ ∈M(F ).

We are now ready to state our first result. In what follows, we use ‖·‖k,D, |·|k,D to
denote the standard norm and seminorm on any Sobolev space Hk(D), respectively.
When k = 0, we omit the index k and simply write ‖ · ‖D.

Theorem 2.1. Suppose that the Assumption A are satisfied. Then we have

‖ΠGL− Lh‖Th
≤ ‖L−ΠGL‖Th

.

Note that, we can immediately conclude that ‖L− Lh‖Th
≤ 2‖L− ΠGL‖Th

, and we
see that the quality of the approximation Lh depends on the approximation properties
of ΠGL only.

Our second result is an estimate for p − ph. To state it, we use the following
notation for the total average of a function over Ω: p :=

∫
Ω
p/|Ω|, the following

seminorm on ∂Th: ‖µ‖α/ν :=
{∑

K∈Th

1
ν 〈α(µ) , µ〉∂K

} 1
2 , and the following auxiliary

space

M⊥
n,h := {µ ∈ L2(∂Th) : ∀K ∈ Th : µ|F ∈M(F ) ∀F ∈ F(K),(2.1)

〈µ · n, q〉∂K = 0 ∀q ∈ P (K) : (q,∇ · v)K = 0 ∀v ∈ V (K)}.

Theorem 2.2. Suppose that the Assumption A is satisfied. Then

‖ΠP p− ph‖Th
≤ |ΠP p− p||Ω|

1
2 + CCp,αν‖L−ΠGL‖Th

,
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where

Cp,α := max

{
1, sup
w∈H1

0(Ω)\{0}
sup

µ∈M⊥n,h\{0}

〈α(µ) , Pw −ΠMw〉∂Th

‖µ‖α/ν‖w‖H1(Ω)

}
.

and P : H1(Th)→ V h is any projection such that (Pw−w,v)Th
= 0 for all v ∈ V h

such that v|K ∈ ∇P (K) for all K ∈ Th.
As a consequence, applying the triangle inequality, we immediately obtain

‖p− ph‖Th
≤ |ΠP p− p||Ω|

1
2 + ‖p−ΠP p‖Th

+ CCp,αν‖L−ΠGL‖Th
.

2.2. Estimate of ΠV u−uh. Next, we provide estimates of u−uh and u− û.
To state the results, we need to introduce the following dual problem. For any given
θ in L2(Ω), let (Z,σ, η) be the solution of

Z−∇σ = 0 on Ω,(2.2a)
∇ · (νZ)−∇η = θ on Ω,(2.2b)

−∇ · σ = 0 on Ω,(2.2c)
σ = 0 on ∂Ω.(2.2d)

We assume that, for some real number s, we have the regularity property

(2.3) ν‖Z‖Hs+1(ω) + ν‖σ‖Hs+2(Ω) + ‖η‖Hs+1(Ω) ≤ Creg‖θ‖Hs(ω).

In the two-dimensional case, the above estimate with s ≤ 0 follows from the results in
[12] when the domain is convex. In the three-dimensional case, the above estimate fol-
lows from the results in [8] in the following cases. For any polyhedron with Liptischtz
boundary, with s < 1/2; for any convex polyhedron, with s ≤ 0; and with s < 3/2 if,
moreover, all the edges have wedge angles at most 2π/3 (a cube, for example).

Moreover, we need a couple of additional assumptions.

Assumption B :

The first assumption is an approximation property of a projection Π∗h(L,u, p) =
(Π∗GL,Π∗V u,Π

∗
P p) which satisfies the assumptions (A.1)− (A.4) where the local sta-

bilization operator α(·) is replaced by its dual α∗(·) , that is , by the linear function
defined by

〈α(v) , w〉∂K = 〈v , α∗(w)〉∂K for all v, w ∈ L2(∂K).

• The approximation property of the projection Π∗h. For each element K and any
(L,u, p) ∈ H1(K)×H2(K)×H1(K),

(B.1 ) ‖Π∗GL− L‖K ≤ C∗apphK(|L|1,K + |u|1,K + |p|1,K).

The second assumption is a condition on the local space V (K).

• The local space V (K) is not too small. For each element K, we have that
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(B.2 ) P0(K) ⊂ ∇V (K). Here P 0(K) denotes the constant function space on K.

We are now ready to state our third result. To state it, we need to introduce the
following norm for functions ζ ∈ L2(∂Th): ‖ζ‖h :=

{∑
K∈Th

hK ‖ζ‖2∂K
}1/2

.

Theorem 2.3. Suppose that the Assumption A and B are satisfied. Also, suppose
that the regularity property (2.3) holds. Then we have

‖ΠV u− uh‖Th
+ ‖ΠMu− ûh‖h ≤ Cνh‖L−ΠGL‖Th

.

2.3. Estimate of u− u∗h. Note that if the convergence of uh to ΠV u is faster
than that of uh to u, we can take the advantage of this superconvergence result to show
that the postprocessing u∗h defined by (1.4) converges to u as fast as uh superconverges
to ΠV u. To obtain the error estimate, we need the following assumption.

Assumption C :

• The local space G(K) is not too small. For each element K,

(C.1 ) P 0(K) ⊂ ∇ ·G(K).

We can now state our last result.
Theorem 2.4. Suppose that the Assumptions A, B, and C are satisfied. Also,

suppose that the regularity property (2.3) holds. Then, we have

‖u− u∗h‖Th
≤ ‖ΠV u− uh‖Th

+ Ch(‖L− Lh‖Th
+ inf
v∈V ∗h

‖∇(u− v)‖Th
).

3. A template for the construction of superconvergent methods. Here,
we provide a template which reduces, roughly speaking, the devising of supercon-
vergent HDG methods to a suitable choice of the spaces in each element of the
triangulation.

3.1. The choice of the local spaces and the stabilization operator. To
construct our superconvergent methods, we pick an arbitrary element K ∈ Th, and
proceed as follows:

Step 1: The local space G(K)×V (K). We begin by taking a local space G(K)×
V (K) such that

P0(K) ⊂ ∇V (K) ⊂ G(K),(3.1a)
(∇·V (K)) Id ⊂ G(K),(3.1b)

P 0(K) ⊂ ∇ ·G(K) ⊂ V (K).(3.1c)

Step 2: The local space M(F ). Then, for each face F of the element K, we find
a space M(F ) such that

G(K)n|F ⊂M(F ),(3.2a)
V (K)|F ⊂M(F ).(3.2b)

This choice has to be made so that∑
F∈F(K)

dimM(F ) ≤ (dim G(K)− dim∇V (K)) + (dimV (K)−∇ ·G(K)).(3.3)
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Step 3: The auxiliary local space G̃(K)× Ṽ (K). Next, we find an auxiliary space
G̃(K)× Ṽ (K) satisfying

∇V (K) ⊂ G̃(K) ⊂ G(K),(3.4a)

∇ ·G(K) ⊂ Ṽ (K) ⊂ V (K),(3.4b)

such that, if we set

G⊥(K) := {G ∈G(K) : (G, G̃)K = 0 ∀ G̃(K)},(3.5a)

V ⊥(K) := {v ∈V (K) : (v, ṽ)K = 0 ∀ Ṽ (K)},(3.5b)

we have that ∑
F∈F(K)

dimM(F ) = dim G⊥(K) + dimV ⊥(K),(3.6a)

and that

‖G⊥‖K ≤ CG h
1/2
K ‖G

⊥n‖∂KG for all G⊥ ∈ G⊥(K),(3.7a)

‖v⊥‖K ≤ CV h1/2
K ‖v

⊥ · n ‖∂KV
for all v⊥ ∈ V ⊥(K),(3.7b)

for some subsets ∂KG and ∂KV of F(K).
Step 4: The local space P (K). Now, we take the local space P (K) such that

∇ · V (K) ⊂ P (K),(3.8a)
P (K) Id ⊂ G(K).(3.8b)

Step 5: The stabilization operator α. Finally, we pick the local stabilization op-
erator α so that

〈α(η), µ〉F = 〈η,α(µ)〉F for all η,µ ∈M(F ),(3.9a)

〈α(v⊥),v⊥〉∂K ≥ Cα ‖v⊥ · n‖2∂KV
for all v⊥ ∈ V ⊥(K).(3.9b)

3.2. Verification of Assumptions A, B and C. We claim that the HDG
method determined by the above local spaces and stabilization operator does sat-
isfy Assumptions A, B, and C. Let us show that this is indeed the case.

It is easy to see that
• Assumption (A.5) is nothing but condition (3.2a),
• Assumption (A.6) is nothing but condition (3.2b),
• Assumption (A.7) follows from condition (3.8b) and Assumption (A.5),
• Assumption (A.8) follows from condition (3.9b),
• Assumption (B.2) is nothing but the first inclusion in condition (3.1a),
• Assumption (C.1) is nothing but the first inclusion in condition (3.1c).

To verify the remaining Assumptions, we must introduce an auxiliary projection
Πh. We define, for any element of H1(K)×H1(K)×H1(K), (L,u, p), the projection
Πh(L,u, p) := (ΠGL,ΠV u,ΠP p) as the element of G(K)× V (K)× P (K) defined as
follows. The pressure component is defined by

(ΠP p, q)K = (p, q)K ∀q ∈ P (K),(3.10a)
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whereas the remaining components by

(ΠGL,G)K = (L,G)K ∀G ∈ G̃(K),(3.10b)

(ΠV u,v)K = (u,v)K ∀v ∈ Ṽ (K),(3.10c)
〈νΠGLn−α(ΠV u),µ〉F = 〈νLn−α(u),µ〉F(3.10d)

− 〈p−ΠP p,µ · n〉F ∀µ ∈M(F ),

for F ∈ F(K).
If this projection were well defined, Assumption (A.1) would follow from the sec-

ond equation defining the projection, (3.10b), and from the first inclusion in condition
(3.4a); Assumption (A.2) would follow from the third equation defining the projec-
tion, (3.10c), from the first inclusion in condition (3.4b) and from condition (3.8b);
Assumption (A.3) from the first equation defining the projection, (3.10a), and the
inclusion condition (3.8a); and Assumption (A.4) from the last equation defining the
projection, (3.10d). Thus, it remains to prove that the projection is well defined and
that it satisfies Assumption (B.1).

Note that since we are assuming that the stabilization operator α is self-adjoint,
see condition (3.9a), we have that Π∗h = Πh. Note also that, by condition (3.6), the
system of equations defining the projection Πh is square. Hence, it is well defined if
and only if, when (q, u) = (0, 0), we have that Πh(q, u) = (0, 0). As a consequence,
both the existence of the projection Πh as well as Assumption(B.1) follow from an
approximation result we state next.

To do it, we need to introduce some notation. We denote by (P V , PW , PfW ) the
L2−projection into the local space V (K) ×W (K) × W̃ (K). For any face F of the
element K, we set

‖α‖F := sup
µ∈M(F )\{0}

‖α(µ)‖F /‖µ‖F ,

and define ‖α‖D := maxF∈D ‖α‖F where D is any union of faces of K. Finally, we
set, for W⊥(K) 6= {0}, RW⊥ := supw∈W⊥(K)\{0} h

1/2
K ‖w‖∂K/‖w‖K .

We are now ready to state our result.
Theorem 3.1. We have

‖L−ΠGL‖K ≤ ‖IL‖K + C1h
1
2
K‖νILn− IPn‖∂KG

+ C2hK‖(Id− P eV )(ν∇ · L−∇p)‖K + C3h
1
2
K‖Iu‖∂K ,

‖u−ΠV u‖K ≤ ‖Iu‖K + C4h
1
2
K‖Iu‖∂K + C5hK‖(Id− P eV )(ν∇ · L−∇p)‖K ,

Here IL := L − PGL, Iu := u − P V u and Ip := p − PW p, and C1 = CG,C2 =
0,C3 = CGCVRV ⊥‖α‖∂KG/Cα, C4 = C5 = 0 whenever W̃ (K) = W (K). Otherwise,

C1 = CG, C2 =
CGC

2
VRV ⊥

Cα
, C3 = CG‖α‖∂KG(1 +

C2
VR

2
V ⊥‖α‖∂K
Cα

),

C4 =
C2
VRV ⊥‖α‖∂K

Cα
, C5 =

C2
V

Cα
.

This result contains the information of how the choice of local spaces and stabi-
lization operator affects the approximation properties of the projection. It indicates
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how to choose them to obtain optimal orders of convergence. Let us focus our discus-
sion on the estimate of ‖L−ΠGL‖K as it is the only relevant one for the convergence
properties described in the theorems of Section 2.

Note that if we have that ∂KG ∩ ∂KV = ∅ and if we take α in such a way that
‖α‖∂KG = 0, then C3 = 0. In this case, the approximation properties of ΠG are solely
controlled by the L2−projections PG,ΠP ,P eV . Hence, we get optimal approximation
properties if the L2−projection ΠP converges as fast as PG to the identity, and if the
convergence order of P eV to the identity is one less than that of PG.

In the general case, it is enough to take the stabilization operator α such that
‖α‖∂KG and ‖α‖∂KG/Cα are uniformly bounded to ensure that the constants C1,C2

and C3 are independent of α.

3.3. Proof of the approximation properties of Πh, Theorem 3.1.
To prove the estimates of Theorem 3.1, we follow [4]. The idea is to estimate

the quantities δL := ΠGL − PGL and δu := ΠV u − P V u, and then use the triangle
inequality to obtain the desired estimates. We proceed in three steps.

Step 1: The equations for δL and δu. By the equations defining the projection
Πh, (3.10), we have that

(δL,G)K = 0 ∀G ∈ G̃(K),(3.11a)

(δu,v)K = 0 ∀v ∈ Ṽ (K),(3.11b)
〈νδLn−α(δu),µ〉F = 〈νILn−α(Iu)− Ipn,µ〉F ∀µ ∈M(F ),(3.11c)

for F ∈ F(K).

Step 2: The estimate of δu. Next, we obtain an estimate of δu. By the
definition of V ⊥(K), (3.5b), we see that δu ∈ V ⊥(K), by the equation (3.11b). If
V ⊥(K) = {0}, then

‖δu‖K = 0.

If V ⊥(K) 6= {0}, we claim that δu is the element of V ⊥(K), satisfying

〈α(δu),v〉∂K = −((Id− P eV )(ν∇ · L−∇p),v)K + 〈α(Iu),v〉∂K

for all v ∈ V ⊥(K).
Taking v := δu and applying the Cauchy-Schwarz inequality, we get

〈α(δu), δu〉∂K ≤ ‖(Id− P eV )(ν∇ · L−∇p)‖K‖δu‖K + ‖α(Iu)‖∂K‖δu‖∂K
≤ CV h1/2

K ‖(Id− P eV )(ν∇ · L−∇p)‖K‖δu · n‖∂KV

+ CV RV ⊥ ‖α‖∂K ‖Iu‖∂K ‖δu · n‖∂KV
,

by the condition (3.7b). And by the condition on the stabilization operator, (3.9b),

‖δu · n‖∂KV
≤ CV
Cα

(
h

1/2
K ‖(Id− P eV )(ν∇ · L−∇p)‖K + RV ⊥ ‖α‖∂K ‖Iu‖∂K

)
.

Finally, using once again condition (3.7b), we get that

‖δu‖K ≤
C2
V

Cα

(
hK ‖(Id− P eV )(ν∇ · L−∇p)‖K + h

1/2
K RV ⊥ ‖α‖∂K ‖Iu‖∂K

)
.
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It remains to prove the claim. By the equation (3.11c), we have that

〈νδLn−α(δu),v〉∂K = 〈νILn−α(Iu)− Ipn,v〉∂K ∀v ∈ V ⊥(F ),

because v|F ∈M(F ) by the inclusion condition (3.2b).
But

〈νδLn,v〉∂K = ν (∇ · δL,v)K + ν (δL,∇v)K = 0.

Indeed, we have that (∇ · δL,v)K = 0 by the first inclusion in condition (3.4b) and
the fact that v ∈ V ⊥(K). And we have that (δL,∇v)K = 0 by equation (3.11a) and
the first inclusion in condition (3.4a).

Similarly,

〈νILn− Ipn,v〉∂K = (ν∇ · IL −∇Ip,v)K + (νIL,∇v)K − (Ip,∇ · v)K
= ((Id− P eV )(ν∇ · L−∇p),v)K .

Indeed, (ν∇ · IL − ∇Ip,v)K = (ν∇ · L − ∇p,v)K = ((Id − P eV )(ν∇ · L − ∇p),v)K
by the first inclusion in condition (3.4b), the inclusion condition (3.8a) and the fact
that v ∈ V ⊥(K). Moreover, (νIL,∇v)K = 0 by the first inclusion in condition (3.4a)
and the definition of IL, and (Ip,∇ · v)K = 0 by the inclusion condition (3.8a) and
the definition of Ip. This proves the claim.

Step 3: The estimate of δL. Finally, let us estimate δL. By the definition of
G⊥(K), (3.5b), we see that δL ∈ G⊥(K), by the equation (3.11a). By the condition
(3.7a), this implies that

‖δL‖K ≤ CG h
1/2
K ‖δLn‖∂KG ,

and by equation (3.11c), that

‖δL‖K ≤ CG h
1/2
K (‖νIGn− Ipn‖∂KG + ‖α(δu)‖∂KG + ‖α(Iu)‖∂KG) .

If Ṽ (K) = V (K), δu = 0, and we get that

‖δL‖K ≤ CG h
1/2
K (‖νIGn− Ipn‖∂KG + ‖α‖∂KG ‖Iu‖∂KG) .

If Ṽ (K) 6= V (K), then

‖δL‖K ≤ CG h
1/2
K

(
‖νIGn− Ipn‖∂KG + ‖α‖∂KG

(
CV RV ⊥ ‖δu‖∂KG + ‖Iu‖∂KG

))
,

by condition (3.7b). This completes the proof of Theorem 3.1.

4. Examples of superconvergent methods. In this section, we give examples
of superconvergent HDG methods. We show how to construct them from similar
methods for diffusion problems.

4.1. Using the superconvergent methods for diffusion. Let us begin by
considering the HDG method for diffusion upon which we are going to construct
HDG methods for Stokes satisfying Assumptions A, B and C.

Thus, following [7], we assume that we have local spaces

V D(K), WD(K) and MD(F ),
10



such that

V D(K) · n|F ⊂MD(F ),(4.1a)
WD(K)|F ⊂MD(F ).(4.1b)

P 0(K) ⊂ ∇WD(K) ⊂ Ṽ
D
(K) ⊂ V D(K),(4.2a)

P 0(K) ⊂ ∇ · V D(K) ⊂ W̃D(K) ⊂WD(K),(4.2b)

such that, if we set

V ⊥,D(K) := {v ∈V D(K) : (v, ṽ)K = 0 ∀ ṽ ∈ Ṽ
D
(K)},(4.3a)

W⊥,D(K) := {w ∈WD(K) : (w, w̃)K = 0 ∀ w̃ ∈ W̃D(K)},(4.3b)

we have that

(4.4)
∑

F∈F(K)

dimMD(F ) = dimV ⊥,D(K) + dimW⊥,D(K),

and that

‖v⊥‖K ≤ CV h1/2
K ‖v

⊥ · n ‖∂KV
for all v⊥ ∈ V ⊥,D(K),(4.5a)

‖w⊥‖K ≤ CW h
1/2
K ‖w

⊥‖∂KW
for all w⊥ ∈W⊥,D(K),(4.5b)

for some subsets ∂KV and ∂KW of F(K).
We also assume that we have a stabilization function αD satisfying the following

properties:

〈αD(η), µ〉F = 〈η, αD(µ)〉F for all η, µ ∈MD(F ),(4.6a)

〈αD(w⊥), w⊥〉∂K ≥ Cα ‖w⊥‖2∂KW
for all w⊥ ∈W⊥,D(K).(4.6b)

We can now define the HDG methods satisfying Assumptions A, B and C. To
do that, we introduce some notation. In what follows, we denote by Gi(K) the space
of all the i-th rows of functions in G(K), and by V i(K) and M i(F ) the space of the
i-th component of functions in V (K) and M(F ), respectively, for i = 1, . . . , d.

We construct the wanted HDG method by taking its local spaces as

Gi(K) := V D(K), V i(K) := WD(K), M i(F ) := MD(F ),

for i = 1, . . . , d, and by taking the stabilization function as

αi(a) := αD(ai),

also for i = 1, . . . , d. The choice of the space for the pressure P (K) is more delicate.
We have the following result.

Theorem 4.1. Let P (K) be such that

d∑
j=1

∂jW
D(K) ⊂ P (K) ⊂ ∩dj=1{vj : v ∈ V D(K) : vi = 0 for i 6= j}.
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Then the corresponding HDG method satisfies Assumptions A, B and C.
Proof. It suffices to show that the spaces we define above satisfy all the conditions

in the template in Section 3.1. In the definition of G(K),V (K) we can see that the
conditions (3.1a), (3.1c), (3.2), (3.4) - (3.7) and (3.9) are nothing but the vector
version of the conditions (4.1) - (4.6). We only need to verify the spaces also satisfy
(3.1b), (3.8).

The assumption
∑d
j=1 ∂jW

D(K) ⊂ P (K) implies that ∇·V (K) ⊂ P (K) and the
assumption P (K) ⊂ ∩dj=1{vj : v ∈ V D(K) : vi = 0 for i 6= j} that P (K)Id ⊂ G(K).
Hence condition (3.8) holds and so

(∇ · V (K))Id ⊂ P (K)Id ⊂ G(K).

In other words, condition (3.1b) is verified.

4.2. Examples. We now use this construction to devise superconvergent HDG
methods for Stokes by using the superconvergent HDG methods for diffusion de-
scribed in detail in [7].

In the Tables 1 to 4, we display the orders of convergence for mixed methods and
HDG methods using different elements K. We only show the space P (K) since the
other spaces are given in [7]. Note that all the methods achieve optimal orders for
Lh, ph and that superconvergence takes place for the projection of the error in u. For
k = 0 and two dimensions, the method listed in Table 1 as RTk is the mixed method
proposed in [9], and that the listed in Table 3 as RT[k] is the mixed method proposed
in [10]; as pointed out in the Introduction, general, convex quadrilaterals were also
considered therein.

Table 1
Methods for which k ≥ 1

K simplex

method
for diffusion P (K) ‖G−Gh‖Th

‖p− ph‖Th
‖u− u?h‖Th

BDFMk+1 P k(K) k + 1 k + 1 k + 2
RTk P k(K) k + 1 k + 1 k + 2

HDGk P k(K) k + 1 k + 1 k + 2
BDMk
k≥2

P k(K) k + 1 k + 1 k + 2

5. Proofs of the estimates of the projection of the errors. In this section
we provide detailed proofs for our a priori error estimates. The main idea is to work
with the following projection of the errors:

EL := ΠGL− Lh,
eu := ΠV u− uh,
ep := ΠP p− ph,
ebu := ΠMu− ûh.

We begin by obtaining the equations satisfied by these projections. We then mimic
the argument in [4, 6] to obtain the estimates of EL, ep, eu and, finally, u− u∗h.
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Table 2
Methods for which M(F ) = P k(F ) and k ≥ 1

K square

method
for diffusion P (K) ‖G−Gh‖Th

‖p− ph‖Th
‖u− u?h‖Th

BDFM[k+1] P k(K) k + 1 k + 1 k + 2
HDGP

[k] P k(K) k + 1 k + 1 k + 2
BDM[k]

k≥2

P k(K) k + 1 k + 1 k + 2

K cube

method
for diffusion P (K) ‖G−Gh‖Th

‖p− ph‖Th
‖u− u?h‖Th

BDFM[k+1] P k(K) k + 1 k + 1 k + 2
HDGP

[k] P k(K) k + 1 k + 1 k + 2
BDM[k]

k≥2

P k(K) k + 1 k + 1 k + 2

Table 3
Methods for which M(F ) = Qk(F ) and k ≥ 1

K square

method P (K) ‖G−Gh‖Th
‖p− ph‖Th

‖u− u?h‖Th

RT[k] Qk(K) k + 1 k + 1 k + 2
TNT[k] Qk(K) k + 1 k + 1 k + 2
HDGQ

[k] Qk(K) k + 1 k + 1 k + 2

K cube

method P (K) ‖G−Gh‖Th
‖p− ph‖Th

‖u− u?h‖Th

RT[k] Qk(K) k + 1 k + 1 k + 2
TNT[k] Qk(K) k + 1 k + 1 k + 2
HDGQ

[k] Qk(K) k + 1 k + 1 k + 2

Step 1: The error equations. We begin by obtaining the equations satisfied
by the projection of the errors.

Lemma 5.1.

(EL , G)Th
+ (eu , ∇ ·G)Th

− 〈ebu , Gn〉∂Th
= (ΠGL− L , G)Th

,(5.1a)
−(∇ · (νEL) , v)Th

+ (∇ep , v)Th
+ 〈α(eu − ebu) , v〉∂Th

= 0,(5.1b)
−(eu , ∇q)Th

+ 〈ebu , qn〉∂Th
= 0,(5.1c)

〈ebu , µ〉∂Th
= 0,(5.1d)

〈νELn− epn−α(eu − ebu) , µ〉∂Th\∂Ω = 0,(5.1e)
(ep , 1)Th

= (ΠP p− p , 1)Th
,(5.1f)

13



Table 4
Methods for which k ≥ 1

K prism

method
for diffusion P (K) ‖G−Gh‖Th

‖p− ph‖Th
‖u− u?h‖Th

BDFM<k+1> P k(K) k + 1 k + 1 k + 2
RT<k> P k|k(K) k + 1 k + 1 k + 2

HDG<k> P k(K) k + 1 k + 1 k + 2

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh.
Proof. We begin by inserting the expression of the numerical trace given in (1.3g)

into the second and the fifth equations (1.3b), (1.3e) defining the HDG method, then
the numerical approximation (Lh,uh, ph, ûh) satisfies:

(νLh , G)Th
+ (uh , ∇ ·G)Th

− 〈ûh , Gn〉∂Th
= 0,

(νLh , ∇v)Th
− (ph , ∇ · v)Th

− 〈νLhn− phn−α(uh − ûh) , v〉∂Th
= (f , v)Th

,

−(uh , ∇q)Th
+ 〈ûh · n , q〉∂Th

= 0,
〈ûh , µ〉∂Ω = 〈g , µ〉∂Ω,

〈µLhn− phn−α(uh − ûh) , µ〉∂Th\∂Ω = 0,
(ph , 1)Th

= 0,

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh. Next, we note that the exact solution
satisfies these same equations. Hence, by the Assumption (A.1) - (A.7), we can equip
the exact solution with the projection and obtain

(νL , G)Th
+ (ΠV u , ∇ ·G)Th

− 〈ΠMu , Gn〉∂Th
= 0,

(νΠGL , ∇v)Th
− (ΠP p , ∇ · v)Th

− 〈νΠGLn−ΠP pn−α(ΠV u−ΠMu) , v〉∂Th

= (f , v)Th
,

−(ΠV u , ∇q)Th
+ 〈ΠMu · n , q〉∂Th

= 0,
〈ΠMu , µ〉∂Ω = 〈g , µ〉∂Ω,

〈µΠGLn−ΠP pn−α(ΠV u−ΠMu) , µ〉∂Th\∂Ω = 0,
(p , 1)Th

= 0,

for all (G,v, q,µ) ∈ Gh×V h×Ph×Mh. If we now subtract the first set of equations
from this one, we obtain the result. This completes the proof of Lemma 5.1.

Step 2: Estimate of the velocity gradient. We are now ready to obtain our
first estimate by using a standard energy argument.

Proposition 5.2. We have

ν‖EL‖2Th
+ 〈α(eu − ebu) , eu − ebu〉∂Th

= ν(ΠGL− L , EL)Th
.

Proof. If we take G = νEL,v = eu and q = ep in the first three error equa-
tions (5.1a) - (5.1c), respectively, and add them up. We obtain, after some algebraic
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manipulation,

ν‖EL‖2Th
+ Θh = ν(ΠGL− L , EL)Th

,

where

Θh := −〈ebu , νELn〉∂Th
+ 〈α(eu − ebu) , eu〉∂Th

+ 〈ebu , epn〉∂Th
.

We thus obtain

Θh = 〈−νELn+ epn , ebu〉∂Th
+ 〈α(eu − ebu) , eu〉∂Th

= 〈−νELn+ epn+α(eu − ebu) , ebu〉∂Th
+ 〈α(eu − ebu) , eu − ebu〉∂Th

= 〈α(eu − ebu) , eu − ebu〉∂Th
,

by the error equations (5.1d) and (5.1e). This completes the proof.
As a straightforward consequence of Proposition 5.2 and the Assumption (A.8),

we obtain the first error estimate for the methods:

‖EL‖Th
≤ ‖ΠGL− L‖Th

.

This completes the proof of Theorem 2.1. Moreover, we also have the following
estimate,

(5.2) ‖eu − ebu‖α/ν ≤ ‖L−ΠGL‖Th
.

Step 3: Estimate of the pressure. Next, we show how to use the previous
result to obtain the estimate of the pressure.

Proposition 5.3. Let P : H1(Th) → V h be any projection such that (Pw −
w,v)Th

= 0 for all v ∈ ∇Ph. Then we have

‖ep − (p−ΠP p)‖Th
≤ CCp,αν‖L−ΠGL‖Th

,

where C solely depends on the shape of the domain Ω, and Cp,α is defined in Theorem
2.2.

Proof. It is well known [3] that for any function q ∈ L2(Ω) such that (q, 1)Ω = 0
we have

‖q‖Ω ≤ κ sup
w∈H1

0(Ω)\{0}

(q,∇ ·w)Ω

‖w‖H1(Ω)

,

for some constant κ independent of q. By the last error equation (5.1f), we see that
we can apply the above result to q := ep − ep. Hence we have that

‖ep − ep‖Ω ≤ κ sup
w∈H1

0(Ω)\{0}

(ep − ep,∇ ·w)Ω

‖w‖H1(Ω)

.

Next, we work on the numerator in the above expression. We have

(ep,∇ ·w)Ω = −(∇ep , Pw)Th
+ 〈ep , w · n〉∂Th

.

By the second error equation (5.1b) with v := Pw, we get that

(ep,∇ ·w) = −(∇ · (νEL) , Pw)Th
+ 〈α(eu − ebu) , Pw〉∂Th

+ 〈ep , w · n〉∂Th

= (νEL , ∇w)Th
+ 〈α(eu − ebu) , Pw〉∂Th

+ 〈−νELn+ epn , ΠMw〉∂Th

= (νEL , ∇w)Th
+ 〈α(eu − ebu) , Pw −ΠMw〉∂Th

,
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by the fifth error equation (5.1e) with µ = ΠMw and by the fact that w ∈H1
0(Ω).

Next, we show that the second term is bounded by CCp,αν‖L − ΠGL‖Th
. Note

that eu − ebu lies in the auxiliary space V⊥n,h given by (2.1). Indeed, for any face F of
the element K ∈ Ωh, we have that (eu − ebu)|F ∈M(F ) by Assumption (A.6). Also,
for any q ∈ P (K) such that (q,∇ · v)K = 0 whenever v ∈ V (K), we have that

〈(eu − ebu) · n, q〉∂K = (∇ · eu, q) = 0,

by the error equation (5.1c).
We can now apply the Cauchy-Schwarz inequality and use the estimate (5.2), we

get that

|(ep,∇ ·w)Ω| ≤ CCp,αν‖L−ΠGL‖Th
.

As a consequence, we obtain that

‖ep − ep‖Th
≤ CCp,αν‖L−ΠGL‖Th

.

Finally, the result follows from the fact that ep = ΠP p− p by the error equation
(5.1f). This completes the proof of Proposition 5.3.

Theorem 2.2 follows directly from the above result.

Step 4: Estimate of the velocity. We are now ready to obtain a key identity
for the projection of the error in the velocity by using a duality argument.

Lemma 5.4. We have

(eu , θ)Th
= ν(ΠGL− L , Z)Th

+ ν(L− Lh , Z−Π∗GZ)Th
.

Proof. We have

(eu , θ)Th
= ν(EL , Z−∇σ)Th

+ (eu , ∇ · (νZ)−∇η)Th
+ (ep , ∇ · σ)Th

,

by the first three equations of the dual problem (2.2). Rearranging terms, we get

(eu , θ)Th
= (EL , νZ)Th

+ (eu , ∇ · (νZ))Th

− (νEL , ∇σ)Th
+ (ep , ∇ · σ)Th

− (eu , ∇η)Th

= (EL , νΠ∗GZ)Th
+ (eu , ∇ · (νΠ∗GZ))Th

− (νEL , ∇σ)Th
+ (ep , ∇ · σ)Th

− (eu , ∇Π ∗P η)Th

+ (EL , ν(Z−Π∗GZ))Th
+ (eu , ν∇ · (Z−Π∗GZ))Th

− (eu , ∇(η −Π ∗P η))Th
,

integrating by parts of above equation and by the Assumption A, we obtain

(eu , θ)Th
= (EL , νΠ∗GZ)Th

+ (eu , ∇ · (νΠ∗GZ))Th

+ (∇ · (νEL) , Π∗V σ)Th
− (∇ep , Π∗V σ)Th

− 〈νELn− epn , σ〉∂Th

− (eu , ∇Π ∗P η)Th

+ (EL , ν(Z−Π∗GZ))Th
+ 〈eu , ν(Z−Π∗GZ)n− (η −Π ∗P η)n〉∂Th

,
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taking G = νΠ∗GZ,v = Π∗V σ, q = Π ∗P η in the error equation (5.1a)-(5.1c) and inserting
in the above identity, we get

(eu , θ)Th
= ν(EL , Z−Π∗GZ)Th

+ ν(ΠGL− L , Π∗GZ)Th
+ T1 + T2,

where

T1 := 〈ebu , Π∗GZn〉∂Th
− 〈ebu , Π ∗P ηn〉∂Th

+ 〈eu , ν(Z−Π∗GZ)n− (η −Π ∗P η)n〉∂Th

T2 := 〈α(eu − ebu) , Π∗V σ〉∂Th
− 〈νELn− epn , σ〉∂Th

.

Noting that 〈ebu , Zn〉∂Th
= 〈ebu , Zn〉∂Ω = 0 and that 〈ebu , ηn〉∂Th

= 〈ebu , ηn〉∂Ω = 0,
and inserting this two identities into T1, we obtain,

T1 := −〈ebu , (Z−Π∗GZ)n〉∂Th
+ 〈ebu , (η −Π ∗P η)n〉∂Th

+ 〈eu , ν(Z−Π∗GZ)n− (η −Π ∗P η)n〉∂Th

= 〈eu − ebu , ν(Z−Π∗GZ)n− (η −Π ∗P η)n〉∂Th

= 〈eu − ebu , α∗(ΠMσ −Π∗V σ)〉∂Th
by Assumption (A.4),

= 〈α(eu − ebu) , ΠMσ −Π∗V σ〉∂Th
.

On the other hand, we have

T2 = 〈α(eu − ebu) , Π∗V σ〉∂Th
− 〈νELn− epn , ΠMσ〉∂Th

= 〈α(eu − ebu) , Π∗V σ〉∂Th
− 〈α(eu − ebu) , ΠMσ〉∂Th

,

by the error equation (5.1e) and by the fact that ΠMσ|∂Ω = 0 by the boundary
condition for σ (2.2d). Therefore, we get

T2 = −〈α(eu − ebu) , Π∗V σ −ΠMσ〉∂Th
.

This implies that

(eu , θ)Th
= ν(EL , Z−Π∗GZ)Th

+ ν(ΠGL− L , Π∗GZ)Th

= ν(EL , Z−Π∗GZ)Th
− ν(ΠGL− L , Z−Π∗GZ)Th

+ ν(ΠGL− L , Z)Th

= ν(ΠGL− L , Z)Th
+ ν(L− Lh , Z−Π∗GZ)Th

.

This completes the proof.
As a consequence, we immediately obtain an estimate on eu.
Corollary 5.5. If the regularity property (2.3) holds and Assumption A, B are

satisfied, then we have

‖eu‖Th
≤ Cνh‖L−ΠGL‖Th

Proof. Taking θ = eu in Lemma 5.4, we have

‖eu‖2Th
= ν(ΠGL− L , Z)Th

+ ν(L− Lh , Z−Π∗GZ)Th

= ν(ΠGL− L , Z− Z0)Th
+ ν(L− Lh , Z−Π∗GZ)Th

,

by Assumption (A.1) and Assumption (B.2), since Z0|K is the average of Z on the
element K and hence belongs to P0(K).
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Now, after a simple application of the Cauchy-Schwarz inequality, we obtain

‖eu‖2Th
≤ Cνh‖L−ΠGL‖Th

|Z|1,Th
+ ν ‖L− Lh‖Th

‖Z−Π∗GZ‖Th

≤ Cνh‖L−ΠGL‖Th
‖eu‖Th

,

by Assumption (B.1) and the regularity property (2.3). This completes the proof.
Next, we can obtain the following simple estimate.
Corollary 5.6. By the same assumption in Corollary 5.5, we have

‖ebu‖h ≤ C(h‖L−ΠGL‖Th
+ ‖eu‖Th

)

Proof. From the first error equation (5.1a), we have that

〈ebu , Gn〉∂K = −(ΠGL− L,G)K + (EL,G)K + (eu,∇ ·G)K ,

for all G ∈ G(K). Hence, by a standard scaling argument, see [2], we readily obtain
that

h
1
2
K‖ebu‖∂K ≤ C(hK‖L−ΠGL‖K + hK‖EL‖K + ‖eu‖K),

and the estimate follows by using Theorem 2.1.
Finally, Theorem 2.3 follows by the above two corollaries.
Step 5: Estimate of the postprocessed velocity. By the Poincaré-Friedrichs

inequality, we have that

‖u− u∗h‖K ≤ ‖u− u∗h‖K + C hK ‖∇(u− u∗h)‖K ,

where w is the average of w over K. But u∗h = uh, by the second equation defining
u∗h, (1.4b), and u = ΠV u by Assumptions (A.2) and (C.1). This implies that

‖u− u∗h‖K ≤ ‖ΠV u− uh‖K + C hK ‖∇(u− u∗h)‖K .

Now, for any w ∈W ∗(K), we have that

‖∇(u− u∗h)‖2K = (∇(u− u∗h),∇(u−w))K + (∇(u− u∗h),∇(w − u∗h))K
= (∇(u− u∗h),∇(u−w))K + (L− Lh,∇(w − u∗h))K ,

by the first equation defining the postprocessing u∗h, (1.4a). Applying the Cauchy-
Schwarz inequality, we obtain that

‖∇(u− u∗h)‖2K ≤ ‖∇(u− u∗h)‖K ‖∇(u−w)‖K + ‖L− Lh‖K ‖∇(w − u∗h)‖K ,
≤ ‖∇(u− u∗h)‖K (‖∇(u−w)‖K + ‖L− Lh‖K)

+ ‖L− Lh‖K ‖∇(w − u)‖K ,

and, after simple applications of Young’s inequality and some algebraic manipulations,
we get that

‖∇(u− u∗h)‖2K ≤ 3(‖L− Lh‖2K + ‖∇(u−w)‖2K).

This implies that

‖u− u∗h‖K ≤ ‖ΠV u− uh‖K + C hK (‖L− Lh‖K + ‖∇(u−w)‖K),

and so,

‖u− u∗h‖Th
≤ ‖ΠV u− uh‖Th

+ C h (‖L− Lh‖Th
+ ‖∇(u−w)‖Th

).

This completes the proof of Theorem 2.4.
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6. Concluding remarks. We have presented a technique for the a priori error
analysis of HDG methods for Stokes equations and have shown how to use it to de-
vise superconvergent methods from similar methods for the simple diffusion equation.
Next, we discuss how to recover superconvergence when the space V (K) does not
satisfy Assumption (B.2). We then sketch the extension of the method to isotropic
elasticity.

Superconvergence when the local space V (K) is too small. Let us consider
the method listed in Table 1 as RTk, or the one listed in Table 3 as RT[k], for k = 0.
In this cases, the Assumption (B.2) is not satisfied because V (K) = P 0(K). However,
we can still obtain superconvergence of the projection of the error in the velocity as
we show next.

Then, by the identity of Lemma 5.4:

(eu , θ)Th
= ν(ΠGL− L , Z)Th

+ ν(L− Lh , Z−Π∗GZ)Th

= ν(ΠGL− L , ∇σ)Th
+ ν(L− Lh , Z−Π∗GZ)Th

by (2.2a),
= − ν(∇ · (ΠGL− L) , σ)Th

+ ν(L− Lh , Z−Π∗GZ)Th
by (2.2d),

= − ν(∇ · L−∇ · L , σ − σ)Th
+ ν(L− Lh , Z−Π∗GZ)Th

,

and, proceeding as before, we can get that

‖eu‖Th
≤ C h2 ‖∇ · L‖H1(Ω) + C h ‖L−ΠGL‖Th

,

and we obtain the wanted superconvergence. As a consequence, the postprocessing u∗h
also satisfies the estimate of Theorem 2.4 and hence converges with order two whenever
the solution is smooth enough. These results complement the error estimates obtained
in [9, 10].

Isotropic elasticity. We end the paper by sketching the extension of our ap-
proach to the analysis of HDG methods for isotropic linear elasticity equations; see
[14]. The governing equations of linear elasticity for isotropic materials can be written
as follows

L−∇u = 0, on Ω,(6.1a)
−∇ · (µL) +∇p = 0, on Ω,(6.1b)

εp+∇ · u = 0, on Ω,(6.1c)
u = g, on ∂Ω,(6.1d)

where ε = (1 − 2ν)(1 + ν)/E. Here E is the Young’s modulus and ν ∈ (0, 1/2]
is the Poisson’s ratio. The advantage of this formulation is that it holds for both
compressible (ν ∈ (0, 1/2)) and incompressible (ν = 1/2) materials. Clearly, for
incompressible materials, this system of equations is nothing but the Stokes system
(1.1).

For the case of compressible materials(ε > 0), the weak formulation of the system
is similar to the Stokes equation (1.3). In fact, the only difference is that we replace
the equation (1.3c) by

(εph , q)Th
− (uh , ∇q)Th

+ 〈ûh · n , q〉∂Th
= 0.

Next, we argue that this difference does not affect the application of our approach to
these equations.
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Indeed, under the same Assumption A, we can obtain the following identity:

ε‖ep‖2Th
+ ν‖EL‖2Th

+ 〈α(eu − ebu) , eu − ebu〉∂Th
= ν(ΠGL− L , EL)Th

.

Since ε > 0 and α is semi-positive definite, we still have the estimate

‖L− Lh‖Th
≤ 2‖ΠGL− L‖Th

.

To get the estimate of the pressure, we can use the same argument (Proposition 5.3)
since we only need the error equation (5.1b).

Finally, if we modify the dual problem (2.2) by inserting −εη on the left hand
side of (2.2c), then, by using a similar duality argument, we obtain that

(eu , θ)Th
= ν(ΠGL− L , Z)Th

+ ν(L− Lh , ZΠ∗GZ)Th
+ ε(ep , η −Π ∗P η)Th

.

Finally, assuming the same regularity property, and under the same Assumption B,
we get

‖ΠV u− uh‖Th
≤ Ch‖L−ΠGL‖Th

.

Clearly, the very same local postprocessing can be applied if Assumption C is satisfied.
In conclusion, our projection-based analysis can be naturally extended to isotropic

elasticity problems. The extension of this approach to methods for linear elasticy,
which are based on weak symmetry formulations, is the subject of ongoign research.
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