CONDITIONS FOR SUPERCONVERGENCE
OF HDG METHODS FOR STOKES FLOW

BERNARDO COCKBURN * AND KE SHI f

Abstract. We provide an a priori error analysis of a wide class of finite element methods for the
Stokes equations. The methods are based on the velocity gradient-velocity-pressure formulation of
the equations and include new and old mixed and hybridizable discontinuous Galerkin methods. We
show how to reduce the error analysis to the verification of some properties of an elementwise-defined
projection and of the local spaces defining the methods. We also show that the projection of the
errors only depends on the approximation properties of the projection. We then provide sufficient
conditions for the superconvergence of the projection of the error in the approximate velocity. We
give many examples of these methods and show how to systematically construct them from similar
methods for the diffusion equation.

1. Introduction. In this paper, we propose a projection-based analysis of su-
perconvergent hybridizable discontinuous Galerkin (HDG) methods for the velocity
gradient-velocity-pressure formulation of the Stokes equations, namely,

(1.1a) L-Vu=0 on Q,
(1.1b) -V-(vL)+Vp=f onQ,
(1.1c) V-u=0 on ,
(1.1d) u=g ond,
(1.1e) / p=0,

Q

where [, g-n = 0. Here Q@ C R" (n = 2,3) is a bounded polygonal domain if n = 2
or a Lipschitz polyhedral domain if n = 3. We assume that v is a constant.

In [7], we introduced a new technique to carry out the a priori error analysis
of HDG methods for second order elliptic problem. The technique reduces the error
analysis to the verification of some properties of an elementwise-defined projection and
of the local spaces defining the methods. It also reduces the study of the convergence
properties of the projection of the errors to that of the approximation properties of the
projection. It provides sufficient conditions for the superconvergence of the projection
of the error in the scalar approximation; as a consequence, a new scalar approxima-
tion can be locally computed which converges with the same order. By using this
technique, the well-known mixed methods (Raviart-Thomas methods [16] and their
extension by Nédélec [13], Brezzi-Douglas-Marini methods [2], Brezzi-Douglas-Durédn-
Fortin methods [1]) as well as old [5] and new HDG methods can be analyzed at once.
In this paper, we extend this methodology to the Stokes equations of incompressible
flow.

To better describe our results, we adapt to our setting the notation used in [7]
and in [4]. Let 7}, denote the shape-regular, conforming triangulation of €, set 9T}, :=
{0K : K € T}}, and let &, denote the set of all faces F' of all simplexes K € T,. We
denote by F(K) the set of all faces F of K.
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The methods we consider seek an approximation (L, wp,ppr,ur) to the exact
solution (L|q,u|q,pla,ule,) in the finite dimensional space G x Vi, x By, x My
given by

(1.2a) G, ={Gel*T,): Glg €GK) VKEcT},
(1.2b) Vie={veL*T,): v|lgcV(K) VKecT},
(1.2¢) P,={qcL*T.): qlk€P(K) VKEcT,},
(1.2d) M, ={pncL*¢&): plrcM(F) VFcé&,}.

To describe how the approximation is defined, we need to introduce some no-
tation related to integrals on the triangulation Tj. Here, we write (N, Z)g, :=
SiimiNigs Zig)z,, (n, Q)3 = 20, G, and (0, O, = PYges, 0Ok,
where (1, () p denotes the integral of n¢ over D C R™. Similarly, we write (n, {)s7, :=
i (nis Glam, and (1, Qam, = D keq, (1, ok, where (17, ¢)p denotes the inte-
gral of n¢ over D C R*~L,

The approximation (Lp,wp,pp,un) can now be defined as the solution of the
following equations:

(1.3a) (vLp, G)g, + (up, V- G)y, — (up, Gn)gy, =0,
(1.3b) (VLi, V)3, — (b, V- 0)7, — (WLpn — P, vV, = (F, v)7,
(1.3¢) —(un, V@), +(un-n, gor, =0,
(1.3d) (Un, o = (g, moq,
(1.3e) (WLpn —pum, ) or\o00 = 0,
(1.3f) (Pn, V7, =0,

for all (G,v,q,u) € G X Vi, X P, x My, where

(1.3g) Vﬁhn —ppn =vlpn —ppn — a(uy, — up)  on 0T},

Note that, by taking particular choices of the local spaces G(K), V(K), P(K) and
M(F), and of the linear local stabilization operator o, different mixed and HDG
methods are obtained.

Our main result is that if we can construct an auxiliary projection Il (L, u, p) =
(IIgL, Iy u, IIpp) satisfying certain orthogonality and approximation conditions, and
if the local spaces G(K), V(K), P(K) and M (F), for F' € F(K), satisty some inclu-
sion properties, then the method is well defined and we have the estimates

L — L[5, <2|L— gL,
Ip = pulls, < Ci(lllpp — pll7, + L — gLll7, ),
[Thvu — up |y, < Coh|L—Helg,,

where | - ||7, denotes the L?(Tj,)—norm and the constants C;,Cy solely depend on
the stabilization operator o.

Note that if the error ITyyu — wy, converges to zero faster than the error uw — uy,
with one more order, this superconvergence property can be advantageously exploited.
To do that, we follow [11, 17, 18] and define a new approximation to u,u}, in the
space

Vi ={ve L*T,) :v|lg € V' (K)D P"(K),K € T},},
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as follows. On each element K € T}, the postprocessing w} is the element of V*(K)
such that

(1.4a) (Vu;,Vo)g = (Lp, Vo) Vv € V¥(K),
(1.4Db) (u), V) = (up,v)g Ve PYK).

Here PO(K) denotes the constant vector function space on K. We are going to
show that by properly choosing the spaces V7, (K), K € T, we can make ||uj —ul,
converges as fast as [|[IIyu — uy||5, to zero.

The a priori error analysis of the HDG method proposed in [4] is now a particular
case of our general approach. However, we provide an alternative definition of the
auxiliary projection to carry it out. The key property of this new projection is that the
definition of IIpp is completely decoupled from the definition of (IlgL, ITyw). This not
only considerably simplifies the study of its approximation properties but allows us to
see how to systematically construct the HDG methods under consideration from the
HDG methods for diffusion considered in [7]. To the best of the authors’ knowledge,
the methods obtained by using this construction seem to be new, except, of course,
for the HDG methods on simplexes in [15, 4]. It is worth noting that a particular
case of the family of methods employing k-th order Raviart-Thomas elements for the
approximate velocity gradient is already known. Indeed, the two-dimensional case
with & = 0 is nothing but the mixed method proposed in [9] for triangles and in [10]
for rectangles; general, convex quadrilaterals were also considered in [10].

The rest of the paper is organized as follows. In Section 2, we describe the
conditions on the auxiliary projection Il and on the local spaces associated with our
finite element methods; we then state and discuss the corresponding a priori error
estimates. In Section 3, we show how to systematically construct HDG methods
with superconvergent velocities from superconvergence HDG methods for diffusion.
In Section 4, we provide detailed proofs for the main results. In Section 5, we give a
simple proof for the approximation property of the projection mentioned above. We
then end with some concluding remarks in Section 6 which include the sketch of the
extension of our approach of the HDG methods for linear elasticity recently proposed
in [14].

2. Main results. In this section we show how an a priori error analysis of the
HDG methods can be reduced to the verification of a few conditions on the local
spaces and on some properties of an associated, auxiliary projection II; defined in an
element-by-element fashion. The main idea of our error analysis is to estimate the
projection of the errors Il (L — Ly, u — up,p — pr) and then deduce bounds of the
L?(Q)—norm of the errors L — Ly, u — up,p — pp, and u — u*.

2.1. Estimate of IIgL — L;, and IIpp — py. Our first result gives an estimate
of the projection of the error IIgL — Ly, solely in terms of the approximation error of
the projection L — IIgL. Our second result gives an estimate of the projection of the
error IIpp — py, in terms of the approximation errors p — IIpp and L — IIgL. To state
them, we need to describe our assumptions on the projection II; and on the local
finite element spaces G(K), V(K), P(K) and M (F).

Assumption A:
o Orthogonality properties of II,. On each element K, there exists a projection

I, (L,u,p) = (IIgL, Oyu, lIpp) € G(K) x V(K) x P(K) satisfying the following
3



properties:
(A]) (H(;L,G)K L,G)K for all G € VV(K),
(A.2) (IIyu,v)x = (u,v)g forall ve V. -G(K)+ VP(K),
(A.8) (ITpp,q)xk = (p,q)x ~ forall g€ V-V (K),
(A.4) For F € F(K),

—(
- (

(vlIgLn — IIppn — a(Ilyu), p)r = (vVLn — pn — a(Ilju), p)r for all p € M(F).

We also need to assume suitable relations between the traces on the faces F' of the
local spaces G(K), V(K) and P(K) with the local space M (F).

e Properties of the traces of the local spaces. For each element K, and for any of
its face F', we assume,

(A.5) G(K)n|p C M(F),
(A.6) V(K)[r C M(F),
(A.7) P(K)n|p C M(F).

Here, G(K)n|r denotes the space of the traces of normal components of functions
of G(K) on the face F' of K. Similarly, V(K)|r denotes the space of the traces of
space V(K) on the face F of K. P(K)n|r denotes the traces of functions of P(K)
multiplied by unit normal vector n on the face F'.

Finally, we need a simple assumption on the local stabilization operator c:
e The semi-positivity property of a.. For each element K and any face F',
(A.8) (a(p),pw)r >0 for all p € M(F).

We are now ready to state our first result. In what follows, we use |||k, p, |- |%.D tO
denote the standard norm and seminorm on any Sobolev space H¥(D), respectively.
When k = 0, we omit the index k and simply write || - || p.

THEOREM 2.1. Suppose that the Assumption A are satisfied. Then we have

[TgL — Ly |3, < [|L —TgL|lg,.

Note that, we can immediately conclude that |L — Ly||y, < 2||L — IIgL|7,, and we
see that the quality of the approximation L; depends on the approximation properties
of IIgL only.

Our second result is an estimate for p — p,. To state it, we use the following
notation for the total average of a function over Q: p := fQ p/|€?|, the following

1
seminorm on OTy: |[pt]| o/ = {EKE% Lla(p), pox }? , and the following auxiliary
space

(2.1) M., ={neL’0Ty): VKeTy: plpe M(F) VF € F(K),
(p-m,q)ok =0 Vge P(K): (¢,V-v)xk =0 Yve V(K)}.

THEOREM 2.2. Suppose that the Assumption A is satisfied. Then

1Zpp — pall, < [Tpp — pl|Q* + CCpav||L — gL, ,
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where

Pw —1I1
Cp,a = max 1, sup sup <a(/1’) , w M’U)>ag‘h
wEH ({0} My, \ {0} lellaspllwl e )

and P : H*(T},) — V), is any projection such that (Pw —w, v)g, =0 forallveVy
such that v|x € VP(K) for all K € Tp,.
As a consequence, applying the triangle inequality, we immediately obtain

(1|1
lp = pallo, < [Hpp = pl|Q]2 +[lp = Hppll7, + CCpav||L — ez,

2.2. Estimate of IIyyu — u;. Next, we provide estimates of u — uj, and u — u.
To state the results, we need to introduce the following dual problem. For any given
6 in L*(Q), let (Z,o,n) be the solution of

(2.2a) Z—Vo=0 onf,
(2.2b) V-(VZ)—Vn=6 onQ,
(2.2¢) -V.-o0=0 on{,
(2.2d) oc=0 on 0.

We assume that, for some real number s, we have the regularity property

(2.3) v|[Z]

Het(w) T Vol e @) + 1l gt @) < CregllOl me (w)-

In the two-dimensional case, the above estimate with s < 0 follows from the results in

[12] when the domain is convex. In the three-dimensional case, the above estimate fol-

lows from the results in [8] in the following cases. For any polyhedron with Liptischtz

boundary, with s < 1/2; for any convex polyhedron, with s < 0; and with s < 3/2 if|

moreover, all the edges have wedge angles at most 27/3 (a cube, for example).
Moreover, we need a couple of additional assumptions.

Assumption B:
The first assumption is an approximation property of a projection II} (L, u,p) =
IT5 L, IT§,u, I1;5p) which satisfies the assumptions (A.1) — (A.4) where the local sta-
G 14 P

bilization operator «(-) is replaced by its dual @*(-) , that is , by the linear function
defined by

(a(v), w)ox = (v, a*(w))sx for all v, w € L*(9K).

o The approzimation property of the projection II}. For each element K and any
(L,u,p) € HY(K) x H*(K) x H'(K),
(B.1) |HEL - Lilx < Copphi (Ll x + |ulk + [Plhk)-

The second assumption is a condition on the local space V (K).

e The local space V(K) is not too small. For each element K, we have that



(B.2) PY(K) Cc VV(K). Here P°(K) denotes the constant function space on K.

We are now ready to state our third result. To state it, we need to introduce the

following norm for functions ¢ € L*(0T3): [|¢]|n := {ZKG% hi HCH%K}I/z .

THEOREM 2.3. Suppose that the Assumption A and B are satisfied. Also, suppose
that the regularity property (2.3) holds. Then we have

My w — upl7, + [[Marw = dplln < Cvh|L = TeL|g, .

2.3. Estimate of u — uj. Note that if the convergence of u;, to Ilyu is faster
than that of u, to u, we can take the advantage of this superconvergence result to show
that the postprocessing u} defined by (1.4) converges to u as fast as uy, superconverges
to IIyu. To obtain the error estimate, we need the following assumption.

Assumption C':
o The local space G(K) is not too small. For each element K,
(C.1) P(K) c V-G(K).

We can now state our last result.
THEOREM 2.4. Suppose that the Assumptions A, B, and C are satisfied. Also,
suppose that the reqularity property (2.3) holds. Then, we have

le = will, < [Myw = uplly, + Ch(IL = Lally, + nf [[V(w = v)]7,).
h

3. A template for the construction of superconvergent methods. Here,
we provide a template which reduces, roughly speaking, the devising of supercon-
vergent HDG methods to a suitable choice of the spaces in each element of the
triangulation.

3.1. The choice of the local spaces and the stabilization operator. To
construct our superconvergent methods, we pick an arbitrary element K € T}, and
proceed as follows:

Step 1: The local space G(K) x V(K). We begin by taking a local space G(K) x
V(K) such that

(3.1a) PYK)c VV(K) cC G(K),
(3.1b) (V-V(K))1d Cc G(K),
(3.1c) P°(K)CV-G(K) cV(K).

Step 2: The local space M (F'). Then, for each face F' of the element K, we find
a space M (F') such that

(3.2a) G(K)n|p C M(F),
(3.2b) V(K)|p C M(F).
This choice has to be made so that

(33) > dimM(F) < (dim G(K) — dim VV/(K)) + (dim V (K) = V - G(K)).
FEF(K)



_ Step 3: The auxiliary local space G(K) x V(K). Next, we find an auziliary space
G(K) x V(K) satisfying

(3.4a) VV(K) C G(K) C G(K),
(3.4b) V-G(K)CV(K)cCV(K),
such that, if we set

(3.5a) GH(K) :={G eG(K) : (G,G)x =0 VG(K)},
(3.5b) VHE) ={veV(K) : (v,0)k =0 YV(K)},

we have that

(3.6a) > dim M(F) = dim G*(K) + dim V*(K),
FeF(K)

and that

(3.7a) |G|k < Ca hil?|Grnllok,  for all G+ € GH(K),

(3.7b) otk < Cy Y2 vt - n ok,  for all v € VE(K),

for some subsets 0K¢ and 0Ky of F(K).
Step 4: The local space P(K). Now, we take the local space P(K) such that

(3.8) V- V(K) C P(K),
(3.8b) P(K)1d C G(K).

Step 5: The stabilization operator . Finally, we pick the local stabilization op-
erator a so that

(3.9a) (a(n), p)r = (n,a(pw)r for all m, u € M(F),
(3.9b) (a(vh), vh)ox > Cq vt nl3k, for all vt € V(K.

2. Verification of Assumptions A, B and C. We claim that the HDG
method determined by the above local spaces and stabilization operator does sat-
isfy Assumptions A, B, and C. Let us show that this is indeed the case.

It is easy to see that

o Assumption (A.5) is nothing but condition (3.2a),

Assumption (A.6) is nothing but condition (3.2b),

Assumption (A.7) follows from condition (3.8b) and Assumption (A.5),
Assumption (A.8) follows from condition (3.9b),

Assumption (B.2) is nothing but the first inclusion in condition (3.1a),
Assumption (C.1) is nothing but the first inclusion in condition (3.1c).

To verify the remaining Assumptions, we must introduce an auxiliary projection
IT),. We define, for any element of H'(K) x H'(K) x H'(K), (L, u, p), the projection
I, (L, w, p) := (IIgL, Iy u, IIpp) as the element of G(K) x V(K) x P(K) defined as
follows. The pressure component is defined by

(3.10a) (IIpp,q)x = (p,q) K Vq € P(K),
7



whereas the remaining components by

(3.10D) (IIgL, Gk = (L,G)x VG e G(K),
(3.10¢) (Myu,v)g = (u,v)x Yo € V(K),
(310d) <VngLTL a(Hvu) >F (uLn a( ) /J,>F

—(p—1IHpp,p-n)p Vue M(F),

for F' € F(K).

If this projection were well defined, Assumption (A.1) would follow from the sec-
ond equation defining the projection, (3.10b), and from the first inclusion in condition
(3.4a); Assumption (A.2) would follow from the third equation defining the projec-
tion, (3.10¢), from the first inclusion in condition (3.4b) and from condition (3.8b);
Assumption (A.3) from the first equation defining the projection, (3.10a), and the
inclusion condition (3.8a); and Assumption (A.4) from the last equation defining the
projection, (3.10d). Thus, it remains to prove that the projection is well defined and
that it satisfies Assumption (B.1).

Note that since we are assuming that the stabilization operator « is self-adjoint,
see condition (3.9a), we have that II} = II,. Note also that, by condition (3.6), the
system of equations defining the projection Il is square. Hence, it is well defined if
and only if, when (g,u) = (0,0), we have that II;(g,u) = (0,0). As a consequence,
both the existence of the projection II;, as well as Assumption(B.1) follow from an
approximation result we state next.

To do it, we need to introduce some notation. We denote by (Py, Py, P’W) the

L?—projection into the local space V(K) x W (K) x W(K) For any face F' of the
element K, we set

lellp = sup Ala(wllr/lulr,
neM(F)\{0}

and define ||a||p := maxpep ||l where D is any union of faces of K. Finally, we

1/2
set, for W-(K) # {0}, Ry~ = supyew sy o il lwllor /1wl i
We are now ready to state our result.
THEOREM 3.1. We have

1
IL —TeLllk < [[Iullx + CihglvILn — Ipnflox,
+ Cohic||(Id — Pg)(vV - L = V)|l + Cshil|Lullox.
luw —Tyulx < [Lulx + Cahi | Tullox + Cshi||(Id — Py)(vV - L — Vp)| x,

Here I, ==L —PgL, I, :==u — Pyu and I, :== p — Pup and Ci; = Cgqg,Cy =
0,Cs = CeCv Ry .|lalloky/Cas Cs = Cs = 0 whenever W(K) =W(K). Otherwise,

C C2R € 02R2 ally
Cr=Co, Co= 2 Cs=Cclaloxs(1+ %“”ﬂ
_ C} Ry |laflox e
G=—"a Y7o

This result contains the information of how the choice of local spaces and stabi-
lization operator affects the approximation properties of the projection. It indicates
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how to choose them to obtain optimal orders of convergence. Let us focus our discus-
sion on the estimate of |L — IIgL||x as it is the only relevant one for the convergence
properties described in the theorems of Section 2.

Note that if we have that 0Kg N 0Ky = () and if we take « in such a way that
lallorce = 0, then C3 = 0. In this case, the approximation properties of Il are solely
controlled by the L?—projections Pg, IIp, Pgy;. Hence, we get optimal approximation
properties if the L?—projection IIp converges as fast as Pg to the identity, and if the
convergence order of Py to the identity is one less than that of Pg.

In the general case, it is enough to take the stabilization operator a such that
lallorce and ||a||oxe/Ca are uniformly bounded to ensure that the constants Cy, Ca
and Cj3 are independent of .

3.3. Proof of the approximation properties of II;, Theorem 3.1.

To prove the estimates of Theorem 3.1, we follow [4]. The idea is to estimate
the quantities dr, := IIgL — PgL and 6, := IIyu — Pyu, and then use the triangle
inequality to obtain the desired estimates. We proceed in three steps.

Step 1: The equations for d;, and §,,. By the equations defining the projection
I}, (3.10), we have that

(3.11a) (60, Gk =0 VG € G(K),
(3.11Db) (8, V) =0 Vo € V(K),
(3.11c¢) (worn — a(dy), p)r = (VIpn — a(ly,) — Ln,u)p Yp € M(F),
for F' € F(K).

Step 2: The estimate of §,. Next, we obtain an estimate of §,. By the
definition of V*(K), (3.5b), we see that 8, € V*(K), by the equation (3.11b). If
V4 (K) = {0}, then

10ul[x = 0.
If VX(K) # {0}, we claim that &, is the element of V*(K), satisfying
(a(du),v)ox = —((Id = Py )(vV - L = Vp),v) ik + (a(Iu), v)ox

for all v € VH(K).
Taking v := &, and applying the Cauchy-Schwarz inequality, we get
(a(du),0u)ox < [|(Id = Py)(vV - L = Vp)|xlldullx + la(Tu)llox|[6ullox
< Cvhil* |(Id = Pg) vV - L= V)l i [8u - mllorc,
+ Cv Ry lallok Hullox [|0u - nllox, ,

by the condition (3.7b). And by the condition on the stabilization operator, (3.9b),

ov

18- mllose, <

(R 1= Py L= V)l + Ry llelon [ Tullor )

Finally, using once again condition (3.7b), we get that

02
18ullxc < 5= (A |Td = Pg)V - L= Vp)llic +hil* Ry~ llaoxc [ullox ) -
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It remains to prove the claim. By the equation (3.11c), we have that
(vorn — a(du),v)ox = (WILn — a(ly) — Ln,v)ox Yo € V-(F),

because v|p € M (F) by the inclusion condition (3.2b).
But

<I/(5Ln, ’v>3K =v (V . (SL,'U)K +v (6L7 VU)K =0.

Indeed, we have that (V - dr,v)x = 0 by the first inclusion in condition (3.4b) and
the fact that v € V*(K). And we have that (d1,, Vo)x = 0 by equation (3.11a) and
the first inclusion in condition (3.4a).

Similarly,

(VIn — In,v)ox = WV -1, = VI, v)k + (VIL, V) g — (I,,V - v)k
— (Id— Py)(v¥ - L - Vp), v).
Indeed, (vV -1, = VI,,v)xk = vV -L = Vp,v)g = ((Id — Py)(vV - L — Vp),v)k
by the first inclusion in condition (3.4b), the inclusion condition (3.8a) and the fact
that v € V= (K). Moreover, (vI,, Vo) = 0 by the first inclusion in condition (3.4a)

and the definition of I, and (I,,V - v)x = 0 by the inclusion condition (3.8a) and
the definition of I,,. This proves the claim.

Step 3: The estimate of J;,. Finally, let us estimate d;,. By the definition of
G1(K), (3.5b), we see that d;, € GL(K), by the equation (3.11a). By the condition
(3.7a), this implies that

18l < Cahid® 6unlloe.
and by equation (3.11c), that
I6c]l i < Ca hil? (IWlam — Ll + l(du)lloxe + la(Tu)loxe) -
If V(K) = V(K), 6, = 0, and we get that
I6n]l i < Ca byl (Ivlan = Iymlloxe + llallone [ Tulloxe) -
If V(K) # V(K), then

el < Ca hil® (IvTam = Lnllaxe + |l edllore (Cv Ry+ [18ulloe + 1 Tulons)) -

by condition (3.7b). This completes the proof of Theorem 3.1.

4. Examples of superconvergent methods. In this section, we give examples
of superconvergent HDG methods. We show how to construct them from similar
methods for diffusion problems.

4.1. Using the superconvergent methods for diffusion. Let us begin by
considering the HDG method for diffusion upon which we are going to construct
HDG methods for Stokes satisfying Assumptions A, B and C.

Thus, following [7], we assume that we have local spaces

VP(K), WP°(K) and MP(F),
10



such that

(4.1a) VP(K) - n|p C MP(F),
(4.1b) WP(K)|r C MP(F).
(4.2a) PY(K) c VWP(K) Cc V' (K) C V°(K),
(4.2b) PYK)C V-V"(K)C W°(K) C WP(K),

such that, if we set

(4.32) VIP(K) = {v eV (K) : (v,9)x =0 YoeV (K)},
(4.3b) WHP(K) = {w eW”(K) : (w,0)x =0 YueW°(K)},

we have that

(4.4) > dim MP(F) = dim V=" (K) + dim W (K),
FeF(K)

and that

(4.5a) ot < Cv b2 vt n ok, for all vt € VEP(K),

(4.5b) Jw |k < Cw A2 |lwt ok for all wt € WP (K),

for some subsets 0Ky and 0Ky of F(K).
We also assume that we have a stabilization function o satisfying the following
properties:

(4.6a) (@”(n), wr = (n,a”(w)r foralln,ue M°(F),
(4.6b) (a®(wh),wh)ox > Cqllwt |3k, forall wt e WHP(K).

We can now define the HDG methods satisfying Assumptions A, B and C. To
do that, we introduce some notation. In what follows, we denote by G;(K) the space
of all the i-th rows of functions in G(K), and by V;(K) and M ;(F) the space of the
i-th component of functions in V' (K) and M (F'), respectively, fori =1,...,d.

We construct the wanted HDG method by taking its local spaces as

G;(K):=VP?(K), ViK):=WP°(K), M,F):=M"(F),
fori=1,...,d, and by taking the stabilization function as
a;(a) := aP(a;),

also for ¢ = 1,...,d. The choice of the space for the pressure P(K) is more delicate.
We have the following result.
THEOREM 4.1. Let P(K) be such that

d
D 9,WP(K) C P(K) CNI_{v; :v € V'(K) :v; =0 fori # j}.
j=1

11



Then the corresponding HDG method satisfies Assumptions A, B and C.

Proof. Tt suffices to show that the spaces we define above satisfy all the conditions
in the template in Section 3.1. In the definition of G(K'), V(K) we can see that the
conditions (3.1a), (3.1c), (3.2), (3.4) - (3.7) and (3.9) are nothing but the vector
version of the conditions (4.1) - (4.6). We only need to verify the spaces also satisfy
(3.1b), (3.8).

The assumption Z?Zl 0;WP(K) C P(K) implies that V-V (K) C P(K) and the
assumption P(K) C ﬂ;l:l{vj cv e VP(K) :v; =0 for i # j} that P(K)Id C G(K).
Hence condition (3.8) holds and so

(V- V(K)Id c P(K)Id C G(K).

In other words, condition (3.1b) is verified. O

4.2. Examples. We now use this construction to devise superconvergent HDG
methods for Stokes by using the superconvergent HDG methods for diffusion de-
scribed in detail in [7].

In the Tables 1 to 4, we display the orders of convergence for mixed methods and
HDG methods using different elements K. We only show the space P(K) since the
other spaces are given in [7]. Note that all the methods achieve optimal orders for
Ly, pr and that superconvergence takes place for the projection of the error in w. For
k = 0 and two dimensions, the method listed in Table 1 as RT}, is the mixed method
proposed in [9], and that the listed in Table 3 as RT; is the mixed method proposed
in [10]; as pointed out in the Introduction, general, convex quadrilaterals were also
considered therein.

TABLE 1
Methods for which k > 1

K simplex
method N
for diffusion P(K) HG - Gh”'Th Hp 7th‘Th, ”u - uh“':rh
BDFM,,,; PNK) k+1 k+1 k+2
RT}, P*(K) k+1 k+1 k+2
HDG, P*(K) k+1 k+1 k+2
BDM,, PH(K) k+1 k+1 k+2
k>2

5. Proofs of the estimates of the projection of the errors. In this section
we provide detailed proofs for our a priori error estimates. The main idea is to work
with the following projection of the errors:

EL = HgL — Lh,
e, :=Ilyu — uy,
€p = HPp — DPh;
ey — HMU — ﬁh.
We begin by obtaining the equations satisfied by these projections. We then mimic

the argument in [4, 6] to obtain the estimates of Er, ey, e, and, finally, u — uj.
12



TABLE 2
Methods for which M(F) = P (F) and k > 1

K square
method *
for diffusion P(K) HG - Gh”{Ih, Hp - th{J—h, ”u - uh”'fh
BDFM ;. PF(K) k+1 k+1 k+2
HDG(;, P"K) k+1 k+1 k+2
BDMy,  PH(K) k+1 k+1 k+2
k>2
K cube
method *
for diffusion P(K) HG - Gh”(fh Hp - ph' Th ||u - uh,”(fh,
BDFM,;1) P*(K) k+1 k+1 k+2
HDG(;, P"K) k+1 k+1 k+2
BDMy,  PH(K) k+1 k+1 k+2
k>2
TABLE 3

Methods for which M(F) = Qu(F) and k > 1

K square

method — P(K)  [|G = Guplls,  llp=palle,  llu —ujlls,

RTy  QF(K) k+1 k+1 k+2
TNT,; QF(K) k+1 k+1 k+2
HDG, Q"(K) k+1 k+1 E+2

K cube

method  P(K) [|G=Gully, [p—pullz,  lu—uills,

RTy  QF(K) kE+1 kE+1 k+2
TNTy QF(K) k+1 k+1 k+2
HDG? QF(K) k+1 k+1 k+2

(%]

Step 1: The error equations. We begin by obtaining the equations satisfied
by the projection of the errors.

LEMMA 5.1.
(5.13) (EL , G)‘j‘h + (eu , V- G)‘J’h — (eu , G’n>aj*h (HgL - L, G)g‘h,
(5.1b) —(V - (vEL), v)3, + (Ve,, v)7, + (ale, —ez), v)ar, =0,
(5.1c) —(eu, V@)1, + (ea, qn)or, =0,
(5.1d) (ea, poT, =0,
(5.1e) (VELn —epn — ale, — eq) , t)or,\00 =0,
(5.1f) (ep, Vo, = (Ipp—p, V)7,
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TABLE 4
Methods for which k > 1

K prism
method .
for diffusion P(K) IG = Gull, o —pully,  llw—ujl7,
BDFM_ 1> PF(K) E+1 k41 k12
RT <> PHF(K) E+1 E+1 k+2
HDG > P*(K) k+1 kE+1 E+2

for all (G7v,q7u) € G XV x P, x My,

Proof. We begin by inserting the expression of the numerical trace given in (1.3g)
into the second and the fifth equations (1.3b), (1.3e) defining the HDG method, then
the numerical approximation (L, wp, pr, Wp) satisfies:

(vLi, G)g, + (up, V- G)g, — (Un, Gn)oy, =0,
(vLp, Vo), = (pr, V- v)3, — (vLpn — ppn — a(up, — uy) , v)oT, = (F, v)7,,
—(un, Vg)7, + (U -n, q)or, =0,
(Wn , oo = (g, woa,
(uLpm — ppn — a(uy, — un) , p)o7,\00 = 0,
(pn, D), =0,
for all (G,v,q,u) € Gp x Vi, X P, x M},. Next, we note that the exact solution

satisfies these same equations. Hence, by the Assumption (A.1) - (A.7), we can equip
the exact solution with the projection and obtain

(vL, G)g, + MIyu, V- G)g, — yu, Gn)sy, =0,
(vIIgL, Vv)g, — (lIpp, V - v)7, — (VIIgLn — IIppn — a(Ilyu — Iyu), v)sq,
= (f,v)7,
—(Iyu, Vg)g, + Tyu-n, ¢y, =0,
(Mpu, oo = (g, 1)oqs
(ullgLn — IIppn — a(Tlyu — Tpru), p)oy,\00 = 0,
(p, D, =0,

for all (G, v, q, ) € Gp X Vi, X Pp, x My, If we now subtract the first set of equations
from this one, we obtain the result. This completes the proof of Lemma 5.1. O

Step 2: Estimate of the velocity gradient. We are now ready to obtain our
first estimate by using a standard energy argument.
PROPOSITION 5.2. We have

V|EL|3, + (a(es —eq), ew — ex)o7, = v(IIgL — L, EL)g,.

Proof. 1f we take G = vEr,,v = e, and ¢ = ¢, in the first three error equa-
tions (5.1a) - (5.1c), respectively, and add them up. We obtain, after some algebraic
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manipulation,
V|EL|3, +©n =v(IlgL — L, Ep)s,,
where

O = —(eq, vELn)o7, + (a(ew — €3) , eu)oT, + (€a, epn)or,.
We thus obtain
On = (—VELn +epn, eg)oT, + (e, — eq), eu)aT,
= (—vELn +eyn + ale, —ez), eg)ar, + (ale, —ez), ey, — eq)aT,
= <a(eu - e’ﬁ) 9 €y — ea>87h7

by the error equations (5.1d) and (5.1e). This completes the proof. O
As a straightforward consequence of Proposition 5.2 and the Assumption (A.8),
we obtain the first error estimate for the methods:

[Erfl7, < [Tel = Lo,

This completes the proof of Theorem 2.1. Moreover, we also have the following
estimate,

(52) ||eu _eEHa/V S HL_HGL”{Th,‘

Step 3: Estimate of the pressure. Next, we show how to use the previous
result to obtain the estimate of the pressure.

PROPOSITION 5.3. Let P : H'(T),) — V), be any projection such that (Pw —
w,v)y, =0 for allv € VPy. Then we have

lley = (p = 1Ipp) |3, < CCpav||L ~ gL,

where C solely depends on the shape of the domain Q, and Cy,  is defined in Theorem
2.2.

Proof. Tt is well known [3] that for any function ¢ € L?() such that (¢,1)q =0
we have

lalle < & sup M’
weHL(Q)\{0} ”wHHl(Q)

for some constant x independent of g. By the last error equation (5.1f), we see that
we can apply the above result to ¢ := e, —€,. Hence we have that

(ep _@’V ) w)Q

lep —eplla <k sup
weH}(Q)\{0} ||wHH1(Q)

Next, we work on the numerator in the above expression. We have
(ep, V- -w)g =—(Vep, Pw)y, + {(e,, w-n)s,.
By the second error equation (5.1b) with v := Pw, we get that
(ep, V- -w) =—(V-(VEL), Pw)y, + (a(e, — en), Pw)sy, + (e, w-n)sy,

= (VEL , V’w)‘yh + (a(eu — ea) s P’w>ag~h + <—VELn +epn, HMw>ag‘h
= (VEL, Vw)g, + (a(e, —ez), Pw —IIyw)sy, ,
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by the fifth error equation (5.1e) with u = ITj;w and by the fact that w € H(S).
Next, we show that the second term is bounded by CC, ov||L — IIgL||7,. Note

that e, — ez lies in the auxiliary space V,J;’ , given by (2.1). Indeed, for any face F of
the element K € Qy,, we have that (e, — eg)|r € M(F) by Assumption (A.6). Also,
for any g € P(K) such that (¢,V - v)x = 0 whenever v € V(K), we have that

((ew — €a) " m,q)ox = (V- ey,q) =0,

by the error equation (5.1c).
We can now apply the Cauchy-Schwarz inequality and use the estimate (5.2), we
get that

(ep, V- w)a| < CCpov||L — L7,
As a consequence, we obtain that
lep = epllz, < CCpav||L — gL,

Finally, the result follows from the fact that e, = IIpp —p by the error equation
(5.1f). This completes the proof of Proposition 5.3. O
Theorem 2.2 follows directly from the above result.

Step 4: Estimate of the velocity. We are now ready to obtain a key identity
for the projection of the error in the velocity by using a duality argument.
LEMMA 5.4. We have

(eu R 0)‘]‘h = Z/(HgL - L, Z)g—h + Z/(L — Ly, 72— HEZ)T}L.

Proof. We have
(eu s B)Th = V(EL 5 Z— vo’){-Th + (e’U« ) V- (VZ) - v’l])i]'h + (ep ) V- o-){-ThJ
by the first three equations of the dual problem (2.2). Rearranging terms, we get

(eu7 H)U'h = (EIM VZ)(-Th + (eu7 V- (VZ))‘Th

—(WEL,Vo)g, +(ep, V-0)7,

- (eua VT])%

= (Er, vIIgZ)s, + (eu, V- (VIIGZ))s,

— (WEL, Vo)g, +(ep, V-0)7,

— (ew, VIIpn)s,

+ (Ep, v(Z = 115Z))7, + (€w, vV - (Z = 11gZ))7, — (ew, V(n — Hpn))r,,
integrating by parts of above equation and by the Assumption A, we obtain

(ey, 0)y, = (Ep, vIIgZ)y, + (ey, V- (VIIEZ)),
+ (V- (EL), Oy o)y, — (Ve,, Iy, o), — (VELn — epn, 0)s7,

(ew, VIIEN)T,
(Er, v(Z =1gZ))y, + (ew, v(Z —1gZ)n — (n — Hpn)n)or, ,
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taking G = VII;,Z,v = IIj, 0, q = II}n in the error equation (5.1a)-(5.1c) and inserting
in the above identity, we get

(ey, 0)y, =v(Er, Z-1I5Z)y, + v(IIgL — L, I5Z)g, + T 4 To,
where

Ty := (eq, UgZn)oy, — (ea, lIpnn)oT, + (ew, v(Z —5Z)n — (n — lpn)n)oT,
Ty := (a(ey — €q), Hyo)or, — (VELn —epn, o)or, .

Noting that <6g, Zn>87h = <6{;, ZTL>3Q = 0 and that <6’u*, ’I7’n>37h = <€7’j, 77’n>aQ =0,
and inserting this two identities into Ty, we obtain,

Ty := —(ea, (Z - UgZ)n)or, + (€a, (n — Ipn)n)or,
+ (e, V(Z —1gZ)n — (n — Lpn)n)or,
= (e — eg, V(Z—1IgZ)n — (n — Lpn)n)ss,
= (e, — ey, a" (IIyo — II 0))oT, by Assumption (A.4),
=

ale, —eg), o — I o) o7, -
On the other hand, we have

Ty = (a(e, —eg), IIj,0)s7, — (VELn — eyn, o) s,

= (a(ey —€3), Iy o)y, — (a(e, —ez), yo)oT,,

by the error equation (5.1e) and by the fact that IIp;o|pq = 0 by the boundary
condition for o (2.2d). Therefore, we get

Tg = —<a(eu — ea), H*VO' — HM0'>8‘J’;L-
This implies that

(eu R 0)% = I/(EL , 7 — HEZ)% + V(HGL -L, HZ‘Z)‘Th,
Z/(EL s 7 — HZ‘Z)‘T;L — I/(HgL — L, 7 — HZ‘Z)‘T}L + I/(HgL — L, Z)g‘h
v(lgL =L, Z)g, +v(L =Ly, Z —5Z)7, .

This completes the proof. O

As a consequence, we immediately obtain an estimate on e,,.

COROLLARY 5.5. If the regularity property (2.3) holds and Assumption A, B are
satisfied, then we have

leull7) < Cvh|L —TlgL|g,

Proof. Taking 8 = e, in Lemma 5.4, we have

leull3, =v(MgL—L, Z)5, + v(L—Ly, Z—115Z)7,
v(gL — L, Z - 7%, + v(L — Ly, Z - T5Z)q,,

by Assumption (A.1) and Assumption (B.2), since Z°| is the average of Z on the
element K and hence belongs to P°(K).
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Now, after a simple application of the Cauchy-Schwarz inequality, we obtain
leulF, < Cvh||lL —TeL|7,|Z]17, +v L - Lall7,1Z - TEZ] 7,
< Cvh|L —TlgLll7, [[eull, ,

by Assumption (B.1) and the regularity property (2.3). This completes the proof. O
Next, we can obtain the following simple estimate.
COROLLARY 5.6. By the same assumption in Corollary 5.5, we have

lealln < C (AL = TgLlly, + [lew]|s,)

Proof. From the first error equation (5.1a), we have that
(ea, Gn)ox = —(llcL — L,G)k + (EL,G)k + (ew, V- G)k,

for all G € G(K). Hence, by a standard scaling argument, see [2], we readily obtain
that

1
hilleallox < C(hk||L —HgL||lx + hxl|ELllx + [leul x),

and the estimate follows by using Theorem 2.1. O

Finally, Theorem 2.3 follows by the above two corollaries.

Step 5: Estimate of the postprocessed velocity. By the Poincaré-Friedrichs
inequality, we have that

lu—upllx < llu—ujllx + Chi ||V (w —up)lk,

where W is the average of w over K. But 17;; = uy, by the second equation defining
u}, (1.4b), and w = Iy u by Assumptions (A4.2) and (C.1). This implies that

lu—wupllx < [Myvu —upllx +Chi [|V(w —up)| x.
Now, for any w € W*(K), we have that
IV (u = up)l% = (V(u—up), V(u—w)k + (V(u —up), V(w - uj))x
= (V(u—u}),V(u —w))k + (L = Ly, V(w — u})) k,

by the first equation defining the postprocessing u}, (1.4a). Applying the Cauchy-
Schwarz inequality, we obtain that

IV (w —up)ll% < V(= up)llx V(= w)|x + |L = Ll x [|V(w — u)ll 5,
<IV(u —up)lx (V(w — )| +[|L = Ll x)
L = Lallx [V(w — v,

and, after simple applications of Young’s inequality and some algebraic manipulations,
we get that

IV (uw—up)ll% < 3(|L — Lallk + [V (u — w)l|%).
This implies that
v —upllx < |Myu —up|x + Chi ([[L = Lk + V(e —w)| k),
and so,
|w —upll7, <[ Myu —uplls, + Ch(|L = Lylls, + V(e —w)ls,).

This completes the proof of Theorem 2.4.
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6. Concluding remarks. We have presented a technique for the a priori error
analysis of HDG methods for Stokes equations and have shown how to use it to de-
vise superconvergent methods from similar methods for the simple diffusion equation.
Next, we discuss how to recover superconvergence when the space V(K) does not
satisfy Assumption (B.2). We then sketch the extension of the method to isotropic
elasticity.

Superconvergence when the local space V(K) is too small. Let us consider
the method listed in Table 1 as RTy, or the one listed in Table 3 as RT |y, for k£ = 0.
In this cases, the Assumption (B.2) is not satisfied because V (K) = Py(K). However,
we can still obtain superconvergence of the projection of the error in the velocity as

we show next.
Then, by the identity of Lemma 5.4:

(€w. 0)7, = v(IIgL — L, Z)g, + v(L — Ly, Z — I5Z),
=v(lgL - L, Vo), +v(L — Ly, Z-1I5Z), by (2.2a),
= —v(V-(IlgL-L), o)y, +v(L—-Ly, Z-1I,Z)7, by (2.2d),
= —v(V-L-V-L,o0-0)5, +v(L—Ly, Z-1I32)s,,

and, proceeding as before, we can get that
lewlls, < Ch* |V Ll + Ch|L - L|,,

and we obtain the wanted superconvergence. As a consequence, the postprocessing uj,
also satisfies the estimate of Theorem 2.4 and hence converges with order two whenever
the solution is smooth enough. These results complement the error estimates obtained
in [9, 10].

Isotropic elasticity. We end the paper by sketching the extension of our ap-
proach to the analysis of HDG methods for isotropic linear elasticity equations; see
[14]. The governing equations of linear elasticity for isotropic materials can be written
as follows

(6.1a) L—-—Vu=0, onf,
(6.1b) -V (L) +Vp=0, on{,
(6.1c) ep+V-u=0, onf
(6.1d) u =g, on Jf,

where ¢ = (1 — 2v)(1 + v)/E. Here E is the Young’s modulus and v € (0,1/2]
is the Poisson’s ratio. The advantage of this formulation is that it holds for both
compressible (v € (0,1/2)) and incompressible (v = 1/2) materials. Clearly, for
incompressible materials, this system of equations is nothing but the Stokes system
(1.1).

For the case of compressible materials(e > 0), the weak formulation of the system
is similar to the Stokes equation (1.3). In fact, the only difference is that we replace
the equation (1.3¢) by

(epn, O3, — (un, V)7, + (U -m, q)o7, = 0.

Next, we argue that this difference does not affect the application of our approach to
these equations.
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Indeed, under the same Assumption A, we can obtain the following identity:
ellepll, +vIEL|F, + (e — ea), eu — ea)or, = v(IlgL — L, Ev)g,.
Since € > 0 and « is semi-positive definite, we still have the estimate
IL = La|l7, < 2[HeL —L|g,.

To get the estimate of the pressure, we can use the same argument (Proposition 5.3)
since we only need the error equation (5.1b).

Finally, if we modify the dual problem (2.2) by inserting —en on the left hand
side of (2.2c), then, by using a similar duality argument, we obtain that

(eu R g)j‘h = Z/(H(;L —L, Z)fyh —+ Z/(L — Ly, ZHZ‘Z)‘I}L + e(ep , N — H;U)T;u

Finally, assuming the same regularity property, and under the same Assumption B,
we get

[MIyu — up |7, < Ch||L —TlgL|g,.

Clearly, the very same local postprocessing can be applied if Assumption C'is satisfied.

In conclusion, our projection-based analysis can be naturally extended to isotropic
elasticity problems. The extension of this approach to methods for linear elasticy,
which are based on weak symmetry formulations, is the subject of ongoign research.

REFERENCES

[1] F. Brezzi, J. Douglas, Jr., M. Fortin, and L. D. Marini, Efficient rectangular mized finite
element methods in two and three space variables, RAIRO Modél. Math. Anal. Numér. 21
(1987), 581-604.

[2] F. Brezzi, J. Douglas, Jr., and L. D. Marini, Two families of mized finite elements for second
order elliptic problems, Numer. Math. 47 (1985), 217-235.

[3] F. Brezzi and M. Fortin, Mized and hybrid finite element methods, Springer Verlag, 1991.

[4] B. Cockburn, J. Gopalakrishnan, N.C. Nguyen, J. Peraire, and F.J. Sayas, Analysis of an HDG
method for Stokes flow, Math. Comp. 80 (2010), 723-760.

[5] B. Cockburn, J. Gopalakrishnan, and F.-J. Sayas, A projection-based error analysis of HDG
methods, Math. Comp. 79 (2010), 1351-1367.

[6] B. Cockburn and F.J. Sayas, Divergence—conforming HDG methods for Stokes flow. Submitted.

[7] B. Cockburn, W. Qiu and K. Shi, Conditions for superconvergence of HDG methods for second-
order elliptic problems, Math. Comp. To appear.

8] . Dauge, Stationary Stokes and Navier-Stokes systems on two- or three-dimensional domains

M
with corners. 1. Linearized equations, SIAM J. Math. Anal. 20 (1989), no. 1, 74-97.
[9] M. Farhloul and M. Fortin, A new mized finite element for the Stokes and elasticity problems,
SIAM J. Numer. Anal. 30 (1993), no. 4, 971-990.
M. Farhloul and M. Fortin, A mized finite element for the Stokes problem using quadrilateral
elements, Adv. Comput. Math. 3 (1995), no. 1-2, 101-113.
[11] L. Gastaldi and R.H. Nochetto, Sharp mazimum norm error estimates for general mized finite
element approximations to second order elliptic equations, RAIRO Modél. Math. Anal.
Numér. 23 (1989), 103-128.
[12] R. B. Kellogg and J. E. Osborn, A regularity result for the Stokes problem in a convex polygon,
J. Functional Analysis 21 (1976), no. 4, 397-431.
[13] J.-C. Nédélec, Mized finite elements in R3, Numer. Math. 35 (1980), 315-341.
[14] N.C. Nguyen and J. Peraire, Hybridizable discontinuous Galerkin methods for partial differen-
tial equations in continuum mechanics. Submitted.
[15] N.C. Nguyen, J. Peraire, and B. Cockburn, A hybridizable discontinuous Galerkin method for
Stokes flow, Comput. Methods Appl. Mech. Engrg. 199 (2010), 582-597.
[16] P. A. Raviart and J. M. Thomas, A mized finite element method for second order elliptic
problems, Mathematical Aspects of Finite Element Method, Lecture Notes in Math. 606
(I. Galligani and E. Magenes, eds.), Springer-Verlag, New York, 1977, pp. 292-315.

20



[17] R. Stenberg, A family of mized finite elements for the elasticity problem, Numer. Math. 53
(1988), 513-538.

[18] R. Stenberg, Postprocessing schemes for some mized finite elements, RAIRO Modél. Math.
Anal. Numér. 25 (1991), 151-167.

21



