REFINED JACOBIAN ESTIMATES FOR GINZBURG-LANDAU
FUNCTIONALS

ROBERT JERRARD AND DANIEL SPIRN

ABSTRACT. We prove various estimates that relate the Ginzburg-Landau
energy E.(u) = [, @ + % dz of a function u € H(Q;R?), Q C R?,
to the distance in the W =11 norm the Jacobian J(u) = det Vu and a sum of
point masses. These are interpreted as quantifying the precision with which
“vortices” in a function u can be located via measure-theoretic tools such
as the Jacobian; and the extent to which variations in the Ginzburg-Landau
energy due to translation of vortices can be detected using the Jacobian. We
give examples to show that some of our estimates are close to optimal.

1. INTRODUCTION

In this paper we establish some estimates that provide a basis for quantitative
versions of I'-limit theorems and associated compactness results relating the
Jacobian J(u) (see (2.9) for the definition) and the Ginzburg-Landau energy

1 1
(1.1) E.(u) = /Qea(u) dx, e-(u) == §|Vu|2 + 4—82(|u|2 — 1)
Here, and throughout this paper, Q is a bounded, open subset of R? and u €

H'(Q;C).

1.1. quantitative compactness. A typical compactness result of the sort we
seek to quantify states that if {u®}.c(,1) is a sequence of functions such that

(1.2) E.(u®) < M|Ing|,
then {J(u®)} is precompact in suitable weak topologies, including for example

in the W=51(Q2) norm; and moreover, every limit of a convergent subsequence
is a measure of the form

(1.3) ™ i dida,
=1

for some a = (a1,...,a,,) € Q™ and d; € {£1}™, with np < 2. This is a
simple special case of results proved in [7], [1].
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2 R. JERRARD AND D. SPIRN

A quantitative version of such a result would give an estimate, for an arbitrary
u € H*(Q; C) in which the distance (in W~1! say) between J(u) and the set of
measures of the form 7 )" | d;0,, is controlled by the Ginzburg-Landau energy
E.(u).

We have two main results in this direction. The first is

Theorem 1. There exists a constant C' such that for any bounded, open Q C R?,
any u € HY(Q;C), any € € (0,1], and any n > W“ne‘ Joec(u)de — 1, there
exist an integer ng < n, points ay,...,a,, € §2, not necessarily distinct, and
di,...,dp, € {£1} such that

a 4)
Wi < C(n+1) (/Q () d:c) exp {ﬁ/ﬂee(u) daz].

1] (u)—m Z d;6,,
=1

Theorem 1 implies in particular that if u® is a function satisfying (1.2), then

for n > % — 1, there exist a;, d; as above such that

| J (u® _WZd(SGZHW ) _C(n+1)<M|lnE|) 7rn+1)

For M,n fixed, we demonstrate in Lemma 18 that the scaling in ¢ is almost
optimal; that is, for fixed M, n, we construct sequences of functions that satisfy
(1.2) (up to error terms that are negligible as ¢ — 0) and such that

W-i1(q) = ce' "7 forall e € (0,1].

inf || J(u _Wzdéaz

a; €Q,|d;| <1

In particular, if (1.2) holds with M =~ 7, then for n = 1, the best we can hope
for is

1.5 inf [|J(u) — wddy, ||y —1. ~ CeY/2.

(15 nt () = 7 -1

Our second quantitative compactness result shows that a much stronger esti-
mate is possible if we impose an additional hypothesis to the effect that J(u)
is reasonably close to an isolated point mass. By restricting our attention to a
neighborhood of this point mass, it suffices to consider an open ball U, in R? of

radius r. In the statement of the theorem, and throughout much of this paper,
we use the notation
,

(1.6) Ky = Ko™ (u) :/ e-(u)dr — Wlng.

(We will always write simply Ky, suppressing the dependence of Ky on u,e,7.)
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Theorem 2. There exists an absolute constant C such that if r > ¢ and u €
HY(U,;C) satisfies

)

(17) HJ(U) - 7T(50”W_1,1(UT) <

e~ =3

then there exists some § € U, 5 such that

(18) () ~ mellsny < OC + Ko) [(€ + Ko™ 4 \/In(r/e)]
and

(1.9) 1/ (0) = 710,y < £CC + Ko)2eRom.

Here J'(u) denotes the modified Jacobian, defined in (2.15).

When Ky = O(1), we interpret (1.9) as showing that one can use the modified
Jacobian to determine the location of a “vortex” to length scales of order . For
this reason, we refer to Theorem 2 (and similarly Theorem 1) as “localization”
theorems.

We show in Lemma 17 that the scaling in (1.8), (1.9) is sharp in the sense
that there exists a sequence {u}.c1) C H'(U,;C) such that K, as defined in
(1.6) is bounded uniformly in ¢, and

dnf |l (w) = 70ellyr-ra ) 2 cev/In(r/e), - mnf [T (u) = 7oellyp-ra ) = ce-

In particular, it is necessary to introduce the above-mentioned modified Jaco-
bians to get the desired O(¢) scaling.

1.2. quantitative lower bounds. In view of the results described above, it is
reasonable to ask: what can one say about E.(u), if u € H'(Q;C) satisfies an
estimate of the form provided by Theorem 1, ie

no
(1.10) | (u) — Wzdz‘ﬂséiﬂwfl»l(m < s
i1

for some small number s.?

In a sequel [8] to this paper we prove that if d; = +1 for all i, and if s. is
sufficiently small compared to pe := min{min,;;{|& — &;|, min,;{dist(&;, 0Q}},
then

5 1/2
(1.11) E.(u) > nol(e, 1)+ W(&,d) - C {Z—(se + €E€(u))}

3
where W (£, d) is the renormalized energy introduced by Bethuel, Brezis, and
Hélein [2], and I(e,1) ~ wIn < is defined in (6.1). The constant C' depends on
the domain 2. and the lower bound is sharp up to errors of the same order of
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magnitude. The leading-order terms in (1.11) are sharp in that there exist u
satisfying (1.10) with s, = Cne(1 + Z—; and such that
3
3
n
E.(u) < nol(e, 1)+ W(&,d) + Cnge(1 + ep—g).
3
The full version of (1.11) in [8] includes additional positive terms on the right-
hand side and is valid for arbitrary ng > 0. The scaling of the error terms in
(1.11) is not optimal.
This should be compared with estimates in [5, 10] which show that for a
sequence of functions u®,

no
if [T (u) = 7Y dide,
=1

(1.12) then liminf/ e-(u)dr —ngl(e,1) > Wi(a,d),
Q

e—0

w-11() — 0,

if & # &; whenever i # j. Estimate (1.11) as proved in [8] establishes a quan-
titative analog of (1.12), with error estimates, valid for a fixed function rather
than a sequence.

The final main result of this paper is in effect the basic case of the above
estimate (1.11), when the domain €2 is an open ball U, of radius r, and & is the
center of the ball. In this situation we show that the error terms are bounded

by £(e\/Int + s.).

Theorem 3. There exists a constant C' > 0 such that if u € H'(U,; C) satisfies

[T = s <
then
I(r,¢) —/ e-(u) < 05W+9|1Ju—w50|yw_1,1(U)
: r € r "
and

C
I(r,e) - / clw) < O+ () — mbolli sy
where J'(u) denotes the modified Jacobian as defined in (2.15).

This result is proved in Section 6. We remark that the proof of (1.11) in [§]
relies very heavily on Theorem 3 from this paper.

1.3. other remarks. Throughout this paper we mostly use the W~ norm,
defined in (2.3), when formulating Jacobian estimates. Once estimates in W11
are established, one can use interpolation arguments to obtain estimates in
certain other negative Sobolev norms or in dual Holder norms; an example of
this sort of argument is given in the proof of Lemma 15.
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We conclude this introduction by describing some aspects of our proofs and
sketching the organization of this paper:

We introduce notation and recall some background concerning the Jacobian
and modified Jacobian in Section 2.

The proofs of Theorems 1 and 2 occupy Sections 3 through 5. Both these
theorems are proved by constructing families of balls (sometimes called “vortex
balls”) in which the Jacobian J(u) of a given function u is concentrated, and
then converting information about these vortex balls to estimates of the form
(1.4), (1.8), etc. The techniques we use for obtaining Jacobian estimates from
the vortex ball constructions rely on arguments developed by [1], [12] for ex-
ample. The main new point, particularly in the proof of Theorem 2, is in the
construction of vortex balls, which implements a number of improvements over
earlier such constructions as introduced in [11], [6]. Various attributes of the
resulting vortex balls (for example, the sum of the radii) scale in an optimal
way as the parameter ¢ varies, and this makes it possible to deduce from the
vortex balls estimates with sharp or almost-sharp scaling.

Techniques used in the construction of vortex balls are introduced in Section
3. These are used to give the proof of Theorem 2 in Section 4 and Theorem 1 in
Section 5. In both cases we also prove some some additional estimates, in which
we show that the norms in (1.4), (1.9) can be strengthened if one modifies the
domain slightly; see Theorem 2’ and Theorem 1’ for the precise statements.
These technical refinements are very useful in applications in [8].

In Section 6 we prove the energy lower bound of Theorem 3, as described
above. The main point is to show that a given function v € H'(U,;C) can
be modified to create a new function @ such that @ = € on OU,, and with
E.(a) — E-(u) controlled by [|.J(u) — 7dol|yi--1.1(y,)- This control requires both
upper bounds on E.(@), and lower bounds on F.(u). The former are derived
essentially by explicit calculations, using the exact form of the construction of ,
whereas the latter rely on arguments developed in the earlier part of the paper.

The final section contains two examples that prove the optimality and near-
optimality of the localization theorems.

2. NOTATION AND BACKGROUND

2.1. general notation. For v,w € R? we write v X w := vjws — vow;.
For w : R? — R? we define V X w := wyz, — Wy 4.
For ¢ : R? — R we use the notation V X ¢ := (¢,,, ¢z, ).
We denote open and closed balls, respectively by the notation

Udz) = {y e R*: |z —y| <1}, U, :=U,(0),
B.(z) ={yeR*: |z —y| <r}, B, = B,(0).

For a ball labeled with sub- and superscripts, such as By, our default notation
designates 7} as the radius, and zj as the center.
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We speak of the functions that we consider as C-valued rather than R2-
valued, mainly because in explicit calculations it is often convenient to use
the multiplicative structure of C. However, in practice we are not completely
consistent, as for example when we write J(u) = det Vu; here we think of Vu
as a real 2 x 2 matrix. We believe that this abuse of notation does not lead to
any ambiguity anywhere.

For an open set U C R™ and a closed set I' (typically a subset of OU) we use
the notation

(2.1) WAP(U) == {6 € W"(U) : $=0onT},

or more precisely the closure in W1P(U) of the set of smooth functions that
vanish on I'. For I' = () we use the convention that VV(,)1 P =Whr(Q). We also
define the dual norms

(2.2)
1 1

iy o= supd [ 6d s Vol <1, 6 W@, S+ o=

In this paper we will only consider H,LLHWF—Lq(U) for % > 1— 1 and p a (finite
signed) measure; in this situation || MHW;W(U) is always finite, by the Sobolev

Embedding Theorem and the Riesz Representation Theorem. Note that these
norms scale nicely if p, [, and U are all dilated. We use special notation for
certain norms that are employed frequently throughout the paper:

(2.3) leellyir—rawy = Nl rawy lellem@) = Tl @y

Note that [|pl| i@y = +oo unless [, = 0. Clearly [|ullyy-11@y < llpllzip=)
for every measure p on every open set U.

Throughout this paper we implicitly sum over repeated indices.

We write H! to denote 1-dimensional Hausdorff measure.

For a = (ay,...,a,) € Q" define

(24)  pe=4min({la; —a;j| : 1 <i<j<n}U{dist(a;,;0Q2) : 1 <i<n})

Define Q™ := {(a1,...,a,) € Q" : p, > 0}. And given a € Q™ we will use the
notation

2.5) Qy(a) = O\ (U, B, (@)).
We will sometimes write 2, when no confusion can result.
2.2. Jacobian. For ) C R? open and u € H(Q; C) we define
(2.6) j(u) :==J(uVu)

where J denotes the imaginary part. If we write u locally in the form u = pe’®
for real-valued p, ¢, then one easily checks that

(2.7) j(u) = p*V
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It is also useful to observe that
(2.8 e.t0) = 3200+ o,
For u as above we next define the Jacobian

(2.9) J(u) := %V X j(u) = uy, X ug, = det Vu.

Note that the 2-form J(u) dz* Adz? is the pullback by u of the standard volume
form on C = R?. Tt is often useful to define J(u) and j(u) in terms of differential
forms, particularly in higher dimensions.

If |u]? is constant in an open subset V of §2, then u?vjul =01in V, so that 0 is
an eigenvalue of Vu. Thus

(2.10) if |u| is constant in V', then J(u) =0 a. e. in V.

2.3. degree. Given 2 C R? and v € H'(Q;C), suppose that V is an open
subset of 2 with Lipschitz boundary and that there exists o > 0 such that
lu(z)| > « for H! a. e. x € V. Then the degree is defined by

1 j(w) 1
2.11 d ov — T dH".
(2.11) ce(uidV) = 5= [ I r an
Here 7 denotes the unit tangent to 0V, with the standard orientation. For a
proof that this definition makes sense for u € H'(£2; C), see Brezis and Nirenberg
[4]. If |u| vanishes on OV then deg(u; V) is not defined. Note that we can use
Stokes’ theorem and the identity J(u) = 2V X j(u) to find that

1 1
(2.12) deg(u;0V) = / ju)-mdH' = —/ J(u)de if |u/=1on V.
o T Jv
From (2.11) one can check that if Vi, ..., V} are pairwise disjoint open sets, then
(2.13) deg(u; O(UV})) Zdeg

whenever both sides are well-defined. An important property of degree (see
again [4]) is that

(2.14)  if u is continuous in V' and deg(u;0V') # 0, then u has a zero in V.

2.4. modified Jacobian. Following Alberti, Baldo and Orlandi [1], we intro-
duce the modified Jacobian J'(u), defined by

(2.15) J'(u) = C(luf)J (u),

where ¢ : [0,00) — [O 00) is a smooth function with support in [0,1/2), and

such that [, ((ly])dy = m. In other words, the 2-form J'(u) da' A dz? is the
pullback by u of ((|y|)dy* A dy'. The choice of ¢ implies that

(2.16) supp J'(u) C {z: |u(z)] < %}
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so that J'(u) is more concentrated than J(u). In addition, the following lemma
implies that J'(u) is close to J(u) if [ e-(u) is not too large.

Lemma 1. ([1], lemma 3.6) There exists a constant C such that for any
bounded, open 2 C R? and any u € H'(Q;C), the estimate

17 (w) = J(@)[lyir-11() < CIVullz2@) 11 = a2
holds.

The constant C' above depends on the exact choice of the auxiliary function
¢ appearing in the definition of J'(u) but is independent of the domain €. It
follows from standard facts about degree that

(2.17) deg(u; V) = l/ J'(u)dx if |ul >1/2 on 9V.
v

™

3. MACHINERY FOR LOWER BOUNDS

We will obtain bounds on the Jacobian by constructing collections of balls
that contain the set {|Ju| < 1/2}, and such that the radii and degree of these
balls are controlled by the Ginzburg-Landau energy. These sorts of argument
originate in [11], [6] and have since been extensively developed.

In this section we recall some of this machinery and adapt it to our current
needs. These adaptations will later permit us to produce collections of vortex
balls that are optimal in certain ways.

3.1. some notation. In these arguments it is convenient to work with functions
u € H*' that are continuous. This can always be achieved by an approximation

argument.
We will use the notation
(3.1) S={xeQ:|u(x) <1/2},

for the set where u is small. (We will always suppress the dependence of S on
u.) The essential part Sg of S is defined to be

(3.2) Sg = U{components S; of S : deg(u;0S;) # 0}.

For w continuous, S is closed and consists of finitely many connected compo-
nents, so the definition of Sg makes sense. If V' is an open subset of {2 such
that OV N Sk = (), we define the essential degree of V| denoted dg(u; V), by

(3.3) dg(u; 0V) := Z{deg(u; 0S;) : components S; of Sg such that S; C V}.

From the definitions one can easily check that

(3.4) deg(u; 0V) = dg(u;0V) whenever |u| > 1/2 on 9V
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The essential degree shares certain key properties of the degree, to wit:
(3.5)
dg(u; ( UV Z dg (u for Vi, ...,V pairwise disjoint open sets
whenever both sides are well—deﬁned, and
(3.6)  if w is continuous in V and dg(u; V') # 0, then u has a zero in V.
3.2. lower bounds on circles and annuli; auxiliary function A.. Our

constructions of vortex balls are based on the lemmas in this subsection.
The following is proved * in [6], Proposition 3.2.

Lemma 2. Suppose that Q is an open subset of R? and u € H*(Q;C), and
suppose that By(x) C Q and that s > €. For m := mingg,(y) |ul,

2(1 —m?)?
(3.7) / e.(u)) > 2E=m)
dBs(x) Co€

where ¢y is an absolute constant, independent of u and €. In addition, if
dg(u; 0Bs(x)) is well-defined and nonzero, then

1 ; 2 2
2 Jopyw) lul s

Finally, if e < sq and dg(Bs(x)) is well-defined and nonzero for all sy < s < s1,
then

(3.9) / e.(u) dH' > A(s1) — Au(s0),
Bs;\Bsq ()
where
r " T
B10) A=l ) _/0 M) ds o d(s)i= T

As a result of (3.7) and (3.8), there exists some ¢; > 0 such that if r > ¢ie
then

/ ee(u)dH' >
OB

(3.11) >

0
2-m?)? ifm<1/2

CcoE€

{ mn | 2D if g > 1/2 and d(B,(x)) # 0

m2m 1 —m?)?
L)

r CoE

'We recall the idea: Let p := |u|l. Writing e-(p) = 1[Vp|? + 25 (p? — 1)2 + 2= (p? — 1)?
and using the inequality a + b > 2vab, we find that e.(p) > |VH(p)| + g (p* — 1)? for
H(p) =1 (g — —) If M = maxgp, (min(1, p(x))) it follows that faBs(x) ec(p) > 2(H(M) —

€

H(m))+ 225 (1 — M?)2. To deduce (3.7), take the infimum over M > m and rewrite suitably.

re?

Holder’s inequality and (2.11) imply (3.8). The definition of A, in (3.10) is such that A:(s) >
infme[ojl](M + ™). a5 a result, (3.9) follows from (3.7), (3.8).

CoE S
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if either m < 1/2 or d(B,) # 0.
We will need to use some elementary properties of A.:

Lemma 3. Ifa; >b; >0 fori=1,...,m then

m m m

(3.12) D Ac(a) = Ac(b)] = A ) = A by,
1 1 1
And second, there exists co > 0 such that if rv,...,r,, > ¢ then
m m 1 m
(3.13) ;As(rj) — AE(; r;) > mln |1+ e (; r; — mjaxm)]

We will later construct “vortex balls” with energy is bounded below by
A (radius). The inequality (3.13) quantifies the intuition that many small balls
(with radii ;) have more energy than one large ball (with radius >, ;). It is
used the proof of Theorem 2.

Proof. Since ). is a decreasing function, one sees by inspection that

Z/b As(s) ds > /Z Ae(s) ds.

22b;
This is (3.12).

Next, given r1,...,7, > €, assume for concreteness that r; = max{r;}, and
set 79 1= 0, R; := f;ll r; for j > 1. Then
DA = A ) = D IA(r) + ARy 1) — A(R))].
j=1 j=1 j=1

The j = 1 term does not contribute. In the other terms, using the definition

(3.10),

AE(']’]») —+ AE(ijl) - A€<Rj) =mln {(Tj tjz(g)R(jR—i_Clog Cog)}

riRi .
=gln|—2 72— +1].
T n[cos(Rj+cos)+ ]

It is easy to see that R;_i/(R; + cog) > 1/(2 + ¢o), using the facts that r; <
r1 < R;j_y for j > 2 and r; > € for all j. Thus there exists some ¢y such that

Ac(rj) + A(R;_1) — Ac(R;) > 7ln [E + 1}

CoE

for all j > 2. Now the argument used to prove (3.12) shows that

m m m r 27?7‘:27«],
Sni-r(Ee 2 Sen[Z] 2 on[E22

j=1 7j=1 =2
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O
In the constructions that follow, we will need

Lemma 4. If {B,,(x;)}M, is a collection of balls in the plane, then there exists a
collection of pairwise disjoint balls { By, (y;)} =y such that U; B, (x;) C UsBs, (y;)

and Y sj =Y 1;.

The easy proof is left to the reader, or can be found in [6] for example.

3.3. coverings of Sg. In this subsection, we construct families of balls that
cover the set Sg, as defined in (3.2). We restrict our attention to functions in
C N HY(Q;C) (ie, continuous functions in H') to avoid any subtleties in the
definitions of Sk and the essential degree dg.

We first quote a result that supplies an initial covering of Sg, and then we
expand and merge these balls to construct families of larger balls with certain
desirable properties.

The starting point of the construction is provided by the following lemma? ,
from [6], Proposition 3.3:

Lemma 5. Foru € CﬂHl(Q C) there exists a collection of balls B® = { BI}*_,,
with radii 7“ and centers a: , such that Sg C UBO, ? > ¢ forall 7, and

1
(3.14) /Bong e-(u) de > @r? > A(r)) for all j

where C' is a universal constant.
Referring to notation from Lemma 5, let

(3.15) o’ =min{r) : B N0Q =0,d] # 0}, where d) := dg(B]).
The following lemma is crucial for the proof of Theorem 2.

Lemma 6. Let u € CNHY(Q;C) for Q C R?. For every o > 0°, there erists a
collection B? of closed, pairwise disjoint balls {B"}k(a) such that

(3.16) Sp C UBY,

(3.17) o <min{r{ : dj # 0, B] N2 = 0}, dj := dg(u; 0BY).
2The idea of the proof is as follows: Around each component S; of Sg, place a small ball
of radius max{e, diam S;}. Note that

/|Vu|2>C /|J =0t [ T(u)de

since deg (u;9S;) # 0. This implies (3.14) for any ball Wlth radius less than 2e. For larger
balls, (3.14) follows from (3.7). If two or more balls intersect, they can be combined into

larger balls, with the Besicovitch covering theorem used to control the overlap and preserve
(3.14).

>C
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Moreover, if 0° < o <, then U;B] C U;Bj. Finally,

(3.18) /BTOU e(u) de > A(r]) + Z /Bq ec(u) dr — A, Z 7

BICB] BZCB],

(3.19) > A+ Y A=A YD

BICB] BICBj

If we take o = 7 then the right-hand side of (3.19) reduces to A.(r]); estimates
much like this appear in [11], [6], etc. The new terms are the ones involving
the smaller balls Bf. These capture additional energy that is present if many
of these small balls are “swallowed” by a larger ball BJ; note that these terms
are always nonnegative, due to (3.13).

Proof. 1. Let
C:={r>0": Iballs B¢ for all 0% < o < 7, with the stated properties}.

Lemma 5 guarantees that ¢° € C, with B°" = B° so that C is nonempty.
2. We now claim that if 7y € C then [rg, 79 + ) C C for some § > 0. For
d sufficiently small, to be chosen, and 7 < 79 + 9, we define k(7) = k(7p), and

BT = {B}}k(ﬂ where B7 has the same center as B* and radius

j=1
(3.20) - { max{7, 1"} i df 0 and B} 00U ~ 0
T otherwise.

J
We take 0 to be so small that the balls thus defined remain pairwise disjoint
for 7 < 179 + 6§, and such that none of the expanded balls intersect OU. We now
verify that (3.18), (3.19) hold for all 0° < o < 7, for every 7 € (79,70 + 0); it
is clear by construction that all the other required properties of the balls are
satisfied.

If 9 <o <7 <m7+0, then (3.9) applies to Bf \ Bf to give

(3.21) /B e(u) dv > A(rp) — A(r7) +/B es(u) dx.

k
This is exactly (3.18) in the case 79 < 0 < 7 < 79 + 0, since by construction
By is the unique ball from the collection B contained in Bj. If o < 79, then
Bf C B if and only if BY C B;?, so (3.18) follows from combining (3.21) (with
o replaced by 79) and (3.18) (with 7 replaced by 7).

We deduce (3.19) by noting that it follows from (3.18) together with the
estimate fBg e.(u)dr > A (r]). For o < 79, this holds by taking 7 = o in
(3.18). For o € (19,70 + 0), it holds by taking (3.21) with 7 replaced by ¢ and
o replaced by 79. This shows that [r5 4+ ¢) C C as claimed.

-
k
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3. We next claim that if |7y, 71) C C, then 71 € C. Together with our earlier
claim, this will show that C = [0, 00), completing the proof of the lemma.
To do this, start by defining balls with radius r}' exactly as in (3.20), which

we designate {é;l}. These balls satisfy (3.18), (3.19) for all ¢ < 7, but they
may fail to be pairwise disjoint. If this is the case, use Lemma 4 to form larger,
pairwise disjoint balls {B;'} with the property that

T __ § ~T1

571~ BTl
B; CB,

Using (3.12) and the fact that (3.18), (3.19) already hold for each B]Tl, one can
check that each B satisfies (3.18), (3.19) for all o € [0°, 7] O

3.4. covering of S. In this subsection, we present a procedure that produces
a collection of balls complementing the one from Lemma 5. Unlike that lemma,
the balls here cover all of S, rather than just Sg. However, due to poor control
over the energy on very small balls, this lemma does not provide a suitable
starting point for the expand-and-merge algorithm of Lemma 6. Thus both
procedures are needed.

Lemma 7. For u € H' N C(Q;C), there ezists a collection B® = {B°} of
pairwise disjoint balls such that

(3.22) S cU;B,
(3.23) Z?’? <C E/ e-(|u]) dx, where 70 denotes the radius of BY.
- Q

The constant in (3.23) is independent of Q, e, and [, e-(Jul).

Proof. For the proof we write p := |u|. (In fact the lemma is really a statement
about nonnegative functions.)
Note that $|Vp|* + 2z(1 — p?)? > iﬂ — p*| IVp|, and so

/U%|Vp|2+4i€2(1—p2)22%/ 102 V)l
ZM/ — &2 HY(p7\(s) ds

by the coarea formula. In particular,
1
/ (1—-sHH(p'(s) ds < C 5/ e-(p) dx.
1/2 U
For any set A C U, let H. (A) := inf{2> s, : A C UB,,(y;)}. As noted by
Sandier [11], for any open subset A C U,

HL(A) < H{OAUT).
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This is easy to see if A is connected, and the general case is a straightforward
consequence. Note that s — HL ({z : p(x) < s}) is an increasing function, so
for any a € (0,1),

Ce /Ueg(p)dq: > / (1 —s*YHL ({z: p(x) < s})ds

> HL({z:p(z) < a})/ (1 — s%)ds.

Thus in particular 1 ({z : p(x) < 1/2}) < C¢ [, e(p) dx, which immediately

implies that there exists a collection of balls B° covering {z : p(z) < 1/2} and
satisfying (3.23). In view of Lemma 4, these balls can be taken to be pairwise
disjoint. 0

4. LOCALIZATION OF JACOBIAN NEAR A SINGLE VORTEX

In this section we prove Theorem 2. In fact we prove a result that gives
a bit more information. The two additional conclusions recorded here assert,
first, that the energy density is concentrated around a point where the Jacobian
concentrates; and second, that by perturbing the ball U, slightly, we can obtain
a ball Ug with s very close to r, on which a stronger estimate than (1.9) holds.
The stronger estimate we seek is

(4.1) 17'(u) = 7l ipr ) < eC(C + Ko)2eo/m.

This is an improvement over (1.9) in that the Lip* norm allows for test functions
that do not vanish on 0U,. We will prove

Theorem 2'. There exists an absolute constant C such that for any u €
HY(U,;C) satisfing (1.7), if we write Ky = fUT ec(u)dr —mInt as in (1.6),
then there exists a point £ € U,y such that (1.8) and (1.9) hold. In addition,
forany T <r—|£| ande <o <7,
(4.2) / e-(u)dr > mln (Z> — Kyt -C
B-(6)\Bo (&) g
where Ko™ = max{Ky,0}. Finally, if s. .= ¢ C(C + Ky)eXo/™ then for any
o <r—2s., the set
(4.3) {s € [o,r]: (4.1) above holds for U}
has measure at least r — o — 2s., and in particular is nonempty.
Remark 1. It is easy to see from the proof that the conclusions still hold if the
hypothesis (1.7) is replaced by the condition || J'(u) — mdo||yir—1.1(,) < 7-
We interpret the theorem as asserting that J(u) is localized near the point .
By interpolating between the easy estimate ||.J(u) —7dg||cor < C(14||Vul3,)
and (1.8), one can get estimates in the dual spaces (C7)* for all 0 < v < 1,
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and by the Sobolev embedding theorem these imply estimates in W~ for all
1 < g < 2. We do not record such a result here, but we will prove and use
something in this spirit in Section 6.2.

The conclusions of the theorem are trivial for Ky > 7lnZ, since then for
example the right-hand side of (1.8) is larger than the right-hand side of (1.7).
Thus in the proof we may assume without loss of generality that Ko < mln Z.

The statement of the theorem is invariant under the rescaling u € H'(U,; C) —
u, € H'(Uy;C), € — £ where u, () = u(rz). Thus we will fix r = 1 in all sub-
sequent argument in this section. In view of the above invariance, this does not
entail any loss of generality.

Since we are working on the ball of radius 1, the assumed bound Ky < 7ln %
becomes

1
(4.4) / e(u) de < 2mln-—.
U €

Also, since our arguments all focus on U; with » = 1, we feel free in the re-
mainder of this section to let r denote a parameter unrelated to the r in the
statement of the theorem.

The main part of the proof involves obtaining a detailed description of a
collection of vortex balls that cover the set S. We will prove:

Proposition 1. Assume that u € C N H'(Uy; C) satisfies (1.7), and define K,
as in (1.6). Then there exists a collection of balls B** = {Bf*}}L, satisfying

(4.5) S={xeQ : |Julx) <1/2} CUB;

(4.6)

deg(u; 0By™) = 1; deg(u; 0B;*) = 0 for all k > 2 such that By* N oU, = 0,
(4.7) D ri < e C(C + Kool

and

(4.8) > /B - e.(u) dz < C(C + Ky).

for an absolute constant C. Moreover, the center £ of B}* satisfies || < 1/2.
For the proof we need the following, which improves upon [5], Lemma 3.2.2.

Lemma 8. There exists C' > 0 such that if ¢ < 1 and u € H*(Uy; C) satisfies
(1.7) and (4.4), then

(4.9) L'{r e (0,1):|ul > % on 0B, deg(u; 0B,) = 1})

1
> 11— H;J(U) — olly-11(,) — CelInel.
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Proof. Recall from (2.16) that the modified Jacobian J'(u) is supported in S.

Moreover, if we define d(r) := 1 [, J'(u), then it follows from (2.17) that
(4.10) d(r) = deg (u;0B,) € it 0B, NS = 0.

Also, Lemma 7 and (4.4) imply that

(4.11) {0<r<1:B,NS#0} <Cellnel.

It follows from Lemma 1 and (4.4) that that
17000 = J" (W)l 110y < 1700 = T (W)l 10y + 1 () = T (W)l
(4.12) < [|mdo — J(w)|lyir-11(,) + CelInel.

Now consider a test function of the form ¢(x) = f(|z|) for Lipschitz f: R — R
with f(1) = 0, and note that for such ¢,

Ulng’(u):/Olf(r)/aBTJ’()dHldr—w/f Yd'(r :—ﬂ/f

It therefore follows from (4.12) that
1
7 [ F0) = d)dr < 178 = I0)-ssy + Cel e
0

whenever |f’| <1 a..e.Hence 7rf01 1L —d(r)|dr < |[wdo — J(W)lyi—11(r,) + C| Inel.
The conclusion follows from combining this with (4.10) and (4.11). O

We now present the

Proof of Proposition 1. Step 1. In this step we construct a collection of balls
B* satistying (4.5) with S replaced by Sg as defined in (3.2); (4.6) with the
degree replaced by the essential degree dg (u; 0B ); and (4.7).

For o > 0%, let {BJ} be the family of balls generated by Lemma 6, where
0¥ is defined in (3.15). We will eventually define B* to be {B7'} for a suitable
value 0.

Step 1a First consider 7 = ¢°, and recall that B’ = B° as constructed in
Lemma 5. From (3.14) and (4 4) 1t follows that

Z'r’? < Ce|lneg|.
Also, (4.9) and (1.7) imply that for e sufficiently small, there exists r < 1/2
such that |u| > 1/2 on 9B,, deg(u; 0B,) = 1, and 9B, N B} = () for all j. Then
(4.13) 1 = deg(u; 0B,) = dg(u; 0B,) Z dg(u; 830

BOCBT

using (3.4) and (3.5). In particular there is some j such that B C B, and
dg(u; 0BY) # 0.
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We now show that
(4.14) if 7> 1, then Y r] > 3/8.

To achieve this, fix any 7 > 1, and assume toward a contradiction that > r; <
3/8. Then, in view of (4.9), we can find some 7 < 1 such that |u| > 1 on
OB,,deg(u;0B,) = 1, and 0B, N B = { for all j. Exactly as in (4.13), this
implies that there is some j such that B} C B, and dg(u; 0B]) # 0. However,
if this is the case, then (3.17) implies that r7 > 7 > 1, which is impossible in
view of the fact that that B} C B, C Us.

Step 1b. We next use the refined vortex balls estimate of Lemma 6 to show

that
(4.15) ZAa(r;’)— Z/U wyde —A(> r7) < Ko+ C

for all ¢ > ¢°. The first inequality follows immediately from (3.19) so we must
only prove the second. To do this, note that for any ¢° < o < 7,

1
Tint 4+ Ko > Z/ . (u) dz by (1.6)
€ k BTNUy

>3 A —ALDD r) +Z/ e.(u)dr by (3.18)

BZCBj, kU BINU

SONARLNAEDY [ e by (3.12).

I UﬂUl

From (4.14) we infer that A.(}-r7) > 7lnl — C when 7 > 1, so we have
established (4.15).
Step 1c. We now set 0 = ¢ in (4.15) to get improved bounds on the initial

collection of balls. Since according to Lemma 5, [ po €c(u)dx > &, for each j,

after remembering the definition (3.10) of A. we obtain

k(o) k(a®) .0

1 0 E 17
—In ]7] +1) < K, C.
Z 5] Ce 1) < Ko+

7=1
This implies that Zk o) r) < C(C + Ko)e, and hence (recalling that 7§ > ¢ for
every j) that k(o) < C’ (C’ + Kjp). Finally, since we have shown in Step la that

there is at least one ball, say BY, with nonzero degree, the definition (3.15) of
0¥ implies that 0® < r? < C(C + Kp)e.
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Step 1d. As a further consequence of (4.15), note that together with (3.13)
it yields

k(o)
(4.16) Z r? — max{r]} < Cefolme

J=1

for all 0 > ¢°. It follows that for ¢ > CeX0/™e  there is at most one ball B
such that Bf NOU = ) and df # 0, because if there are two or more such balls,
each of them must have radius at least o due to (3.17), and this is impossible
by (4.16). Thus in view of Step la there is exactly one ball with center £ € B, /»
and nonzero degree.

Step le. Fix o, = ("e®0/7¢ for C' larger than the constant C' in (4.16), and
let B* := {BJ'}. We claim that this collection has the desired properties.

It is clear by construction that Sk C U;B;.

Since we have already shown that )~ r? < C(C+Ky)e and k(0”) < C(C+Ky),
the estimate

(4.17) D 1< eC(C + Ko)eRorT
follows from the fact that

ZT;’ < Z’I‘JQ + k(0”) (o — o) o >0
J

J

This asserts that as we increase ¢ from its initial value ¢°, the increase in the
sum of the radii is bounded by the number of balls k(¢?) in the initial collection
(which provides an upper bound for the number of balls in all subsequent col-
lections) multiplied by the increase in the parameter o. This is easily verified
by inspecting the algorithm of Lemma 6 used to generate the balls.

Finally, we must show that after the balls are relabelled in a suitable way,
(4.18)

dg(u; 0By) = 1; dg(u; 0B;) = 0 for all k> 2 such that B} N oU, = 0,

and the center ¢ of B satisfies || < 1/2 To do this, let » < 1/2 by any
number such that B, N Bj =  for all j, and such that (4.13) holds. In view
of (4.17) and the arguments of Step la, such an r exists. It follows from (3.5)
that > BiCB, dg(u;0B;) = 1 and hence that B, contains at least one ball, say

B} C B,, of nonzero degree. In view of Step 1d, nowever, there is at most one
such ball, and so (4.18) follows.

Step 2. In this step we prove that most of the energy of u in U; is located
on annuli centered at £ that do not intersect the balls constructed in Step 1,
where £ denotes the center of the distinguished ball B}. In particular this will
demonstrate that B* satisfies the analog of (4.8). We also show obtain separate
bounds on [ e.(|ul).
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For 0 <r <1, define m(r) := minyp, (¢ |u|. Also define
Ty :={r € [c16,1/2] : m(r) <1/2 or deg(u;0B,(§)) # 0},
T2 = [6187 1/2] \ Tl-

Here ¢; is the constant in (3.11), which implies in particular that

2 1 — m2)2
(4.19) / o) apt > T L= m)
0Br(¢)

r Co€

for all » € T}. Note that if r is such that 9B, (&) does not intersect any of the
balls in the collection {B7}}, from Step 1, then dg(u; 9B,(€)) is well-defined,
and indeed dg(u;0B,(§)) = > {dg(w;0B;) : B; C B,(§)} = dg(u;0B7) = 1,
since B} is the unique ball with nonzero degree, and it must be contained in
B,(§), given that the two balls are concentric and 9B,.(§) N Bf = . It follows
that if r € Ty, then 0B,(£) must intersect B for some j = 1,..., M. Then the
estimate of > r¥ from Step 1 implies that

ITy| < eC(C+ Ko)eXo/™ and as a result |Ty| > 1/2 — eC(C + Ky)efo/™,

From the latter estimate it easily follows that

1 1 1 1
4.2 —dr >In-—In(= —|T1]) >In—- — C - CK,.
(4.20) /TIT rzng n(2 |T|) > n— C —-CK,

Now we set A := 71'le(1 —m?(r))% and B := le =m0 g where ¢ is the

CcoE

constant in (3.7). Then using (4.20), (4.19) and (1.6),

2 22
A-B > 7T1n— - C(C+ Ky) — / (Wm +(1 ZL) ) dr
0

C
>7r1n1—cc+Ko // u)dH" ds
€ T JOBs (¢
(4.21) > wln% —/ e-(u) de — C(C+ Ky) = —C(C + Kp).
Ui

In addition, by Holder’s inequality,

o 2)2 1/2 1/2
Ag(/wdr) (/@dr> < OVB.
Ty Co€ Ty T

Combining these, we find that A — CA? > —C(C + K;), which implies that
A< C(C+ Ky, ie
d
(4.22) w/ (1— mQ(T))TT < O(C + Ky).
T1

In addition, (4.22) and (4.21) imply that B < C(C + Kj), in other words that

(4.23) /T “‘i‘wdr < C(C + Ky).
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Note that (4.22), (4.20), and (3 8) imply that

1 1
(424) / / |j 2 dHl dS Z 7Thl - — C(C + KO)7
T JOB, (&) 2 |ul €

and this in combination with (1.6) yields

. 2 . 2
(4.25) / e-([u]) + / ‘j<“>2‘ + / / UMQ‘ dH' ds < C(C+Ky).
Uy Ui\Bj 2(€) |ul Ty J9Bs(€) |ul

Step 3: So far we have constructed a collection of balls B* that has all the
properties that we want, except that it covers only Sg rather than S in (4.5),
and with corresponding modifications in (4.6). In this final step we show that
B* can be modified to obtain a collection B** satisfying (4.5), (4.6), as well as
the other conclusions.

Let B° be the collection of balls generated by Lemma 7. It follows from (4.25)
and (3.23) that

(4.26) D T <eC(C + Ky).

Let B** be the collection formed by combining all the balls from the collections
B* and B°, and using Lemma 4 to create a new pairwise disjoint collection that
contains the union of all these balls and preserves the sum of the radii. One of
these balls contains the point £ (in fact it contains the ball B}), and we label
this ball Bf*. Then (4.5) holds as a consequence of (3.22). From (4.5) and (3.4)
it follows that

deg(u; 0B;") = Z dg(u; 0By).

BjCB}*

This implies (4.6). The estimate (4.7) is a consequence of the analogous estimate
for B* and B°, and Lemma 4. Finally, to verify (4.8), let

Ty = {r €ae,1/2]: 0B, ()N B = 0 for all j},  Tp=e, %] \ Ty

It follows from (4.23) that {r : m(r) < 1} has measure bounded by C(C'+ Ko)e.
Thus |T1| > |T1| — C(C + Ko)e > 1/2 — eC(C + K)eXo/™. Therefore we can
repeat exactly the arguments of Step 2, to find that (4.24) and (4.25) hold with
Ty and T5 replaced by T1 and T2 (and with larger constants C.) In view of the
definition of Ty, this establishes (4.8). O

Theorem 2’ will follow by converting the information about vortex balls to
estimates of the Jacobian. To do this we will use the following straightforward

Lemma 9. Suppose that Q C R? is an open set and that p € L*(S;R) is
supported in a union of balls UM, (QN B,.(x;)). Then, for a; := fBr_(x_) pdz, the
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following estimate holds:

M

H—= Z aiaxi

=1

(4.27)

< T; / || dx.
) Z Bri(xi)mﬂ

Moreover, if T' is any set such that 9Q N (UB,,(x;)) C T, then

(4.28) = Z a;0y, < Z ri/ || dex.
Ti(l'i)ﬂQ

{#:Br,; (x;)CQ} Wr_l’l(Q)

Lip*(Q

Clearly an analogous result still holds if p is a signed measure.

Proof. Let p;(x) = p(x) if x € B; := B,,(z;) and 0 otherwise. Then for any
Lipschitz function ¢,

[ o@nta) o = otaa+ [ (0() = otapta) de

If [V¢|ls < 1, the integral on the right is bounded by r; [ ¢, |1 dz. Thus

(4.29) It = gy <7 [l

B;NQ
Since =Y. p1;, (4.27) now follows by the triangle inequality. Next, note that
if By, (z;) N0 # 0 and ¢ =0 on B, (x;) NIQ, then |¢p(x)| < r; on the support
of p;, and so

(4.30) | il -2 < ri/ || dx, when B, (z;)NOQ CT.
r B;NQ

Clearly ||V||W;1,1(Q) < |I¥||zip*@) for all v, so we deduce (4.28) from (4.29),
(4.30), and the triangle inequality. O

Finally, as promised, we combine the above lemma with the construction of
vortex balls to complete the

proof of Theorem 2'. By an approximation argument, it suffices to prove the
result for smooth u, so that we can use Proposition 1.

Step 1. Let B** be the collection of balls from Proposition 1. We apply
Lemma 9 to p = J'(u), which in view of (2.16) is supported in S C UB}*. By
(4.7), (4.8), and (4.28) with I' = 9U;, we see that

(4.31) J'(u) — > ady, < eC(C + Ky)2efo/m

{J + By*noU1=0} W-L1(0y)
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where a; = fUlmB;* J'(u) dz and y; denotes the center of B}*. If 0B;*NoU; = ),

then by (2.17) and (4.6),

Toifj=1

(4.32) aj = wdeg(u; OB;") = { 0 if not.

In addition z; = £. Hence (4.31) reduces to (1.9).
Step 2. Recall from Lemma 1 that

17 () = (@)l -11 0y < ClIVul2lL = [uf]l2.

1/2 1\ /2
[Vulo < C (/ €e(u)) =C (Ko +mln g) ;
Ui

1/2
11— \u\ZHQ < Ce (/U e€(|u|)) =Ce(1+ Ko)l/z.

Clearly

and by (4.25),

It suffices to consider € < 1/2, so the above inequalities imply that

(4.33) 17 () = J (W) -1y < Ce(Ko + 1)/ In(L/2).

We deduce (1.8) by combining the above inequality with (1.9).
Step 3. The proof of (4.2) is similar to arguments in Step 2 of the proof of
Proposition 1, but easier. For 0 < ¢ < 7 such that B,(£) C Uy, let

S:={sc(er—|[) : B*CB,, 0B,NB = 0Vi=1,...,M},

and let 7 := (0,7 —|¢|) \S. Then Lemma 2 implies that faBs(g) e(u) > A(s) =
™ for s € S, and so

s+coe
/ = // e-(u)dH! ds 2/ Ae(s) ds.
Br(§\Bs(£) o JOBs(E) (o,TN\T

Since A.(-) is decreasing,

T 7]
/ Ae(s)ds > / Ae(s) ds — / () ds.
(o, 7N\T o 0

From (4.7) we deduce that |7] < Ce(C + Ko)eX/™. Then (4.2) follows by
evaluating the integrals and simplifying the resulting expressions.

Step 4. Finally we prove (4.3). To do this it suffices, in view of (4.7), to
prove that (4.1) holds for Uy if 0U, N Bj* = () for all j. In this case we deduce
(4.1) directly from (4.28) with T = (), together with (4.32). O
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5. LOCALIZATION OF JACOBIAN FOR GENERAL CONFIGURATIONS

In this section, we present the proof of Theorem 1. As in the previous section,
we actually prove a slightly stronger result than that stated in the introduction.
To state this result, we introduce some notation: suppose that €2 is a bounded,
open subset of R? and that T' is a fixed subset (possibly empty) of 9. Let
Y =00\ T, and for s > 0 let

(5.1) Qsy = {2 € Q:dist(x,X) > s}.

(For I' = 02 we use the convention that Q.9 = Q for all s.) We define
W (Qx) as in (2.2). We will prove that for suitable s < 1,

no
1 () — Z di0a, ||W;171(stz)
i=1

(5.2) < Cln+1) ( /Q . (1) d:c) exp {ﬁ /Q (1) dx}

and
1
(5.3) lu| > 5 on 05 \ T

The point, as before, is that by modifying the domain slightly, we can obtain es-
timates in a stronger norm, and more generally better behavior at the boundary.
The main result of this section is

Theorem 1'. There exists an absolute constant C such that for any Q C R?
and v € H'(;C), any € € (0,1] and any n > % — 1, there exists an integer
ng < n, points a, ..., a,, € Q, and integers dy, ..., d,, € {£1}, such that (1.4)
holds.

Moreover, if we write

(5.4) M = ﬁ/ﬂes(u) dx

and

(5.5) Ten :=C(n+ 1)51_%,

then for any I' C 02 and any o > 2r. ,,

(5.6) {s € [0,0] : w satisfies (5.2) and(5.3) on Qsx}| > 0 — 21,
where |-+ -| denotes (Lebesque) measure.

We have in mind applying this estimate for © of the form 2 = G \ U;B,(a;),
where G is connected and simply connected, and the balls Bs,.(a;) are pairwise
disjoint and contained in €. In this situation, we can take I' = 0G. We can
then use (4.1) and (5.2) to glue together estimates on €2 obtained from Theorem
1" and estimates on the balls By, (a;) found via Theorem 2’, thereby deriving
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good estimates on all of G. This argument is used in [8] to prove generalizations
of Theorems 1 and 2.

As with Theorem 2’, the main part of the proof consists in constructing a
suitable collection of balls covering the set S around which J(u) is concentrated.
Unlike Theorem 2’; the desired balls here can be found quite easily by invoking
results already present in the literature. This is the content of the following

Proposition 2. Assume that u € CNH'(Q; C) satisfies (5.4), and letn > 2 —1
be an integer. Then there exists a collection of balls BY = {BJ#}]K:1 satisfying

(5.7) S c uB}

(58) Y. ldeg(u;0B)| <n

{j:BF NoQ=0}
(5.9) Sorf < e = Cln+ 1)t 70m,

where C is an absolute constant.

Proof. The proof relies on Proposition 6.4 from [7], in which it is shown that
there exists some positive? number ¢° < Ce fQ e.(u) dr and, for every o > o°,
a collection B? = {B(’}k(f) of closed, pairwise disjoint balls with r7 > ¢ for all
J, such that Sg C U;Bf (where Sg is defined in (3.2)), and

(5.10) / e(u)dr > A (o)
onBe o

and

(5.11) r{ > ol|dj|  whenever 02N BY =0,

where df = dg (u; BY); recall (3.3) for the definition.
We fix o* = cogﬁ for 8 =1— M/m(n+1) > 0. Here ¢ is the constant
appearing in the definition of A., see (3.10). Note in particular that A.(c*) >

m(1—F)|lnel.
We claim that
(5.12) > |dg(w; 0B )| <n
{j:B7 " noQ=0}
and
(5.13) Z ry < Cln+ 1)51_w<+£r1>.

J

3Strictly speaking, ° is only finite if at least one ball in the collection B° from Lemma 5
has nonzero essential degree. However, if dg (u; BJO-) = 0 for all j, then it is easy to see that
the collection of balls B° satisfies (5.10) and (5.11).
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To prove these, we estimate

M|Ine| > Z/ e-(u) dx by (5.4)
; 7B

ro"
: > J * 1
(5.14) > ;U* Ac(07) by (5.10)
> Y |dg(u;0B] )| A(0) by (5.11)
{4:BZ" noQ=0}
(5.15) > w(l—p)el > |dg(u; 0B ).

{j:B7 " NoQ=0}

Since ﬁ =n+ 1, the first claim (5.12) follows from (5.15). Similarly, using
the fact that A.(0*) > 7(1 — 3)|Ing| in (5.14) we obtain (5.13) .

Thus the balls B satisfy the conclusions of the proposition, except that S
in (5.7) is replaced by Sg as defined in (3.2), and the degree in (5.8) is replaced
by the essential degree dg.

To finish the proof we argue as in Step 3 of the proof of Proposition 1: by
appealing to Lemma 7 we obtain a collection of balls B® covering S and with
the sum of the radii bounded by CeM|Ing|. Using Lemma 4, we merge the
collections of balls B® and B°" to obtain a larger collection B, and arguing
exactly as in the proof of Proposition 1 we see that B satisfies (5.7), (5.8),
(5.9). O

The proof of the theorem now follows very closely the argument that deduces
Theorem 2’ from the collection of balls provided by Proposition 1.

Proof of Theorem 1'. Let

ng := Z | deg(u; GB]#)|

{5:B] noQ=0}

and note that (5.8) states that ny < n. Choose integers dy, ..., d,, € {£1} and
points xy,...,2z,, € €2, in general not distinct, such that each x; is the center

of a ball Bj# from Proposition 2 for which deg(u; 83]#) # 0 and B]# N o # 0;
and such that for each such Bj#,

Z d; = deg(u; 832#)

{Z : $ZEB;#}
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Now, exactly as in the proof of Theorem 2’, we can use Lemma 9 together with

(5.9) and (2.17) to prove that
no

J(u) =7 dids,
i=1

(5.16) grm/eg(u) de = r.,M|lne¢|,
Q

W-11Q)
where J'(u) denotes the modified Jacobian.
Next, recall from Lemma 1 that

1" (w) = J(W)|lyir-110q) < Ce / e.(u)dx = CeM|lne|.
0

In view of (5.9) and (5.4), these inequalities imply (1.4) that

< O(n+1)M|lne| e 70,
W—l,l(Q)

J(u)—m i d;0,
i=1

This is exactly (1.4).
Finally, it is a direct consequence of (4.28) and the properties of B# that if

(5.17) BJ# N (05 \T) = 0 for every ball BJ#,
then |u| > 1/2 on 08, \ I' (where €2y, is defined in (5.1)) and

no
1 (u) =7 " dida, 10, 5y < 2M|Inelrey.
i=1

The above inequality is exactly (5.2), so to prove (5.6), it suffices to show that
(5.18) [{s >0 : (5.17) is not satisfied }| < 2r.,.

This however is clear from (5.9), since for each ball Bi# , the definition of Q5
implies that

{s>0: BF N (0% \T)#0} <2r7.

6. A LOCAL LOWER BOUND

We introduce the notation
(6.1) I(r,e) :=inf {/ ec(u) ; u€ HY(B,;C), u=¢" on aBr}
and note that I(r,e) = I(T/Ts, 1) for all r,e. Next define
(6.2) v = lim (I(r,) — 7 ln g).

It is known that v exists, is finite and is independent of €. Moreover, at the end
of this section, in Lemma 16 we prove that v — (I(r,e) — 7In ) = O((e/r)?).
We recall the statement of Theorem 3, which is the main result of this section:
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Theorem 3. There exists a constant C > 0 such that if u € HY(U,; C) satisfies

[ (w) = 70ollyir-11(p,) < %7
then
6.3)  I(re)— / e.(u) < CE\/lnT + E17) = wbollyr e
- T 19 T
and
00 10:9- [ el £ 05+ SITW -l

where J'(u) denotes the modified Jacobian as defined in (2.15).

The interesting case for the theorem is when {|.J'(u) — T0olly-1.1(y, is very
small; then (6.3), (6.4) provide good lower bounds for fBr es(u).

The theorem improves on Lemma 4.1.1 in [5], which shows that if u is a se-
quence of fuctions such that || J(u) —7dollyi-1.1(y,) — 0, then limsup, o I(r, ) —
Ji e<(u) < 0. (It should also be noted that while the argument in [5] is basi-
cally okay, the proof is sloppily written and contains some errors that make it
difficult to read.)

To prove the theorem it suffices to consider functions such that the left-hand
side of (6.3), (6.4) is positive. The main point is to show that, given such a
function u, we can construct a function @ such that @ = e!@*t<msY) on 9U,, so
that [, e.(#)dz > I(r,e); and with good estimates of [, [e-(@) — e.(u)]dz. This
is carried out in Proposition 3. First we assume this result and use it to give
the proof of the theorem. The statement of Proposition 3 immediately follows
the proof of the theorem. The proof of this proposition is carried out in a series
of lemmas that occupy the rest of Section 6

proof of Theorem 3. Step 1: It is useful to define
(6.5)  A(r,s) = inf {u € H'(Us;C), |J'(w) = wollyir-1a () < s}

and

(6.6) d(r €, 8c) := sup {I(r, €) — / e.(u)dr :u e Alr, 56)} .

T

Our goal is to prove an upper bound for d(r, €, s.). By an easy scaling argument,
(6.7) d(r, e, 8:) = d(Ar, Ae, As.) for any A > 0.

Thus it suffices to estimate (1, ¢, s.).
We claim that to prove the theorem it suffices to establish

(6.8) 6(1,e, Kie) < Ce for all € € (0,1]
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for K to be chosen momentarily. We first prove that (6.4) can be deduced from
(6.8). To do this, assume that (6.8) holds, and fix u such that

1
(6.9 /() = ol a0y < 5 < -
We must prove that u verifies (6.3), (6.4) and so we can assume that
(6.10) / e(u)de < I(1,¢).
U1

It follows from Lemma 16, which is proved at the end of this section, that there
exists a constant Ky such that I(e,1) < wlnl + K for all € € (0,1], and so
(6.10) implies that

1
(6.11) / e(u)dr —mln— < Ky
U1 €

We define K, to be the constant K := C(C'+ Ky)?eX0/™ appearing on the right-
hand side of (1.9), associated with the fixed constant K, from (6.11). Then in
view of Remark 1 (which follows the statement of Theorem 2’) and (6.9), there
exists a point { € Uy such that

(6.12) 19(0) = 7l -sn ) < B
Note from (6.9) and (6.12) and the definition of the ! norm that

1
(6.13) €] = 10 = dellvir—r1y) = —(Kie +sc)

Another consequence of (6.12) is that, if we restrict u to U;_j¢(£) and then
translate the resulting function to a ball centered at the origin, then we obtain
a function that belongs to A(1 — [£|, K1€). Thus from the definition (6.6) and
from (6.7),

/ eo(u)de > I(1— |g].2) — (1 — [€].2. Kre)
Uil

5 5
> (1 —|¢],e) — 8(1, K .
Using (6.8) to estimate (1, 1—€|§| , K 1—6\5|)’ we deduce from the above that
(6.14) / ecluydr —I(1,2) > 11— |el.) ~ 1(1,6) ~ O o
U1 -

It follows from Lemma 16 that

I(1—|&l,e) —I(l,e) > —mln —0(e?) > —C|¢| = O(e®) > —C(s. + 2).

1
1]

Clearly also =7 < 2e, so (6.4) follows from (6.14).
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We obtain (6.3) from (6.4) by observing that
1760 = J" (@l () < 170 = J@llvir-1a () + 1 (w) = T@) 110

and recalling from (4.33) that ||J'(v) — J () |lyi-1.1(p,) < Cey/[Ine| when (6.10)
holds.
Step 2. To prove (6.8), it is convenient to define

(6.15) 0.(e) :==0d(1,e, Ki¢).

We must show that d,(¢) < Ce for all € € (0,1].

In this step we show that Proposition 3, which is stated and proved below,
shows that there exists a constant C' such that
(6.16) 5,(8) < CS+ O sup 6,(S)F

r ro€r,2r] To

for all Ce < r < 1/4, where 0,(s)" := max{(5 ( ) 0}. In other words, we must
show that if u € A(1, Ki¢) then I(1,¢) — [;; e(¢) is bounded by the rlght hand
side of (6.16). This is automatlcally satisfied 1f (6.10) is violated, so it suffices
to consider functions satisfying (6.10).

We therefore fix u € A(1, K;¢) satisfying (6.10), and we observe that for any
r < 1, the restriction of u to U, belongs to A(r, Ki¢). Indeed, the definitions of
the norms imply that

”JIU — 7T50HW_1’1(UT) < HJ/U — 7T(50HW—1,1(U1) < Klé.

Hence for any r < 1,

/ ec(u)de < I(l,e) — / e.(u) dx by (6.10)
UL\U; ,

<I(1, 5) — (I(r,e) = d(r, e, K¢)) by (6.6)
(6.17) < 7TlIl — + 0, ( )+ C( )? by (6.7) and Lemma 16.

In Proposition 3 we prove that for every C'e < r < 1/4, there exists ro € [r, 2r]
such that I(1,e) — [, u-(u) can be controlled by [\ e-(u) —7ln . The
70

precise statement is given in (6.19) below, and combined with (6.17) it implies
that for ry as described,

19 - [ ww) <CS v on? (cu;) " c<§>2) <0t on S,
Uz 0 0

To To To

It follows that
I(1,¢) —/ es(u) < C’; + Cr? sup 5*(£)
Uz

ro€(r,2r] To

for Ce <r < 1/4. This proves (6.16).
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Step 3. We next show that the relationship (6.16) implies that there exists
some constant C' such that d,(¢) < Ce for all € € (0, 1]. This will complete the
proof of the theorem (modulo Proposition 3.)

First, define 6*(¢) = supye(e /o, 0«(s)™. Then (6.16) implies that

9 9
* < (O 2*_'
6*(e) C’T+C'7“5 ('r’)

Next, define f(e) := (S*Eﬁ, so that the above inequality can be rewritten

fe)< S ey

We fix r, < 1/4 so small that Cr, <

E), Ce<r<1/4.
,
%, so that when ¢ < r,/C,

CEEyL

Tx Tx

or equivalently, writing g(e) = f(e) — 2¢

g(e) < %g(e/r*), 0<e<r,/C.
Clearly sup, o .<19(€) < 00, so we deduce that limsup.\ g(¢) < 0. Thus
f(€) is bounded for all € € (0, 1], completing the proof of (6.8). O
We now state the proposition used in the above proof:
Proposition 3. Let u € H'(Uy; C) satisfy (6.10) and
(6.18) 1 (w) — 70l yir-11(0ry) < Kae

Then there exists C' > 0 such that for every r € [Ce, 1/4], there exists ro € [r, 2r]
such that

(6.19) 1(1,8)—/ e.(u) < CZ 4+ Crp? (/ e€<u)dx—w1ni>.
U1 "o Ur\Urg To

The constant C' in the above proposition depends on K7, which however has
been fixed in the proof of Theorem 3.

The following proof is really just an outline of the argument; most of the
actual work is done in a series of lemmas, as described below.

proof of Proposition 3. Fix u € H*(Uy; C) satisfying (6.10) and (6.18). We first
prove in Lemma 10 that there exists K, such that for any r € [Kae, %], there
exists ro € [r, 2r] such that

(6.20) 7“0/ e(u) < Ko
0B,
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and
(6.21) Bi* C B,,, 0B, N B}k* =0forj=1,...,M

where {B*}M, denote the balls constructed in Proposition 1.

In the remainder of the proof we show that (6.19) holds for any rq satisfying
(6.20) and (6.21). More precisely, we will show that for any such ry, there exists
@ € H'(Uy;C) such that @ = u in B,,, @ = €'®*) on 9B, for some constant
7 € R, and such that [ e.(#) — e-(u) is bounded by the right-hand side of
(6.19). From the definition (6.1) of I(1,¢) it is clear that fUl e(u)dr <I(1,¢),
so this will complete the proof.

To prove this estimate we proceed as follows. We use the notation A =
Uy \ By,- In the next section we will define harmonic maps vp,vy : A — St
which we refer to, for reasons that will be obvious, as the Dirichlet and Neumann
extensions of €'+, We will define @ so that @ = u in B,,, @ = €@+t on
0U; as required, and u is a very small modification of vp in A. Then

/U lee(@) — ec(w)] = /A {em ~ % ‘WD‘Q}
+ /A% [[Vop|* — [Von ] +/A BWUNIQ - ee(u)] |

The three terms on the right-hand side are estimated in Lemmas 12, 11, and
14 respectively, and combining these estimates yields (6.19). Some of these
estimates require either that ro > Ce or that rp < 1/2, and this leads to the
condition Ce < r < 1/4 in the statement of the theorem. O

As described in the above outline, we first prove

Lemma 10. There exists a constant Ko > 0 such that if u € H'(Uy; C) satisfies
(6.10) and (6.18) then for everyr € (Kase,1/2], there exists ro € [r, 2r] satisfying
(6.21) and (6.20) (with Ky appearing in the latter.)

Proof. Fix u satisfying (6.10) and (6.18), and let {B;*}, be the family of balls
constructed in Proposition 1 (with Ky equal to the fixed constant from (6.10),
independent of £) and as before let ¢ denote the center of the distinguished ball
B*. Let
S:={se€(0,1) : By C Bs, 0B;N B = () Vi}.

Ifrg € S, then (6.21) is satisfied. Recall from (6.12) that ||.J’(u) =70¢|lyiy -1,y <
Kie. As aresult, (6.18) with the triangle inequality and the definition (2.3) of
the W1 norm imply that |¢] < 2K;e. It follows from this and from (4.7) that
there exists K5 such that if » > Kye, then

(6.22) SN (r,2r)| =

o3
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Next, in view of (4.2), we deduce from (6.18) and (6.10) that there exists a C'
such that

(6.23) / e.(u) >mln 2 ¢

Bry\Bry &}
for all 0 <r; <ry <1 and every ¢ € [0,1]. It then follows from (6.10) that
(6.24) / e-(u) < C +mln 2

Bsy\Bs; 51

for 0 < s1 < s9 < 1. In particular,

C > / ee(u)z/ (/ ee(u)dH1> ds.
Boy\Br Sn(r,2r) OB

From this and (6.22) it easily follows that after taking K larger if necessary,

inf {s/ ec(u)dH' s €Sn(r, 27“)} < Ky
0Bs
for all r € [Kye, 1/2]. O

6.1. Dirichlet and Neumann S!-valued extensions. We now introduce
some auxiliary functions that will be used in the construction of @ and as-
sociated estimates. Throughout this section we work with a fixed function u
satisfying (6.10) and (6.18), and a fixed number r( satisfying (6.20), (6.21).
First, we define a real-valued function h € H*(0B,,;R) by requiring that

(6.25) u = |ule®™  on dB,,.
This is possible as a result of (6.21), which also implies that |u| > 1/2 on 9B,,.

For constant v € R, e.(u) = e.(e"u) and J(u) = J(eu), so by replacing u by
ey for a suitable v, we may assume that

(6.26) / h = 0.
8By,

Note also that it is easy to check from (6.20) and (6.21) that
(6.27) ro/ |V h|]? < C(K>).
0By,

For the duration of the proof we use the notation
A= U1 \ Bro-
(A; SN :={ve HY(A;C) : |v|=1 ae, v= =% on dB,,}, and let vy

lul

1

be the unique minimizer of the Dirichlet energy in H! /|u‘(A; S1). Similarly?, let

u
vp denote the unique minimizer of the Dirichlet energy in the set of functions

4The subscripts y and p stand for Neumann and Dirichlet respectively, and refer to the
boundary condition on QUj.
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{ve H,,(A;8") ;v =e" on dB,}. Note that vy and vp can be written in the

form e'@+®x) and (9+¢p) respectively, where ¢n, ¢p are real-valued harmonic
functions equalling ~ on 0B,,, and with

v-Vony =0, on 0By, ¢p =0 on 0B.
The crucial factor of ry? on the right-hand side of (6.19) appears in the next

lemma, which is a straightforward explicit calculation:

Lemma 11. Ifro < 1/2, then

1 1 1
(6.28) / — [IVup]* = |Von]?] < 4rg? (/ ~|Vuy|?dr — 71n —) :
a2 a2

To

Proof. One easily checks that
(6.29)

1 1 1 1 1 1
/—\WD\2:7T1H—+/—|V¢D|2, /—|VUN\2:7rln—+/—|V¢N\2
A2 To A2 A2 To 42

so we need to estimate 3 [,(|Vop|> — [Von|?). We can write down explicit
formulas for ¢n, ¢p in terms of the Dirichlet data h on 0B,,. We will write
h,on,®p as maps C — C D R in what follows. We represent h in the form

(6.30) h(re® Z e’
Then one can check that

. n 5_") )
631 10 — . (S ZTL@’
(6:31) o (se”) ;a (rom +T07")e
(6.32) Z N il )

(ro™ —ro™")

To verify these, one can simply check directly that ¢y, ¢p as defined are har-
monic and satisfy the required boundary conditions when s = ry or s = 1.
(Note also, condition (6.26) implies that oy = 0, so that ¢p is well-defined.)
Then using the fact that ¢y is harmonic and the boundary condition on 0B,
we compute

Lo [ L _ (007" )
/AQ‘V¢N‘ = /83r0 2<Z5N OspndH = WZ”“%‘ 7n_'_7« (ro=" 1 o)

(6.33) = 7TZIM Ianl2< ﬁ)

Similarly,

. |
(6.34) /A§|V¢D|2 = 7TZIM IanIQ( "l——nﬂ")
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and so
| 5(V6sl? = [VoxP)ao - P S el o
Note that W < |n|{2— < 2|n|r® for every n, since o < 1/2. Thus
(6.35) / §<|v¢p|2 = [VonPe < 200* 3 ol
and so (6.28) is a consequence of (6.35), (6.33), and (6.29). O

For future reference we record the fact that, using the above notation,

1 s s
6.36 —/ T-Vh]? = — nl? la,|? > — n| o |?.
©36) 5[ VAP = Sl el 2 5l

This is easy to check, using the fact that 7- Vh = %&;h.
The next lemma shows that we can find an extension @ whose energy on A
is very close to that of vp.

Lemma 12. Ifry satisfies (6.20) and ro < 1/2, then there exists u € H'(Uy; C)
such that uw = w in B,, and

1
(687 [ et - givenp] < et
A 2 To
Proof. 1t suffices to show that we can construct @ on A such that (6.37) is
satisfied and @ = |u|e’®*") on OB,,.
We start by defining @ on the narrow annulus U, 1. \ B;,. In this set we define

a(se®) = a(roe?) (1+3_r°( ! .)—1))

€ |u|(roet?

so that @ = e®*th on OB,,4c. Since |u| > 1/2 on 9B,, and |0,u(se?)| =
1 |“‘(mew)‘ < [ s(roe 1 it is easy to verify that e.(@)(se®) < Ce.(u)(roet)
for ro < s <1 +e¢, and from this and (6.20) one easily checks that

ro+e €
(6.38) / /8 i ec(@)dH (z) s ds < O(Ky)—

To

In B\ B,,:. we set @ equal to the S*-valued Dirichlet extension (on this slightly
smaller annulus) of €. It then follows from (6.38), (6.29) and (6.34) that

ro+ &

(6.39) /Aeg( ) — —|VUD|2 dz < C’ + In( )+ g(ro+¢e) —g(ro)

To
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r=Inlppinly
whete g(r) i= 7 50, [l aa PR — 5 ol 4y 2(1+ ). By caleulus,
since 79 < 1/2,
2 2
— (1
(ro +&)~2nl — 1) L+ ro~2nl —1
and with (6.36) this implies that g(ro+¢) —g(ro) < C:=(ro faBrO |7+ Vh[?). The

conclusion of the lemma now follows from (6.39) an (6.20). O

(1+ ) < C\n\roz"”i
To

It remains to prove a lower bound for [, e.(u) in terms of [, |[Voy[*. To do
this we will need the following

Lemma 13. For p < 2 < 4 there exists C' (depending on p, K3) such that the
Neumann extension vy satisfies

1/p )
(6.40) </ \VUNV’) < Croﬁ_l.
A

The proof shows that C(p, Ks) < C(— + —)\/ 5. The bad behavior of

C(p, K3) near p = 2 is an artifact of the proof Whereas the behavior near p = 4
probably is not.

Proof. Step 1: Writing vy = €'V as above, it is clear that |Vuy|? <
Co(|VO|P + |Von|P). Since

1 ™
/ |vVaP :/ / rPdOrdr < Cry* P
A ro J—m

we only need to estimate ||Von/||,. To do this we represent ¢, as in (6.31), and
we split |[Voy|P into radial and angular pieces:

. 1
[Von["(se”) < Cy(10s ol + = 0pdnI").
We estimate ||0s¢n ||} first. From (6.31),
8 — S n) inf __ l (‘SWI — S_‘nl) ind
Dspn(se” Zn e >e = 3 ; In|a, roP +'r0*|"\)e .

Thus d,0n = (" — C where
gtlnl ,
Z |y, ———————e.
T0|n\ + 70 —|n\

1/2
Step 2: In this step we prove that || || zr(a) < Cpm%_l (ro Jon |7 Vh\Z)
o
Note that

— 1 To\" 1 in 1 N/
¢ (860):—Z<—0> |n|an706 G:E(Pm/s*'y )(e")
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where .
— 0\ inf
e’) = zn: |n|ozn71 T r02ln\6

and P,(e") denotes the classical Poisson kernel,

2

4 1—0
0 IE In| ind — for 0 < < 1.
) e 1 —20cosf + o2’ orv=a

The last equality follows by an easy calculation, or can be found in nearly any
introductory harmonic analysis text. It is easy to see that || P, || zeo(r) = 122, s0
(6.41)

7r 1/q
P = ([ 1Pe0a8) < WPl 1P

for all ¢ > 1 and o € [0,1). Now we are in a position to estimate

1 ™
1 W) = / / §7P| Pryys x 7y~ (€)[PdO s ds
rg J—m

1
= [ IRy Wy s
T0

1
(6.42) < [P el sy s

0

5( <C(1 —0)571

for % +1= % + %, using Young’s inequality for convolutions. From Parseval’s
identity, the definition of v, and (6.36) it follows that

I ey < 203 0 ol = 7o /a 7 VAP

0

Substituting this and (6.41) into (6.42), we get

1/2 1 T 1-2 1/p
”CiHLP(A) < C (To/ ‘7‘ . Vh‘2> (/ Slfp (1 _ _0> 2 ds) .
BBm () S

Since
gop (5770 -2 < Cst=p if s > 2,
s Cro P (s —1o)'7%  if 1y < 5 < 2r.

one easily checks that

1 ro\1-2 1/p )
(/ st (1 — —) ds) < Cproﬁ_l,
o S

and this completes Step 2. (We can write C}, more precisely as C (p%z + 17%4),
for C' independent of p.)
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Step 3. To estimate [|(T||1r(a) we write (T = 1P, x4, where

00y _ In|a, inf
(e >—Zr0\n|+rof\n|e '

Then arguing as above we find that

1/2 . \p
¢ lra) £ C (To/ |7 - Vh|2> (/ s (1 — )R ds) ’
0By, .

1/2
and this leads to the estimate ||(™||zra) < Cpm%*l (ro faBm |7 - Vh|2) :

Step 4. So far we have shown that
1/2
2_
10O || Lr(my < Cpro» ! (To/ |T - Vh\2> )
a

It remains to prove the same estimate for |[9p¢n|L»(r). This can be accom-
plished by writing iagng = (T + (7, with

By,

gEinl

~ ) 1 )
+ 0\ _ - inf
(F(se") = . Znan—roln‘ n ro_mlze :
Then || ||zr(ay and [|{~||zr(a) can be estimated by exactly the arguments of
Step 2 and Step 3 respectively. O

6.2. lower bound on annulus: energy is close to Neumann extension.
In this section we continue to assume that u satisfies (6.10), (6.18), and that r
satisfies (6.20), (6.21), and we define v,y and so on as in the previous section. We
will complete the proof of Proposition 3, and hence of Theorem 3, by proving

Lemma 14. There exists a constant C if o € (Ce, 1/2] satisfies the hypotheses
of Proposition 3, then

1
/{5\V0N|2 —e(u)| de < o
A

To

This is the most delicate of the estimates needed in the proof of Proposition
3, and employs the full machinery of the Jacobian estimates developed earlier
in this paper, as well as the LP estimates of Vuy from the previous section.

Proof. Throughout the proof of the lemma we use the notation
w=u/vy.

Step 1. We first claim that

1 1
(6.43) §\VUN|2 —e.(u) = — e.(w) — juy - j(w) + §\VUN|2(1 — |w|?).
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This is most efficiently verified by using the fact that for any complex-valued H*

function ¢, |V¢|? = |[V|C|]* + % (This is easily checked by writing ¢ locally

as pe® and j¢ as p*V¢.) Then

[ (wow)|®
|w]?

[Vul? = [V(won)[* = [V]w]|]* +
and j(woy) = Juy|?j(w) + |w]*jony = j(w) + |w|?*joy. The claim then follows

by rewriting e.(u) in terms of vy and w.
Step 2: In this step we prove that there exists C' such that

(6.44)

1
JUN -j(w)) < —/ e-(w) whenever ry > Ce,
A 2 A

with C' depending only on K, and on the uniform bound for [;; e.(u) —mIn
implicit in the assumption (6.10). To prove (6.44), let ¥y : A — R satisfy

VX@Z)N:jUN, wNZOOIl 8U1

To verify that such a function exists, we must check that V - juy = 0, which is
obvious in view of the fact that vy is harmonic, and that

/ Juon v =20
OB

for some s € (rg,1) (and hence for every such s). The latter follows by using
the Neumann condition for vy on OU;:

O:/ V-ij:/ ij-V—/ ij-V:—/ JUN - V.
U1\ Bs ol 9B, 9B,

Hence ¢y exists, and so we can compute

/my /vwm /wNJ

Both boundary terms vanish in the above integration by parts® because ¥y = 0
on JUy, and on 0B,,, the definitions of vy, w imply that w is real-valued, and
hence that j(w) -7 = 0. We control the integal of the Jacobian as follows:
Let T' = 0U, C A, and define W)* and || - HWF—L(I(A) as in (2.1) and (2.2)

respectively. Clearly |Viy| = [Vouyl|, and so ¥y € WrP(A) for 2 < p < 4,

according to Lemma 13. For p € (2,4) and % =1- %,

[ owatw) | <19l 10lirac0,

5If the same calculation is carried out with v p instead of vy, one is left with nonvanishing
terms on 0Uj, and these are difficult to control directly.
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We prove in Lemma 15 below that ||J(w)HWF_1,q(A) < Cer v [ e(w). Setting
p = 3 and combining this with (6.20), and (6.40), we obtain

fors] < (5] fretn.

which easily implies (6.44).
Step 3: In this step we show that

645 [ IVePU-JuP) < CloK (—)+§ [ ectw)

0

In view of (6.44) and (6.43), this inequality with p = 3, say, will complete the
proof of the lemma. To prove (6.45), first note that by Young’s inequality

(1= [wP)* /e

Vol (1= Jwl) < [Vol*(1 = [w[*)* < Ce#|VolP +

82
Clearly 0 < (1 — [w[*)* < 1, and 22 > 2 for p € (2,4), so
(= o) po- 1
8c2 = §e€(w)
Thus (6.45) follows by integrating over A and again using Lemma 13. O

It remains to prove the Jacobian estimate for w used above:

Lemma 15. Assume that u € H'(Uy; C) satisfies (6.10) and (6.18), and define
w = u/vy as above, forry such that (6.21), (6.20) hold. Then for any1 < q < 2,

(6.46) 1 (@) |yyragay < Cea™ /A e-(w).

Here C' depends on uniform constants implicit in assumption (6.10).

Proof. Step 1. First we claim that

(6.47) ||J(w)||WF_1,1(A) < C’z—:/Aea(w) dx.

Recall that {B;*}}, are balls satisfying the conclusions of Proposition 1 for
some fixed, a priori bounded number Kj determined by (6.10), By assumption
(6.21), 0B,, does not intersect any of these balls. The same assumption implies
that the distinguished ball Bf* of degree 1 is a subset of B,,. If we throw out
the balls that are contained in B and relabel the remaining balls, we arrive at
a collection, still denoted {B;*}M, that in view of the definition of w satisfies

{x e A:|w(x) <1/2} C UB,
(6.48) deg (w; 0B;™) = 0 for all i such that Bf* N oU; =0,
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and Y r* < Ce. As in Step 1 of the proof of Theorem 2’, we can invoke (4.28)
to conclude from the bound on ) r}* that

Jw— Y a, < Ce < /A e(w) dm)

j:B¥*CA -
{j:Bj*CA} Webl(a)

where J'w denotes the modified Jacobian, y; is the center of Bi*, and a; =
[ger J'w. As in the earlier proof, it follows from (6.48) that a; = 0 for all j
ap]pearing in the sum, so that the left-hand side of the above inequality reduces
to HJ/'LUHWF—I,I(A). Then (6.47) follows from Lemma 1.

Step 2. We will need to use the interpolation inequality

(6.49) 1 @) [E 04y < ClT@)1E01 00y 1 (@)l ol

where ||,u||COa(A = sup{[¢du : ¢ = 0onTl,[¢]coa < 1} for a € (0,1],

and [palloacay = [ylul- (Note that ullgar sy = Irallyracy for all ) A
very similar estimate is proved in Lemma 3.3 of [7], with I" replaced by the
whole boundary 0A, and the proof given there, with very small modifications,
establishes (6.49).

The Sobolev embedding theorem implies that for 1 < ¢ < 2 and o = % -1,

(6.50) 1) ey < CII )
It is obvious that ||J(w)|co(a) < Cllec(w)||L1(a). Combining this with (6.47),
(6.50), and (6.49), we conclude (6.46). d

Finally, we prove the lemma used above, characterizing the rate of conver-

gence of I(r,e) —mln(r/e) as £ — oo.

Lemma 16. ‘fy — (I(r,e) — Wlng)‘ < C’(%)*Q
(The notation , I(r,€) is introduced at the beginning of this section.)

Proof. Since I(r,e) = I(r/e,1), it suffices to prove the lemma for ¢ = 1. We
do this, using the notation I(r) = I(r,1) , and writing e(v) instead of e;(v) =
902 + 4(jof? - 1)2
It is known that there is a unique nonzero function S : [0, 00) — [0,1) such
that v(se?) = S(s)e? solves
~Av+ (v = 1)v =0

in R%. Moreover, Shafrir [13] proves that S satisfies

(6.51) S(s)>1 -

S

(6.52) 10,5(s)] < 6813
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Finally, by a comparison argument and arguments from [13], it can be shown

that v = Se~% satisfies
/ e(v) dr < / e(u) dz

for any u € H'(U,, C) such that u = v on dB,. We claim that
(6.53) () — / e(v)] < Cr2.

To prove this, fix 7 > 0 and define S : [0,7] — [0, 1] by

(s) = S(s) for0 <s<r—1,
) r=8)Sr—1)+(s—r+1) forr—1<s<r,

and define also 7(se?) = S(s)e®. Then it is easy to check that

[(r)g/Te(ﬂ) dr < /re(v)d:c—i-C’rQ.

The opposite inequality is proved by similarly considering a minimizer for the
variational problem implicit in the definition of I(r), and modifying it to obtain
a function that equals S(r)e? on OB, then using the fact that v minimizes the
energy for its own boundary data. Thus (6.53) is established.

We complete the proof by showing that

(6.54)

/ e(v)d:c—(’y—i—ﬂln%)' < or 2,

T

In fact, it follows from the definition of v and from (6.53) that

/re(v)d:c—ﬂln%—fy: lim[/re(v)d:c—ﬂlnl —/Se(v)dx—mnl]

§—00 r S

B o0 (S/>2 SZ -1 (1 _ 52)2
/r ‘ + + 1

= 5 542 21s ds.

The claim (6.54) then follows from Shafrir’s asymptotics (6.51), (6.52) for S. O

7. EXAMPLES

In this section we present a few examples that show that the bounds proven
in Theorems 1 and 2 are close to sharp.

The first example demonstrates that the | Ine|'/# scaling in conclusion (1.8)
of Theorem 2 cannot be improved. Thus, in order to obtain the sharp O(e)
scaling in (1.9), it is necessary to introduce the modified Jacobians.

1/2
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Lemma 17. There exists a sequence {u}.co1 C H'(B1;C) and a constant
C > 0 such that (1.7) and (1.6) are satisfied for u for every e, and

(7.1) 17 (w) = 76elyip—11(5,) > CelInel'/?,

(7.2 1 () = 71105, > e,
for every & € By.
Proof. Let u := f€(|x\)ﬁ, where

s/e if s <s.:=5+21/2(1 —4|lne[ "2 ~e,
fe(S) = 1— \/“5_‘ if s> s..
ne|s

Using the fact that e.(u) = 5(f1)*+ 52 /2 + 7= (f2 —1)? for u of the above form,
it is easy to check that (1.6) is satisfied,

By the symmetry of u it is clear that |[.J(u) — 7o¢lyi-115,y = [[J(u) —
T0—¢|lyi-11(p,) for every £ € By, so the triangle inequality implies that

1
1 () = woollyir-11(5,) = SlIT(w) = 7ellyir-11(5,) —IIJ( w) = 10¢lyi-1p,)
< () = 7 |lyir-11(5,)-

So to verify both (1.7) and (7.1), it suffices to show that ||.J(u) —7wdol|yj-1.1(p,) =
g|Ineg|*? To do this, we compute that J(u)(x) = |$|f€(\x|) !(|z]). From this or

otherwise, one checks that fBl J(u) = w(1 — o(€)) Thus for ¢ € W, °(By) such
that ||V e <1,

/ o(J () — 760) = / (6(x) — H(0))J (w)(x) dz + of)

/|x|J ) dz + o(e)
(7.3) = 21eVIne + o(e)

as € — 0, by an explicit calculation. Thus ||J(u) — 7T(50HW_1,1(BT) < CevVlne.
On the other hand,

sup o(J(u) —mwdy) >
GEW, ™ (B1),||V o o<1/ B

and by (7.3), the right-hand side equals 2mrevIne + o(¢). Thus (7.1) is verified.
Similar arguments can be used to verify that (7.2) holds as well. O

/B (1 ) (T (u) — o)

The following lemma illustrates the sense in which Theorem 1 is close to
sharp.
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Lemma 18. Suppose 0 C R? and 00 is C'. Then for every M > 0 and n >
% — 1 there exists a constant C' > 0 and a sequence of functions {ua}ge(o,l/Q] C

HY(Q) such that
1
(7.4) / es(u) < Mln—+C
Q g
and
(7.5) 17 (u) = 7 " did,
i=1

for every (ay,...a,) C Q" and (dy,...,d,) € R™.

1M
. m(n+1) ——
W-11(Q) > € (n+1) CE

Proof. Fix €2, M, n as in the statement of the lemma. It is convenient to assume
that is n odd; we will discuss at the end of the proof the modifications needed
if n is even.

Let k = (n+1)/2, and for each € > 0 sufficiently small, select points P4, ..., P
and Ny,..., N, in €, such that

(7.6) P = Ni| =7 |B— P >cifi#]

for some ¢ independent of €. Then define

W.(z) = Hwe(x — P)w.(z — N;)

where w denotes the complex conjugate of w, and

(rei®) Le® ifr <e,

w,(re”) = ¢ €.

: e’ otherwise.

Then by an explicit calculation, see Bethuel, Brezis, and Hélein [2], one finds
that

1
/ e.(Wo)de < / e.(We) =2kmIln— + 2kmIn|P, — N;| + O(1)
Q R2 e

(77) :Mlné + o)

by (7.6) and the choice of k. The point is that the energy can be expressed as
a sum of logarithmic terms 7 In %, terms from a suitable renormalized energy
2] and error terms. Due to assumptions (7.6), the error terms are small, and
the contributions to the renormalized energy from all terms except those of the
form In |P; — N;| are bounded, uniformly in e.

Also, using Lemma 9 and elementary estimates, one can check that

k
||J(u) - WZ(épi - 5Nz’)||W*171 < 2ke.
=1



44 R. JERRARD AND D. SPIRN

and using the interpretation of the W~! norm as the length of a minimal
connection (see Brezis, Coron, and Lieb [3]), it is easy to see that since n =
% — 1,
k n My
Im > 0k — 0n,) =7 Y diba, lyyy-10 > €' 70D
i=1 i=1
for every a € 2" and d € R™. Thus the triangle inquality implies that

1T (u) =7~ did,

i=1

1__M
W-1.1 Z e D) — 2ke.

for every such a, d.

If n is even, one can use the same argument, with at least one “dipole” P;, N;
straddling 99, and such that dist(F;, Q) = dist(N;, 9Q) = 3| P, — N;|. Here we
need to assume some smoothness of 0f). O
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