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Abstract

We develop a method for deriving integral representations of cer-
tain orthogonal polynomials as moments. These moment representa-
tions are applied to find linear and multilinear generating functions for
g-orthogonal polynomials. As a byproduct we establish new transfor-
mation formulas for combinations of basic hypergeometric functions,
including a new representation of the g-exponential function &,.
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1 Introduction

The concept of the g-integral has proved to be very useful in analyzing ¢-
special functions. For |¢| < 1, the g-integral is, [3], [10],
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We will follow the notation and terminology in [3] and [10]. Some of the
technical manipulations are greatly simplified by the g-integration by parts
formula
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In our earlier papers [12], [13], [14] we utilized integral representations
of orthogonal polynomials as moments to derive linear and multilinear gen-
erating functions. The idea is to start with a sequence of polynomials in

which we are interested, say {p,(z)}, then derive an integral representation
of the form
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where p is some measure to be determined. For example we obtain an inte-
gral representation for any generating function of the orthogonal polynomials
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and any bilinear generating function

[e%S) b
> Aupal@pa ()" = [ Fzt)duty).
n=0 @

Mixed bilinear generating functions of the type
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may also be found in this manner.



By changing the normalization of {p,(z)} to {c,pn(x)}, new moment
representations may also be found for {c,pn(z)}. A key feature of this
paper is giving such alternative moment representations for g-orthogonal
polynomials (see for example Theorem 2.1, Corollary 3.1, Theorem 4.1).

In this work we propose a more systematic method to establish repre-
sentations such as (1.4). Our representations are all g-integrals, that is, u
is a discrete measure whose masses are located at points of the form aq™ or
bq™. The derivations use the fact that every orthogonal polynomial sequence
{pn(z)} satisfies a three term recurrence relation of the form

(1.6) Olnpn-‘rl(x) + [an + 'Vn]pn(x) + 5npn—1(x) =0.

If the coefficients in (1.6) are polynomials in ¢", then we let du(y) = f(y)dqy.
Now ¢ integration by parts leads to a g-difference equation for f, with the
boundary conditions f(a/q) = f(b/q) = 0. This method will be illustrated
in the subsequent sections.

The method employed here is not completely new. When the coefficients
in (1.6) are polynomials in n, integration by parts leads to a differential
equation satisfied by f(y) under the boundary conditions f(a) = f(b) = 0.
This is similar to the Laplace transform method which appears in classical
treatises on the subject, for example see Milne-Thomson [17, Chapter 15].

It is important to emphasize that the solution derived this way will be
a solution to (1.6) but may or may not be a polynomial. One then needs
an independent verification that (1.4) gives the desired polynomial solu-
tion. We show by examples that this method is effective for the Al-Salam-
Chihara polynomials (§2), the g-Pollaczek polynomials (§3), the continuous
g-Hermite polynomials (§4), the associated continuous g-ultraspherical poly-
nomials (§5), and the associated Al-Salam-Chihara polynomials (§6). On
the other hand when we try solutions of the form fob y" f(y)dqy, n > 0 we
only need to match the boundary condition at b, that is require f(b/q) = 0.
By varying the boundary conditions we construct two linearly independent
solutions to (1.6), which is of independent interest.

Rahman and Tariq [19] used their deep knowledge of basic hypergeomet-
ric functions and their transformation theory to derive a representation of
the associated g-ultraspherical polynomials as moments of a discrete mea-
sure and applied their moment representation to derive a bilinear generating
function for the associated g-ultraspherical polynomials introduced in [7].
In §5 we give an elementary proof of the Rahman-Tariq result and state a
companion representation of the same polynomials also as moments. Both
results are used to establish linear and bilinear generating functions for the



associated continuous g-ultraspherical polynomials. The same program is
carried out in §6 to treat the associated Al-Salam-Chihara polynomials.
Many of the bilinear generating functions are of the form

(1.7) K(z,y) = Zanrn(x)sn(y),
n=0

where {r,(z)} and {s,(z)} are orthonormal polynomials with respect to
positive measures p and o, respectively. If {r,(x)} and {s,(z)} are complete
in L?(p) and L?(o), respectively, then

/ K (2, y)ra(@)dp(@) = ansa(y), / K (,9)5n(1)d0 (5) = anra(2).
R R

The above are projection formulas involving the integral operators

/ K(z,y)f(x)dp(x). / K () (y)do(2).
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In the special case p = o the kernel K becomes a symmetric kernel, the
above two integral operators coincide, and have eigenvalues {a,} and the
corresponding eigenfunctions are {r,(x)}, see [22]. The completeness of
{rn(x)} shows that these are all the eigenfunctions and eigenfunctions of
the corresponding integral operator. Thus many of our bilinear generating
functions construct kernels of integral operators and in certain cases are
Mercer kernels [22].

We now review the Casorati determinant for solutions of difference equa-
tions. If u,, and v, are solutions of

(1.8) anYn = bn¥Ynt+1 + CnlYn—1,

then the Casorati determinant of {uy,v,} is

(1.9) Ap = Upt1Vn — Vnt1Un-

By substituting u,, (respectively v,,) for y, in (1.8), and multiplying by v,

(respectively uy,) then subtracting the results we see that b,A, = ¢, Ap,—1,
hence

(1.10) Ap = Apy li[n [z:] .

Formula (1.10) will be used repeatedly in this paper.



One of the corollaries in §4 gives a new representation of the g-exponential
function

(@ ¢%) oo = (—ia)" 2/4
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introduced in [15]. The new representation is given in Corollary 4.3. The
function &, satisfies limg_,1 & (x; (1 — ¢)a/2) = exp(ax), and &(0;a) = 1.
Ismail and Zhang [15] established a g-plane wave expansion, a special case
of which is
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2 The Al-Salam-Chihara Polynomials

The Al-Salam-Chihara polynomials were introduced in [5] and [2]. We shall
follow the notation in our work [13] for the Al-Salam-Chihara polynomials

{pn(x;t1,t2)},
q, Q>
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In [13] and [14] two representations for the Al-Salam-Chihara polynomials
as moments were given.

Theorem 2.1 The Al-Salam-Chihara polynomials have the g-integral rep-
resentations
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The derivation of these results was by an ad-hoc method. In this section
we show that the representing measures can be easily found from the three-
term recurrence relation. In particular, in this section we derive the second
measure and give some generating functions as corollaries (Corollaries 2.2,
2.3, and 2.4).

We use the fact that the Al-Salam-Chihara polynomials may be renor-
malized in two ways so that the three-term recurrence relation is linear in
q". Specifically if,

Dn(x;t1, t2) == pp(x;ty, ta)/t]
(t1t2;Q)n
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then [16],

2xpp (x5 11, ta)
(2.2) = (1 = t1t2q")ppy1(w;te, ta) + (1 — ¢")pn—1(x;t1, t2)
+ (t1 + t2)q" pn(x;t1,t2), n >0,
2xen (x5t to)
(2.3) = (1= ¢"™enpr(msty, ta) + (1 — titag™ en_1(z;t1, to)
+ (t1 +t2)q"cn(x;t1,t2), n >0,

with the initial conditions

po(w;ty,ta) = 1 = co(x;t1,12),
(1 —tata)pr (s ta, t2) /(1 — q) = 2z — t1 —12) /(1 — q) = c1 (w3, t2).

We now show how (2.3) leads to Theorem 2.1B. We seek an integral
representation

b
(2.4) en(wsty, t2) = / y" f(y)dqy,
with f satisfying the boundary conditions

(2.5) fla/q) = f(b/q) = 0.

Assume that a and b are finite, hence the moment problem is determinate,
that is the moments determine f in (2.4) uniquely, [20]. Substitute the



representation (2.4) for the ¢’s in (2.3), then equate the coefficients of y™.
The result, after applying (1.3), is that f must satisfy the functional equation

_q (1 —2zyq + ¢*y?)
(2.6) ) =4 (1—qy/t1)(1 — qy/t2)

f(qy).

Recall that
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Thus a solution to (2.6) which satisfies the boundary conditions (2.5) is
given by

) = (aye”, aye ", Xy, a/(Ny); )

(2.8) (ay/t1,ay/t2, yi a/ (Y10); @)os

,  with qu =t1toA

where z = cosf, a = e~ and b = €. Observe that here a and b are finite,
hence if f exists it will be unique. We then choose p = t; and A = ¢/t2 so
that
0 . .
L (gye” qye™ /Y ¢)o
Y .
L—q Je-io ™ (qy/t1,t1y,4/(y11); @)oo

(2.9) g(cosO)cp(cosb;tr, ta) = aYs

for some function g(cos @), independent of n.
We now give a rigorous proof of (2.9) and determine g. The proof is
based on the three term transformation formula [10, (II1.31)]
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Proof of (2.9). By the definition of the g-integral, the right-hand side R
of (2.9) is

(2.10)
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— a similar term with 6 replaced by — 6.



The above expression simplifies to
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In (2.10) we make the parameter identification
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The expression between square brackets in (2.11), with the parameter iden-
tification (2.12) is
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In view of (2.1) we have

— i(e2i97 6_27:97 q,4; q)oo (tth; q)n
2sin O(qet® [t1, qe= /t1, 1€, 11677 q) oo 17(q; @)

pn(cosb;ty, ta),

and Theorem 2.1B follows.
We next give some generating functions which follow from Theorem 2.1B.
The analogous corollaries for Theorem 2.1A appear in [13].

Corollary 2.2 We have the linear generating function

o0
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— a similar term with 0 replaced by — 6.

pn(cosB;ty, ta)p"”

Proof. Theorem 2.1B and the g-binomial theorem show that the left-hand
side of Corollary 2.2 is

(t1e?, tie=, get? /t1, qe ™ /t1; q) o
2(1 — q)isin® (q,q, qe*?, ge=29; q)

i0 . .
/8 (que, qye™ ta/y, \t19; @)oo y
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It is easy to see that
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— a similar term with 6 — —6.
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Therefore (2.13) and the above calculation indicate that the left-hand side
of Corollary 2.2 is
q, t1t2>
and Corollary 2.2 follows.
Recall that the Al-Salam-Chihara polynomials have the generating func-
tion [13, (3.18)]

eie(tQE—ie, tle—ia’ h)\eie, . q)oo d) qeiG/th qeiG/tQ’ t1/1,€i0
2isin 0(q, gqe=29  t1pet?; q) oo 302 qe®? ti \e'?
— a similar term with 6 replaced by — 0,

o0

t1ta; t" tty, tto;
(2.14) Z ( 1 27(])71 pn(cose;tl,tQ) _ ( '91, 27'9@00 .
(¢; @)nt? (te? te=": q) oo

n=0

Corollary 2.3 The Al-Salam-Chihara polynomials have the following bilin-
ear generating function

2 (trta, 5159; Q) Ly
ZMpn(cose;tl,tz)pn(cow;81782) <>
= (@49 e

(t1e™ toe™ 516, 1596 ¢) oo
(q, =20 tei(0+9) tei0-9). ¢)

te'09) 1’ 0=9), qe?? 11, qe™ [ty
X493 15169 Lspei? qe2?
) )

q, tth)

Proof. Replace p, (cos@;ty,t2) by its integral representation in Theorem
2.1B then use (2.14) to see that the left-hand side of Corollary 2.3 is

+ a similar term with 0 replaced by — 6.

(t1e t1e= qe /t1, qe ™ /t1; @)oo
2(1 — q)isin® (q, ¢, ge*?, ge=2; q)
60 . .
X/e (qye®, qye™ ta [y, ts1y,t52Y; @)oo
e—io (qy/ti, t1y, ¢/ (yt1), tye'®, tye™%; q) o

qY-

This expression simplifies to the right-hand side of Corollary 2.3.
An unexpected transformation formula results from the above corollary,
namely the fact that its right-hand side is invariant under the interchanges

(05 ¢7t17t2a S1, 82) - (Qb, 9, S1, Sg,tl, t2)

This establishes the next corollary.
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Corollary 2.4 The combination

(t1e™ toe™ 516, ts9e; ¢) oo
(q,e~210 tei0+9) tei(0=9); ¢)
way [ 1T 07 g [, ge s
tsie? tsoet? g

(17751152)

is invariant under the permutation (0, ¢,t1,ta, s1,82) — (P, 0, 51, S2,t1,12).

+ a similar term with 0 replaced by — 0,

It is important to emphasize that the 4¢3’s appearing in the transforma-
tion Corollary 2.4 are not balanced and most of the known transformations
of this type involve balanced series.

The moment representations not only give an integral representation for
the Al-Salam-Chihara polynomials but also they give g-integral representa-
tions for other solutions to the same three term recurrence relation. For
example the argument preceding (2.8) shows that

(2.15)

oy () :

+i6

o (aye aye Ny a/ ()i d)
1—q Jo (qy/t1, qy/ta, 1y, 4/ (1Y); @)oo

dgy, n>1,

are solutions to (2.3), where qu = t1t2,

(2.16) et =g+ /a2 -1,

and the branch of the square root is chosen in such a way that || < |e
Thus

z‘G"

ntl

217) i) = 0

+1i6

" / T (qve®, qye™ Xy, q/(\Y): @)oo p
y
0 (qy/ti,qy/ta, 1y, 4/ (1Y); @)oo

qy, n >0,

are solutions to the recurrence relation satisfied by the Al-Salam-Chihara
polynomials. Therefore

. . tn eii@/t qeiw/tg
2.1 +i(n+1)0 (Q7 Q)n 1 q 1, 4¢
( 8) € (tlt2;Q)n2¢1 qe:t2zl9

q, qnt1t2> ,

are linearly independent solutions of the Al-Salam-Chihara three term re-
currence relation (2.19), which are multiples of 1;-(x). The polynomial

11



solution in (2.1) together with any one of the solutions in (2.18) form a
basis of solutions to the three term recurrence relation
(2.19)
2xzp(x;ty,t2) = (tl_l — t2q™ ) znt1(xy t1, t2) + t1(1 — ") zp—1(z; L1, t2)
+ (t1 + t2)q" zn(x; t1,t2), n>0.

We next state a bibasic version of Corollary 2.3. Let p,,(x;t1,t2|q) denote
the Al-Salam-Chihara polynomials with base g. Then the bibasic version is:

- (tit2; @n(s152;P)n ( t )n
2.20 g n(cos@;tq,t n(Ccos ¢; s1, s

n=0

B (tie™ tae ™ q) oo o (q€” /t1, 16", qe® [ta; )i PR
- ( —240. ) Z ( 2i0_¢. 10 ) (t1t2)
q,¢ 7 4)o0 k=0 qg,qe”", 1€ 4 )k
y (ts1q"e? tsaqe?;p)o
(tqhel0+9) tqkei0=9); p)
+ a similar term with 8 replaced by — 6.

This establishes the following bibasic version of Corollary 2.4.

Corollary 2.5 The right-hand side of (2.20) is symmetric under inter-
changing

(t17t27 51, 52, 97 (b:p: Q) with (817 827t17t27 ¢797q7p)'

3 The ¢-Pollaczek Polynomials

The g-Pollaczek polynomials {F,(x;U, A, V)}, or {F,(z)} for short, were
introduced in [9], whose notation we shall follow. They are generated by
(3.1) Fo(z)=1, F_1(z)=0,
and
(3.2) 2[(1 —UAG")z 4+ V" Fp(z) = (1 — ¢"TH Fpyy(2)

' + (1= A" YF,_1(z), n>0.

Charris and Ismail [9] gave the generating function

(/€,t/1; @)oo

(te?? te=: q)oc’

(3.3) iFn(cos o) " =
n=0
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where

(34)  14+2¢(V —zAU)A 2y + ¢*A7%y% = (1 — q€y) (1 — any),
and & and 7 depend on x, and satisfy

(3.5) En=A"2

The generating function (3.3) implies the explicit representation

) —i0 /¢ —n ,i0 .
(3.6) Fp(cosf) = e™m? /& (q;/j)’:)"m ( qql—jneew/g] q; qe_wé) .
From (3.6) and (2.1) it follows that
(3.7) Fo(z; U, A V) = mn”pn(@ 1/n,1/¢),

(45 On

and we can apply the results of §2 to state similar results for the g-Pollaczek
polynomials.

Corollary 3.1 The q-Pollaczek polynomials have the q-integral representa-
tions

@ Dn g gy p vy = 0 TG )
) (A% q)p N (1 —q)e? (q,qe??,qe=2; q)
60 . .
X/e e (qye"’,qye*w;q)mdy
it (y/my/& e
Fo(:U, AL V) = (ane”, ane™", e /n, e /n; @)oo
®) e 2(1 — q)isin 6 (q,q, ge*?, ge=2i%; q)
60

e 10 —10
1 .
X/ 0 » (qye qye ™ 1/(&y); @) Aoy
e*l

(qyn, y/n,an/y; @)

It was shown in [9] that the orthogonality relation of the F,’s is

™ G
/0 (€7 e=®/€, e /n, e~ /17 q)oo
(3.8) X Fp(cos0;U, A, V) F,(cos 0; U, A, V')d6
2m (AQS Dn 5
(@, A% Q)oo (L =UAG") (@ @)n
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We next record two reproducing kernels for the g-Pollaczek polynomials.
Corollary 3.1B shows that the g-Pollaczek polynomials have the bilinear
generating functions

oo
(3.9) > " Fu(cos0; Uy, Ay, Vi) Fy(cos ¢; Ua, Ag, Va)t™
n=0
(gme™, e /n1,te® o, te™ /2,5 @)oo
X 4¢3 < ame'?, gre?, el etl070) ‘ g )
qe219, t629/£2’ 75619/77% ’ 61771
+ a similar term with 6 replaced by — 6,

where

(3.10) 1+ 2¢(V1 — cos 9A1U1)A1_2y + q2A1_2y2 =(1-q¢&1y)(1 — gmy),
(3.11) 14 2q(Va — cos <]§A2U2)A2_2y + q2A2_2y2 = (1 —q&2y)(1 — qnay).

Another reproducing kernel follows from Corollary 3.1A and the generating
function (3.3). The result is

0 cq)nt"
(3.12) ZFn(COSQS Ut, A1, V1) Fp(cos ¢; U2,A2,V2)((622q,)q)
n=0 ) n
o (e_ie/nla 6_’“9/513 t€i6/§2) t€i0/7727 ; Q)Oo
(g, €20, 16i049) 1ei0-0); g)
i0 i0 1(04+¢) 4oi(0—0)
e /&,e" /m, te ,te
X4¢3 < q62i07 tew/é-Q? t€i0/772= ‘ ¢ q)
+ a similar term with 8 replaced by — 6.

The Poisson kernel is similar to (3.12) except that the summand on left-
hand side will have the additional factor (1 — U;A1¢™). The Poisson kernel
can be evaluated by taking appropriate combinations of the right-hand side
of (3.12). The same phenomenon occurs for continuous g-ultraspherical
polynomials which corresponds to U = 1, V =0, and A = 3. Thus & =
e /B,m = e~ /3, and similarly for the & and 7,. For details see [10, §8.6].

It is worth noting the integral evaluation equivalent to the orthogonality
relation (3.8). Multiply (3.8) by s™(1—UAg"™)t" and sum over m,n, m,n >
0. The right-hand side can be summed by the g-binomial theorem to

27 (stA%; q) oo
(q,A2%,5t;q)00
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Applying the generating function (3.3) the integrand on the left-hand side
involves the factor

(L= t/&)(1 = t/n) — UA(L — tei?)(1 — te~ ™)

which in view of (3.4) and (3.5) is 1 — UA + 2tV + At?*(A — U). This
establishes the following theorem.

Theorem 3.2 We have the integral evaluation

/“ (€%, e, 5/€, 5/m, 4t /€, at/1; @)oo a0
o (e9/€,e~0]E ¢y e=i0 n sei¥ se—i0 teil te—i0 q)
1 27(stA2%; @) oo
[1—-UA+2tV +A2(A=U)| (¢, A%, st;q)00

We do not know of a direct way of evaluating this integral. The evaluation
of the integral via a moment problem was given in [9]. This also occurred
in Chapters 6 and 7 of [5], where the identities obtained through solving a
moment problem do not seem to be amenable to direct proofs.

4 The Continuous g-Hermite Polynomials
The continuous ¢g-Hermite polynomials satisfy

(4.1) H_1(z|q) =0, Ho(xlg) =1,
(4.2) 2eHp(z]q) = Hpy1(zlq) + (1 — ¢")Hp—1(zlq), n>0.

We clearly have Hy(x|q) = pn(z;0,0), so that Theorem 2.1 gives integral
representations for the g-Hermite polynomials. For Theorem 2.1A this is
immediate, while it is not clear how to let t; = t5 = 0 in Theorem 2.1B.
In this section we carry out this limit, and we also give two additional g¢-
integral representations. One surprising result is Corollary 4.3 which gives
2¢1 representations of the function &,.

Theorem 4.1 The q-Hermite polynomials have the q-integral representa-
tions

1
H,(cosb | q) = . . .
n 7 (1 —q)e? (q,qe?®?,e=29; q)
(A) 40 4 '
X / , y" (qye®, qye ™ q)oodyy,
et
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H,(cosO|q)  (Xe?, qe®® /X Ne ™ qe™/X; q)oo

(¢;9)n 2(1 — q)isin6(q, ge??, ge=2%; q)
<B) et® i0 —if
" / ) (qye®, qye™; ¢) oo doy
et (MY qu/ NN Y,/ (AY)i Qoo
Hy(cost | q®)  (ae™, /i, ae ™, \/ae ™ q)oo
©) (G:0)n  2(1—q)isinb(q,q,qe*?, ge=2%; q)o
B . p
y /e i (qye®, qye Ze,—ﬁ/y;q)ood .
i (VY VY, VT Y Do ©
Hy(cos | ¢?) (qe*%, qe 2" ¢%) o
) (—¢;q)n  2(1—q)isinb(q, —q,qe*?, ge=2%; q)
0 . :
v (que®, qye™; q) o
x Yy 2. 2 dqy-
e—if (9y?%: ¢%) o

Note that the right-hand side of Theorem 4.1B is independent of A.
Proof of Theorem 4.1B. First we motivate the integral for Theorem 4.1B.
If H,(z|q) = Hp(z]q)/(¢; @)n, then (4.2) becomes

(4.3) 2w, (xlg) = (1 — ¢""") Hoya(2]q) + Ho1(2]q)-
Here again we see that writing fIn(x\q) = fab y" f(y)dyy requires f to satisfy

) = (1= que®) (1 — qye ) (ay®) " Fay).

Solving the above functional equation gives rise to the two solutions

o +i0 i _
/ n (qve? que ;1 q)o
0 Ay, My, a/ (M), qy/ N @)oo

and the integral in Theorem 4.1B is linear combination of these two solu-
tions.

We next show that Theorem 4.1A implies Theorem 4.1B. From Theorem
4.1A we have

dqy

—i 2i0). ,

(44) Hy(cosblq) = — 2(3’(167230@00 Jiln )6
(q,qe*?,qe=2%; q) o
x261(0,0; ge*?; ¢, ¢" 1)

+ a similar term with 8 replaced by — 6.
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However a limiting case of Heine’s transformation [10, (II1.3)] implies

(45) (6@ 201(0,0,4¢*54,4") = (¢; )n 061(— qe*”; ¢, 4" F2*7),

so that (4.4) becomes
Hiy(cos 0]q) el 2i
46) —/——— = ——— <—§ e’ q,
(49) (¢;0)n (6*2’9;61)000(251 e
+ a similar term with 6 replaced by — 6,

n+2 ezw)

which is the equivalent form of Theorem 4.1B.

Proof of Theorem 4.1C. This time if p,(z|q¢) = H,(z|¢*)/(q; q)n, then
(4.2) becomes

4.7 2apn(zlq) = (1 — " pnra(xle) + (1 + ¢")pn-1(zlq).

In the notation of (2.3) we find that p,(z|q) = cn(x;/q, —+/q), so that
Theorem 4.1C is a special case of Theorem 2.1B.

Proof of Theorem 4.1D. This follows from Theorem 2.1A and the proof
of Theorem 4.1C.

The limit (¢1,t2) — (0,0) in Theorem 2.1B. The limit t3 — 0 is Theorem
2.1B in straightforward. To let t; — 0 we set t;1 = A¢"" then let m — oo.
Theorem 4.1B follows from letting m — oo in

(@' "e/X g e /N )
(@ my /N =/ (Ay); @)oo
(@™ /X, " e N Q) (qe™ /X, e [N @)oo
(@my /N =/ (Ay): @)m(ay/ X 0/ (AY); @)oo
(Ae? e ™ q)m(qe® /X, qe™ /i @)oo
(MY, My Dm(qy/ N 0/ (AY); @)oo

We now give two generating functions which follow from Theorem 4.1B
and one which follows from Theorem 4.1D.

(4.8)
i Hyik(cosblq) , _ e Lo ( te'? 7 qk+2ezw>
= (G Dnsn (1 —te®)(e=20; q) oo qe® qte® |

+ a similar term with 6 replaced by — 6.
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In fact one can get the more general result

[e.9]

Hyyk(cosflg) (Ag)nt"
9 L s @

B ()\tez‘e;q)oo etk d, tew
= - 192 q62197 \tei?

k+2 _2i60
, , , e
(tezG’ 67229; Q) 99 )

+ a similar term with @ replaced by — 6.

Corollary 4.2 A generating function for the q-Hermite polynomials is

- (A @ 2

g ————H,(x|q")t"

= (¢%¢%)n n(eld’)
A q) o A, e — /g et .
(te"; q) oo Ate”, —q

Sketch of proof of Corollary 4.2. Multiply both sides of the equation
in Theorem 4.1D by (X;q)nt"/(¢;q)n, sum on n and use the g-binomial
theorem. The right-hand side becomes a combination of two 3¢2’s with
argument ¢. This can be transformed to a multiple of a 3¢2 using [10,
(IT1.34)].

Observe that the 3¢9 in Corollary 4.2 is essentially bibasic on base ¢ and
¢%. If A =0 or A = —q the 3¢ may be summed to infinite products, these
are known results. Furthermore [10, (II1.9)] shows that the right-hand side
of Corollary 4.2 is a function of cos#.

Corollary 4.3 The g-exponential function £, is essentially a 2¢1 function,
that is

Ey(cos b;t)
_ (_t;ql/Z)oo ( q1/4 ew?q1/4 e 10 12 —t>
(4125 ¢%) oo 2¥1 _g\/? a7,
(t; ql/Q)OO _q1/4 ei97 _q1/4 e 10 1/2
(0% %) ™ ( —q'/? 1 ’t> '

Consequently if either 0 <t < 1, x > —(q1/4 + q_1/4)/2, or =1 <t <0,
x < (g4 + ¢V /2, then E,(x;t) > 0.
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Proof. In Corollary 4.2 replace t by —t/\ then let A — oco. The result is
the generating function

n(n12

(4.10) Z 1 H,(cos 0|¢*)t"

= (—t€"; q) o022 ( vae’, _\/Z] ¢ ‘(L —tew) .

qte

The transformation [10, (ITI.4)] reduces the above equation to

n(n—1)/2

(4.11) Zc‘z =, H,(cos 0|¢*)t"

10 —10
= (—tqg?q)x 2¢1( VaeT Ve
—q

g, —tq1/2> :

Now (1.12) and (4.10) imply the first of the representation. The second
equality follows from the first and [10, (III.3)]. The statement about the
zeros follows from the second equation in Corollary 4.3.

The two equations of Corollary 4.3 are g-analogue of the identities e
eite:Ft(lJriFm) )

xt _

At the end of this section we will come back to Corollaries 4.2 and 4.3
and give a direct proof of Corollary 4.2, which also proves Corollary 4.3. It
is worth pointing out that Corollary 4.3 is an important result and yields
some quadratic transformations, which will be the subject of a future work.
In the same work we establish a Taylor series type expansion in the basis
{(¢"*e?, ¢"/*e=0,¢1/2),},n = 0,1..., and use the Taylor type expansion
to study transformation formulas, expansions and identities for ¢-series.

Recall the Poisson kernel [4]

’I’L

Dn

(4.12) ZH cos 0|q) Hy,(cos ¢|q)

(4
(% 2)oo
i(0

(tel(9+¢) tet(0—9) ,te~

=0), te—i0+9); q) o0

Using Theorem 4.1A we can derive a trilinear generating function for the
continuous ¢-Hermite polynomials. If we replace ¢ by ty in (4.12), then
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multiply by y*, and then use Theorem 4.1A we find
(4.13)

n

(@ Dn

> Huti(cosy|q)Hy(cos 8lg) Hy(cos ¢lq)
n=0

_ e (2e* q) oo
o (e*ZiT/J’ tet(b+0+¢) , tei(¥+6—9) , tei(d”r(z’*e), tei(¢*9*¢); Q)oo
v ¢ tel(¢+9+¢), tei(w‘i"g*d))’ tei(w+¢*9)’ tei("ljfequ)’ 07 0 k+16i¢
6% qe?V eV, —te'?, \/ate“p, f\/atew 4.9

+ a similar term with v replaced by — 1.

It is clear that both sides of (4.13) are symmetric in 6 and ¢. When
k = 0 the left-hand side is clearly symmetric in 8 and v, but the form of
the right-hand side does not make its symmetry obvious. This leads to the
following theorem.

Theorem 4.4 The expression

(7€ 4)oo
(6*2“[)7 tei(9+¢+¢)’ tei(9*¢+¢), te—i(¢+v) , te—i(0+y+9) Q)oo

)
» ¢) tez(9+¢+¢) , tei(9+¢7¢)’ tei(e‘l’w*d))’ tei(efwfd)), 0, 0 eiw
695 qe®™¥ eV —te'?, \/Qtew, —\/Qte“/’ %4
+ a similar term with v replaced by — .

1s symmetric under any permutation of 0, ¢, and .

Similarly using Theorem 4.1B and (4.12) we establish the following the-
orem.

Theorem 4.5 We have

o

Hn—l—k (COS ¢’q) n
2 (@5 Q)ntx(C On Hy(cos blg) Hu(cos plg) ¢

n=0
e (1262 )
- (6_2“/), tet(b+0+¢) , tet(b+0—¢) , tet(b+9o—0) , tei(¢—9—¢); Q)oo
qe? te' —tet, \/(jte“”, —\/(jtew ’
+ a similar term with ¢ replaced by — .

Furthermore when k = 0 the right-hand side of the above equality is sym-
metric in 0, ¢, Y.
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The trilinear generating function (4.13) contains two important product
formulas for the continuous ¢g-Hermite polynomials which will be stated in
the next theorem.

Theorem 4.6 With K (cos6,cos¢,cost)) denoting the right-hand side of
(4.13), we have the product formulas

(43 @)oo /
cos 0 coS —_— K (cos b, cos ¢, cos
(a4 TnlcostlaHn(cosdla) = 5 5 8, cos )
XHTLJrk(COSw‘q)( 27,11)’ 2”1]7 )oo dw7
and
(4.15) Hy(cos 0]q) Hnir(coslq) = 27rt” / K (cos 0, cos ¢, cos 1)

x Hy(cos dlq)(e 2 =29, Q) oo d.

We now return to Corollary 4.2 and give a direct proof of it.
Proof of Corollary 4.2. Expand the 3¢2 on the right-hand side of Corol-
lary 4.2 as a sum over k, say, then use the ¢-binomial theorem to expand
(Ag*te™?; q) oo/ (te?; q) oo as a power series in t. Thus the coefficient of t* on
the right-hand side of Corollary 4.2 is

Y (ge*": ¢*)i i(n—2k)0
)\; n eln _ )\; nSn,
i kzzo(qgqu)k(q;q)nk (Asq)

say. Now the ¢g-binomial theorem gives

1 0. 200
ZS m_ (qte.,Q)

(te; @)oo (te™;¢?) o0

which is the generating function for H,(cosf|q?)/(¢?%; ¢*), and the result
follows.
Observe that in the above proof we have established the representation

Hufcos0le®) _ 5~ (@@ @)k snaip,

(4.16) (@% @) - P (@2 ®)i(q; Qn—k

Note that (4.1), (4.2), (2.3), and the initial conditions of ¢, (z;t1,t2)
imply
HQn(COSQM)
cn(cos20;—1,—ql¢®) = ——
n qlq°) (0
H 6
2¢050 ¢, (cos 20; —q2, —qlq?) M
(4% ¢*)n
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Thus Theorem 2.1 gives g-integral moment representations for the following
functions:

Hon(zlq)  Hanti(zlg)  Honta(zlg)  Honga(zlg)

(@)’ (—6¢®)n "~ (@5 T (5P
One can also derive several generating functions involving Hay(z|q) and
Hyy41(z]q) from the corresponding results in §2.

5 The Associated Continuous ¢-ultraspherical Poly-
nomials

The associated continuous g-ultraspherical polynomials {07(1&) (z;Ble)} [7]
satisfy the three term recurrence relation

22(1 — ag")C (z; Blg) = (1 — ag™)C, (a3 8]q)

(5.1)
+ (1 - " )CY, (x:8lg), n >0,

and the initial conditions

(5.2) Co(@iBlg) =1, Cf (a3 Blg) = 28-‘55)

In this section we give the moment representation (5.10) for the associated

continuous g-ultraspherical polynomials which leads to three new generating

functions in Theorems 5.3, 5.4 and 5.5. In §5 we shall always write x = cos 6.
Here again we set

b
C() (a1 Blq) = / y" F(9)dgy

then find out that f satisfies

71'0)

g (1—qye®)(1 - qye
TW) = i U= g0/ (1 = qye—/5)

This suggests that we consider the functions

f(qy)-

0

/ “yn (qye"",qye*”., A4/ )i oo ,
-0 1—q (ny, q/(1y), qye® /B, qye /B q)oc
with

(5.3) qu = \af>.
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We choose A = qe” /3, 1 = aBe? and consider the functions

e'? n i0 —i0 —i0
y (que™, que™, Be™ [y @) o
54) ®,(6: 6, :/ . : :
(5:4) ( ) e—io 1 —q (afey,qe=/(aBy), qye="?/B; ¢) o

Theorem 5.1 The functions ®,(0, 3, ) have the hypergeometric represen-
tation

dqy.

®,00,8,a) = oi(n+1)8 (q’aqn+1’qe'2i6’e—.2i6;q)oo
- (4/8,aBq™, aBe*®, qe*? [(af); @)oo

<aon (00 [0 de2) iz

Proof. From the definition of ¢g-integration we see that the right-hand side

of (5.4) is

i(n ) 2i075 721'03 00 ) 20 m
elnt1)0 (q/ﬁj(gﬂq:?w,qee—w/(zé)ﬂ);q) 201 < q/ﬁqq;g /P g, 08%q )
B €7i(n+1)9(% q€72i075;q)m ¢ < q/B,qe” 2Z6//6 62 ”>
R e S e
i(n+1)0 (g, ge2i0 | Be210. ,qe??/3 n
B (qe/ﬁ,aﬁégi;{ize‘me/(aﬁf)) [d’( qmqge " foors )

—2i(n+1)6 (q672i97 /Ba Q//Ba aﬁeQiG’ q6721'9/(a6); Q)OO
(qe*?, Be=2¥, ap,q/(aB), qe~*" | B; q)oo

—2160
%31 < q/ﬁ,qem /B q7a52qn>:| ‘

ge
Apply (2.10) with A = ¢e?? /B, B = q/3,C = qe**, Z = a3*q™ to complete
the proof of Theorem 5.1.

—€

Corollary 5.2 The function v,(6; 8, ) defined by

. a) = (I)’VZ(H’B?&) o 67,719 (05,8, ) q_n/avﬁ
(05,0 = G Gpa) ~C (qarg)n 2 < 1=/(af)

satisfies the three term recurrence relation (5.1).

q o
q, Be 27,9>

When a = 1 the extreme right-hand side of Corollary 5.2 reduces to
the g-ultraspherical polynomial C),(cos®;(|q). For a # 1 it may not be a
polynomial but nevertheless is a solution to (5.1).
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The solution of (5.1) given in Corollary 5.2 has a restricted 8 domain.
We give two other solutions of (5.1) which hold for a wider domain of 3.
Unlike @,, constructing these two solutions will not require the application
of transformations of basic hypergeometric series. However we will need to
verify the three term recurrence relation for n = 0.

Let y™f(y,0) be the integrand in (5.4). Observe that the analysis pre-

ceding Theorem 5.1 indicates that both foeﬂg y" f(y,8)dgy, for n > 0 satisfy
the recurrence (5.1). Define v;F(6; a, 3) by

+2i0
(5.5) vE(0;q,p) =D 4 < Q/ﬁqgimﬂ /P 'q,aﬁ2q”> .
This comes from the integral (5.4) on [0, e**]. Both v;} and v;, satisfy (5.1)
for n > 0 and we will see later that are linearly independent functions of n
for 0 # km, k=0,%1,....
We now verify that v and v, satisfy (5.1) if n = 0. To do so assume

(5.6) ~l1<af?/qg<1,

so that vfl is well-defined. We now go back and reexamine the analysis
preceding Theorem 5.1. From (1.3) we see that when a = 0, the boundary
term in (1.3) will vanish if ug(u) f(u/q) — 0 as u — 0 for u of the form (q™
for fixed ¢ and m — oo. In our case it suffices to prove that

lim (Be™q " /(5 q)oc/ (g6 q” ™/ (CAB); ¢)oc = 0.

m—00
The above limit is a bounded function times

: (Be g™ /¢ q)m . 2, vm (@Ce?/B;q)m
] : =1 AGSC P )m
moo (ge=@g/(CaB); @)m i (@f7/a) (aB¢e®/q; q)m

Note that (5.1), (5.2) and (5.6) imply C(_Oi)(x;mq) = 0.

It is important to note that one can directly verify that vf satisfy (5.1)
by substituting the right-hand side of (5.5) in (5.1) and equating coefficients
of various powers of a. In fact this shows that v;™ satisfies (5.1) for all n
for which |a3¢" 1| < 1. To go beyond this restriction we need to analyti-
cally continue the 2¢ in (5.5) using transformations of basic hypergeometric
series, see Appendix IIT in [10], for example.

We now show that v;" and v,, are linearly independent functions of n by
computing the Casorati determinant

A, =0 (0; B, ), (6; B, ) — vl (6; B, a)v, (65 8, ).
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Equation (1.10) implies

(qa62§ Q)n—l

A, = " Ay,
" (q3a§ Q)n—l !
and since e ¥t 5 1 asn — oo, then we have A,, — 2isinf as n — oco.
Hence
(20" @)oo . .
5.7 Ay = —5—— 2isin6.
>0 " (@B 0)
This confirms the linear independence of v when @ # k7. Note also that
(g @) . .
5.8 A_| = —————— 2isiné.
8 P (0B 0)ee

Since both v;= satisfy (5.1) then there exists A() and B(#) such that
(5.9)  C(cosb; Bla) = A(B)v;} (8 5. ) + B(B)v;, (6; 5, ).
To determine A and B use the initial conditions
O (@ Bla) =0, C§V(w;la) =1
and (5.8). The result is
(5.10)

2/,
C/(@) 0: _ (aB%/q;q)o

n (cost; Bla) 2i sin 0(q; q) oo

X [0:1(9; B,a)vt(0; 8, a) — vjl(ﬁ; B, a)v, (6;a, B)] .
Formula (5.10) is Rahman and Tariq’s result [19, (3.4)]. They used (5.10)
to derive linear and bilinear generating functions. In the reminder of this
section, we shall apply (5.10) to derive only results not in Rahman and
Tariq’s paper [19].

Our first result is the following theorem.

Theorem 5.3 We have
- (A;Q)n (a)
Z C (cos8; Blg)t"
. n+k ’
= (4q)n
_ oo 0B/ g0)e , (afBae 20/B
(1 — e29)(te?, ag; q)oc e

q/ﬁa quie//Ba teie 2 k
X302 ( €20 \tet® q,a3%q

+ a similar term with 0 replaced by — 6.

a62>
q, —
q
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The cases A = q or k = 0 of Theorem 5.3 are in [19].

Theorem 5.4 We have the bilinear generating function

oo

> Culcos ¢; B1|a) O (cos 05 Blq)t"

n=0
— (a52/Q7 /Bltei(9+¢)7 Bltei(0_¢); q)oo
(1~ 2 (aq, 0+0) 1A, ).

><2¢1< q/B,qe %/ ,0452)

—2i6
2i6 i(0+¢) i(0—¢)
X4¢3( Q/B7qe /ﬁ,t@ 7t€ ‘q,a52>

qe
g2 Bitei0+9) 3 461 (0-9)

+ a similar term with 6 replaced by — 6.

Proof. Multiply (5.10) by Cy,(cos ¢; 51]|q)t™ and add then use the generating
function (4.16).

The associated continuous g-ultraspherical polynomials have the gener-
ating function [7]

(5.11)
> Ci (cos 0; Blq)t"
n=0

1—« Bte? Bte=? ¢
T (1 —tei)(1— te‘i9)3¢2 ( gte? qte=0 | T

We now give a Poisson-type kernel for the polynomials under consideration.

Theorem 5.5 A bilinear generating function for the associated continuous
q-ultraspherical polynomials is given by

[e.e]

3 L) cos 1 41 )L (eos : Bl

n=0
_ (L= an)(aB?/q;9)o o 4/Pae 2’9/6 aﬁz
T - ) (agi)e O ge
- (4/8,4e* /| B; q)ra® B2
. Z [1—2cos ¢ te?fqk + 2 2"76219] (q,qe%?; q)y

kO

g, Bitg* e, Bitghel0=9)
><3¢2< ¢ H1tei0+9) g k—l—ltez(e ¢) |T A

+ a similar term with 6 replaced by — 6.
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The case v = a1 of (5.16) is in [19].

Theorem 2.1 gave two moment representations for the Al-Salam-Chihara
polynomials. We can also do the same for the associated continuous g¢-
ultraspherical polynomials. Namely if

A (aq; @)n (@)
Pn() = ~—5== O, (23 Blg)
") = (apzg), O P
then p,(z) also satisfies a three term recurrence relation whose coefficients
are also polynomials in ¢”. Thus the technique of this paper applies. How-
ever we have

5.12 C(eB?/q) z:q/Blq) = (ag;q)n O (z; Blq).

(5.12) w2 q/Blg) (aﬁg;q)nn( lq)

So the renormalized moment representations amount to changing the a and
B in the associated continuous g-ultraspherical polynomials.

6 The Associated Al-Salam-Chihara Polynomials

These polynomials were first considered in [5] where their generating func-
tions, asymptotics, and their weight function were found. In this section we
carry out our program on these polynomials.

The associated Al-Salam-Chihara polynomials p%a) (x;t1,t2) are gener-
ated by

t1[2x — (tl + tg)a]
1-— atltg

(6.1) p(()a)(ﬂcsthh) =1, pﬁ“)(w;tl,h) =

and
(6.2)
t1[2z — (t1 + tg)aq”]pgf‘) (x;t1,t0) = [1 — tltgaq"]pgfgl(m;tl, to)
+ 81— ag)p\Y, (z5t1,t2), >0,

n—1
as can be seen from (2.2) and (2.3). Now assume fob y" f(y)dqy is a solution
0 (6.2). Then (1.3) yields
£ — 2qat1y + ¢*y?
[t3 — t1(t1 + t2)y + t1toy?]

fly) = - f(ay),

which gives

(qye® /t1, que™ Jt1, My, ¢/ (AY); @)oo

fly) = (y, yta/t1, ary, ¢/ (aNY); @)oo
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This leads us to take b = t;e*" and to introduce the functions
(6.3)

+i6 +i6
) 7t2€
A7:Lt(9a tl, tg) — t711+16:|:z(n+1)02¢1 <

ei2i9

tle
q

qaaqn+1) 9 n Z _1a

for |a] < 1. We need the assumption |a| < 1 in order for A%| to be defined
by (6.3). We are also assuming a # 0. We proceed as before, first verify
that A satisfies (6.2) for all n > 0 then compute the Casorati determinant.
The only difference here is that t1_2”_2An — 2t1isinf as n — co. We find

atitaq™ ™ q)oo
(ag™ )0

(6.4) A, = 2it7" P sin g (
The condition |a| < 1, enables us to conclude that p(_al) = 0 if (6.2) is
extended to hold for n = 0. Thus p{) = [A= A — AT A ]/A 4, that is

)

(a; @)oo ] €M7 5 t1e~ toe=
(1 — e20)(atit; )0 - ge %0

1160 1yt
X 201 ( qe2 q,q" !

+ a similar term with 6 replaced by — 6.

Pi (cos 0; £, 12) =

An immediate consequence of (6.5) is

65 >

n=0

B (o, M1te?; @)oo 5 t1e=i0 toe=i0
T (1= e 20) (atyty, tite; q)oo O qge~ 2
q, OZQ>

t1e? toe tte?
X302 (
+ a similar term with 6 replaced by — 6.

) cosit, )0

)

qe2® At tel
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Another application of (6.5) is to combine it with (2.17) and find

2. (tstg; @)nt™
3t4;
(6.6) Zitntn 1 p{®) (cos O 1, t2) pr(cos ¢; ts, ta)
r | 3((17(])71

B (av, tste®® | t4te™®; q) oo 5 tre~ toe=i?
T (1 e20)(atyty, tel0+0) 1ci0-9); g) o X7 ge="

tle’w’ t2€i97 tei(9+¢) , tei(e—d))
X 4¢3 q,0q

1)

+ a similar term with 6 replaced by — 6.

g€ tateid tyte10

The limiting case « — 1~ of (6.7) is the result stated as Theorem 4.1 in our
paper [13].

A companion representation for the associated Al-Salam-Chihara poly-
nomials may also be found. Similar to §5 it follows from

(atit2/q) (... _ (4 " (atita; q)n (@) (.
(67) Pn (‘r7Q/t17Q/t2) (t%) (aq;q)n Pn, (x,tl,tg).
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