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Abstract

We show that the Meixner, Pollaczek, Meixner-Pollaczek and Al-Salam-Chihara polynomi-
als, in certain normalization, are moments of probability measures. We use this fact to derive
bilinear and multilinear generating functions for some of these polynomials. We also comment

on the corresponding formulas for the Charlier, Hermite and Laguerre polynomials.
Running Title: Generating Functions

1. Introduction. The umbral calculus of the last century was an attempt to treat polynomials
as if they were monomials. For a given sequence of polynomials {p,(x)} this means that one can
take an identity involving {z" : n =0, 1,2,---} then replace z" by p,(x) provided that we develop
a calculus to interpret the resulting identity. In the 1970’s Rota popularized the umbral calculus
by putting it on solid foundations and by showing its significance in combinatorics and special
functions, [25], [19].

In this paper we consider linear functionals £, whose n th moments are orthogonal polynomials,

and which have the integral representation
1Y) <Lalf>= [ f() dulaia) = pal@)

for some measure du(z; a) that depends upon a parameter a. In particular, we give explicit measures
du(z; a) whose moments are various classes of classical orthogonal polynomials. A summary of such

polynomials is given in §6. Other authors also used representations of polynomials as moments.
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Rahman and Verma [24] observed that the continuous g-ultraspherical polynomials are multiples
of the moments of a probability measure. We generalize their result to the Al-Salam-Chihara

polynomials in Theorem 3.1.

The integral representation (1.1) for £, can allow for simple evaluations of generating functions.

For example, if
(1.2)  G@t)=>_ ra(b)t"
n=0

is the generating function for any set of polynomials r,(b), then

(1.3) /_ Z Glat)du(; a) = iﬂ pu(a@)rn(B)E".

We will use (1.3) extensively to find bilinear generating functions, when p, = r,. (This is called
the Poisson kernel if p,, is orthonormal.) However (1.3) can used for any set of polynomials r,(b),
once the measure du(z;a) is known. For example, it is easy to give an integral representation for a

bilinear generating function for g-ultraspherical and p-ultraspherical polynomials.

In [18] we used the fact that the moments of the measure of the Al-Salam-Carlitz polyno-
mials [1] are the continuous ¢-Hermite polynomials to derive bilinear and multilinear generating
functions for the continuous ¢-Hermite polynomials. In §4 we similarly use the results of §3 on
Al-Salam-Chihara polynomials to give a direct evaluation and an extension of the Poisson kernel
of the Al-Salam-Chihara polynomials. We also derive a very general multilinear generating func-
tion for the Al-Salam-Chihara polynomials. This extends our earlier results [18] on continuous
g-Hermite polynomials because the Al-Salam-Chihara polynomials are a two parameter extension

of the continuous ¢-Hermite polynomials.

In §5 we point out that the continuous ¢-ultraspherical polynomials are Al-Salam-Chihara poly-
nomials. We then combine this fact with our multilinear generating functions of §4 to establish
multilinear generating functions for the continuous g-ultraspherical polynomials. In particular we
show how the results of [16] and [6] imply an earlier result of Gasper and Rahman [13]. In §5
we give a new integral representation for the continuous g-ultraspherical polynomials as moments.
This integral representation is then used to derive a bilinear generating function for the continu-
ous g-ultraspherical polynomials. As a byproduct we obtain a transformation formula (Theorem
5.5) expressing a sum of two 4¢3’s as a combination of different 4¢3’s. This transformation is of

independent interest.

In §2 we consider the functional

— )7 a + b+ 2)

U
(1.4) < ./\/la,b,c|f == F(a + 1) I‘(b + 1)

/cl(1 )@ — o) f(x)da.



It turns out that the moments of M, . are essentially the Meixner polynomials. We also obtain

generating function results for the Meixner-Pollaczek and Pollaczek polynomials in §2.

In §3 we prove (see Theorem 3.1) that the moments of the functional for the big g¢-Jacobi

polynomials are Al-Salam-Chihara polynomials. In this case the functional £, . is defined by

(1.5) < Lape|f >= / f(z) du(z;a,b,c).
The measure p(z;a, b, c) is

(ag,bq,cq,abq/c;q), (x/a,x/c;q)s
aq (g, c/a,aq/c,abg? q),, (x,bx/c;q),

o
X Z[aanan”“(:ﬁ) —cq" e (7)),
n=0

(1.6)  p(z;a,b,c)

where €,(z) is a unit mass at = u. We follow the notation in [12], The measure p in (1.6) is

normalized so that its total mass equals one.

The notion of the ¢-integral is useful in understanding and motivating identities involving g¢-

series. The ¢-integral is defined by

(1.7) /Oa f(u)dyu:=a(l —q) mi.j:o q" f(aq™)
a8 [ fwdpe= [ f@dp [ ) d

It is clear that integration with respect to u of (1.6) amounts to g-integration. In fact our represen-
tation of the Al-Salam-Chihara polynomials as moments provides a new g-integral representation
for the Al-Salam-Chihara polynomials. This ¢g-integral representation has proved to be very useful

here and elsewhere [17].

2. Orthogonal Moment Functionals. In this section we give functionals whose moments are
the Hermite, Laguerre, and various Meixner families of polynomials. We also use (1.1) to derive
new generating functions. We explain how these polynomials are related to the umbral product of
Roman and Rota [25].

We now consider functionals whose moments are orthogonal polynomials. A theorem of Boas
9, p. 74] asserts that given any sequence of real numbers {a,} there exists a signed measure «

with finite moments such that

a, = /Oo " da(x).
0



Thus any sequence of orthogonal polynomials is a sequence of moments for a certain functional.

Let £, and M, be functionals so that {r,(a)} and {s,(b)},
(2.1)  rp(a) =< Ly|z" >, Sp(b) =< Mpla™ >,

are orthogonal polynomials. Roman and Rota [25] defined the product of two linear functionals £
and M acting on polynomials of binomial type by

n

(2.2) < LM|py(z) >:=)_ (Z) < Llpr(z) >< M|pp—i(z) > .

k=0

If <Z|f >= [, f(x)d\(z) and < M|f >= [0 f(y)du(y) then the product (2.2) becomes
(23) < LM|f >= / / (& + ) (@) dpuly).

The problem is to characterize the pairs {r,(a)} and {s,(b)} so that {< L, My|z" >} is a
sequence of orthogonal polynomials in a for infinitely many b’s or vice versa. Al-Salam and Chihara
[2] solved an equivalent problem and their results show that such r,’s and s,’s have to be among
the Hermite, Laguerre, Charlier, Meixner, Meixner-Pollaczek or the Al-Salam-Chihara polynomials.
For the rest of this section we consider the first five cases. We give the functionals for the Hermite
and Laguerre polynomials, show that the Charlier, Meixner and Meixner-Pollaczek polynomials are
moments of a gamma distribution on [a,c0), a beta distribution on [c, 1] and a beta distribution
on [c'/2,¢Y/2]. The Al-Salam-Chihara polynomials are moments of the measure of the big ¢-Jacobi

polynomials, as we shall see in §3.

Hermite and Laguerre Polynomials. It is clear that

NG / (11/2

n/2] /2y g2k

_ Z <2k> "ER12), = Z:% 22kki<n—2k)!‘

—matyn gy = )/ e (a+y)"dy

Therefore
04) = 7 ey dy = (20)7 H,fia).
\/_

Thus the Hermite polynomials are moments. In fact it is this property that Slepian [26] used to

prove the Kibble-Slepian formula. For example the Poisson kernel follows from

< H,(ix)Hu(y) ,, =~ —(u—a)? Hnly) (tw)"
% e (Rl R

n=0

(u—x)? 2uyt+t2u2 du

-l



after completing squares in the argument of the exponential.

The Laguerre polynomials {n!L%(z)} are moments of an explicit functional
(2.5)  nlLY(x) = 3:_0‘/2/ e 2 T (2v/au) du, n=0,1,---;a > —1,
0

28, (5.4.1)]. The Hille-Hardy formula [28, (5.1.15)]
26 X S II)
=(1—t)texp l_t(iﬂ-l-y)] (xyt)_a/QIa <W> ’

1-1 1-1t

follows from (2.5) and the generating function [28, (5.1.16)]

o0 tTL

(2.7) Lo(x) = '(wt) /], (2V/at)

;::()F(a%—n%—l) "

through the use of Weber’s second exponential integral [29, (13.31.1)]

28) [ eap(—pPR) Julat) g, ) tdt = L eap <—“2 * b2> I ( ab > |

2p? 4p? 2p?
The Hille-Hardy formula is the Poisson kernel for Laguerre polynomials.

The Laguerre polynomials {n! L (x)} for x < 0 are moments of positive measures for all n. To
see this replace z in (2.5) by —z then replace J, by I,. The resulting integral converges since [29,
(7.23.3)]

I(z) = 2mx)Y%e®, 2 — +o0.

The Meixner Polynomials. Consider the functional M 4 g . whose moments are

_ (1= PT(A+ B+2) ! A B gn
(2.9)  pp = FAT D) T(B+1) /C(l—x) (x —c)”2"dx.

The Euler integral representation [10, (2.1.10)] implies that

(2.10)  pin =" F (—n, B+ 1; A+ B+2;1—1/c).
Setting
(211) B=—-a-1, A=p+a—1,

and using the explicit formula for Meixner polynomials [11, (10.24.9)], we have proven the following

theorem.



Theorem 2.1 If Rea <0 and Re a+ 3 > 0, the n th moment of the functional Mgyq—1 _q-1, 1S
the Meizner polynomial, pi, = c"my(a;3,¢)/(5)n-

If we put more restrictions on a, ¢, and 3, then the functional in Theorem 2.1 is positive definite.

This forces certain determinants to be positive [9, p. 14].

Corollary 2.2 Ifc<1, —f<a <0, andn >0, then

det{m;,1(a; 3,¢) 7 /(B)rr; : 0 < 4,k < n} > 0.
The Meixner polynomials have the generating function [11, (10.24.13)]

(@:8,¢) = A=) (A = t/o)",  |t] <min(1,]c]),

n
a

(2.12) f:

and satisfy the orthogonality relation [11, (10.24.11)]

(2.13) i Ck(ﬁ)kmn(k;ﬁ, c)m;(k; B,c) =nl(B)nc " (1 — c)’ﬁén,j, >0 0<c<l.

= K

We shall assume 0 < ¢ < 1.
From (2.12) and Darboux’s asymptotic method [28] we see that

" I(—x +n)

(2.14)  mp(x; B, c) = 1= o)’

x#0,1,---, n— o0,

while

I'(B+x+n)

(2.15)  my(x; 8,¢) =~ NCET)

(1-1/¢)*, x=0,1,---, n — oo.
In (2.12) we replace « by y and ¢ by tu then apply Lg, 14—1 —2—1,¢, to the variable u. Whenz # 0,1, - - -
this gives

- 1-51 1
(2.16) E_jo @3 Br, e)mn(y3 B, ¢) = (Il‘(—x))F(w I(ﬂﬁl))

« /1(1 Syl — o) — ) P Y(1 — tufe)! du.

C1

Interchanging integration and summation can be justified from (2.14) and (2.15).



After the change of variable u = ¢; + (1 — ¢;)v we identify the integral on the right-hand side of
(2.16) as an Appell function Fi, [10, (5.7.6)]. The result is [10, (5.8.5)]

(2.17) fj Cl tn

n—O

3 Br, c1)ma(y; B, ¢)
(1 —tcl/c) F <

(1 — tcl>5+y

—Z, _yvﬁ + y)ﬁl; <1 — Cl)t (1 — Cl)t) .

c—cit ' 1 —cqt

Although (2.17) was derived under the assumptions Re y < 0, Re y + 1 > 0 and 0 < ¢; < 1 the
first two conditions can be relaxed by analytic continuation of the left-hand side of (2.17) taking
into account (2.14) and (2.15). The right-hand side of (2.17) can be analytically continued through
standard analytic continuation of the F; function in [10, 5.8]. In the case § = (; the F} in (2.17)
reduces to a oF} multiplied by an algebraic function, [10, (5.10.1)]. The result after replacing t by

tc is

(2.18) i cert)” (@5 8, e)ma(y; B, ¢)
_ Y1 _ (1 — teey)"EY— -, Y t(l—C)(l—Cl)
= {1 =ta)'(1 — (1 ~iea) ﬁQFl( 5 (1_tc><1_m>)'

Observe that (2.18) is symmetric in the pairs (z,¢;) and (y, ¢). Also note that the right-hand side of
(2.18) is positive when x and y are nonnegative integers and ¢, ¢y, te,te; € (0,1). It is also positive
for z <0,y <0 and ¢, cy,te,te; € (0,1). In the latter case we require the argument of the 5 F} to
be in [0,1). Formula (2.17) is due to Meixner [21].

If in addition to 5 = (; we also require ¢ = ¢; then (2.13) shows that (2.17) will be the Poisson
kernel for the Meixner polynomials, up to a constant factor.

Theorem 2.3 The Meizner polynomials satisfy the connection relation

—Cl)t (1—61)1?
—Clt ’ ]_—Clt

(2.19) (1= ter/e)” 3 alb: p (—x, ~y, B+, Bi; (i

1 —tey)fty = 2l
( =0

= tn(l — Cl)i’glmn<y; 67 C)'

) (s B 1)

Proof. This follows from (2.13) and the bilinear generating function (2.17).

It is clear that the sum on the left-hand side of (2.19) represents integration with respect to
a discrete measure, hence (2.19) can be viewed as an integral equation. In particular the case
[ = p1 and ¢ = ¢y provides an integral equation whose eigenfunctions are Meixner polynomials.

The integral equation (2.19) can be expressed as an integral equation with a symmetric kernel when

7



B = (1 and ¢ = ¢;. The completeness of the Meixner polynomials in the L, space weighted by
their orthogonality measure shows that the Meixner polynomials are the only eigenfunctions of the

integral equation (2.19) and one can identify the eigenvalues from (2.19).

Theorem 2.1 has a curious implication. Assume that a sequence of polynomials {p,(y)} are

orthonormal with respect to a functional £ whose moments are given in Theorem 2.1, and let

(2.20) po(y) =1, paly) = Cj’.
j=0
Then

S = LCrpy* pu(y) = Cr > Cojblitjs

J=0

which may be rewritten as

(2.21) > (?) (=1 Py (j —n,2 —n+1;2 —2n — b;d) o Fy (—k — 7, —x; b; d)
j=0

_ kﬁ'd%($ —k+ 1)k(b + $)k
o (Db k1),

5n,k7 0 S k S n.

The Charlier polynomials {¢, (z;a)} are a limiting case of the Meixner polynomials, [11, (10.24.16)]
lin B~"m(z; 8, 0/8) = al;a).
B—00

This means that generating functions for Charlier polynomials will follow as limiting cases. It also
follows by direct calculation that ¢,(—a — 1;a) is a multiple of the n th moment of the weight

function (x — a)®e** on [a,00). The details are omitted.

The Meixner-Pollaczek Polynomials. They are defined as [11, (10.22.21)]

2N, . N
(2.22)  P)Mx;9) := (n')em‘bgFl(—n, A iz 201 — e 29,

They also called Pollaczek polynomials on an infinite interval [11], [28] and the Meixner polynomials
of the second kind [9]. We shall follow the terminology in [7].

It is clear from that the Meixner-Pollaczek polynomials can formally be written as Meixner

polynomials. In (2.17) set
(223) B=2)\, [r=2\, —x=X\+if, —y=A+in, c=e" ¢ =¥

8



This is equivalent to considering the functional

6_1/2 _Cl/2 —A—B—lF A+B+2 c—1/2 -
<l =1 r(A)+ (B ; 1 L[ e P e

After replacing ¢ by te' (¢~ in (2.17) we get

o0

(2.24) Z

n:O

tnp)\l(é' b1 )p/\(?7 ¢) ( tei(qﬁraﬁ))f%in(l _ tei(¢>1+¢)>ﬂ+in

, , —2itsin ¢y  —2it sin ¢
x Fy <)\1+z§,>\—|—zn,>\ in, 21, TS Sy —

Here again the case A = A\; reduces the F; to a multiple of a o F} and we get

PA (€, gf)l)P)‘(n ) = (1 tei(¢1—¢))—>\—in<1 _ tei(qs—dyl))_)\_ig

(2.25) Z

n:O
A+iE, N +1in
2\

_ ot (@1+0)\i€+in
X(l te" "t ) 2 F ( (1 _ tei(¢—¢1))(1 — tei(pr—0

—4t sin ¢ sin ¢
N )

The orthogonality relation for the Meixner-Pollaczek polynomials is

9 i 22—1 2
%6_(W_2¢)$|F(/\ + 'LZL’)|2 — mém,n

T n!

(226) [7 PM@.0)Px.0)

Therefore (2.25) with ¢ = ¢ is the Poisson kernel for the Meixner-Pollaczek polynomials. The
special case ¢ = ¢, of (2.24) is [23, (5.2)]. Rahman also noted (2.25).

The Pollaczek Polynomials. These polynomials are defined by [11, (10.21.10)]

2\ .
(2.27)  P)cos®,a,b) := 2N)n ) 2P (—n, A+ ih(0);2X; 1 — e 29),
where
(2.28)  h(f) := acos0 b - s b x = cos 0.

sin @ V1—22’

They satisfy the orthogonality relation

(2.29) /O P (cos 8, a, b) P (cos 0, a, b) e =0 (sin g)2M T (A + ih(8))[?

_ gl-2:_ ['(2A +n)
nl(A+a+n)

m,n-



Note that (2.22) and (2.27) indicate that x and ¢ in (2.22) are now replaced by h(f) and € in (2.27).
Thus (2.24) and (2.25) can be translated to generating functions for the Pollaczek polynomials.
In order to find the Poisson kernel for the Pollaczek polynomials we have to incorporate the term
a + n + A which amounts to taking a linear combinations of the left-hand side of (2.25) and its

derivative with respect to t.

3. Al-Salam-Chihara Polynomials. The big ¢-Jacobi polynomials are [12, (7.3.10), p. 167]

-n

¢ " abg"
(31) Pn(‘r;aﬁ b7 & Q) = 3¢2 q,q
aq, cq
Using (1.5) their orthogonality relation is [12, (7.3.12)],

(¢, bq, abg/c; q)n(—ac) g =1/

<£a CPan>: 5mn
el (abq, aq, cq; q)n(1 — abg®*')
In this case we have
ne oo/,
(aq, bq, c¢q, abq/c; )
aq,abq/c
_ (q7CLQ/C; Q)oo an ¢ ! Q/ q qn+1
(ag,abq/c;q),, > ’
aq/c
cq, b
" (eq/a, q;9) 5 B e
a(cq,bq;q)oe ’
cq/a

To simplify the right-hand side of (3.2) we appeal to the three term transformation formula in [12,
p. 64, (4.3.5)], namely

A, B
(3.3) 21 0.7
C
Aq/C,Bq/C
(B,4/C,C/A, AZ]q,q*[AZ; q), 201 : : q, 2
(©/4.Ba/C.a/AAZ]C.CojAZi) "7 |,
A,Cq/ABZ
_ (4BZ/C.q/Cia) C/A,Cq/ e
(AZ/C,q/Aq), = 054
Cq/AZ

10



In (3.3) we choose A, B,C and Z as
(34) A=aq, B=abq/c, C=uaq/c, Z=q" ™

The result is the three term relation

aq, abgq/c .
] (abafec/atfeaq g o),
(3.5) 201 4,9 -
agje (a/c,bg,1/a,cq™* g /c;q) o
7b 1 7 —n—1 b
oo | ) e, T
- TE T (e ang), 2 .
qc/a q "/
This leads to the following more compact form of (3.5)
a (aq/c;q
(39 o " (aq,ba/cq; )
, b
+Cn (1 — C/a) (CQ/C% Q)oo gb Cq q q qn+1
(1—a/e) (bg,cq;9)0 = ’
qc/a
1/e,q™1/b
_ a"(ag/c,c/a,abg"? q) & e, a7/ be b
(abg/c,aq, 1/a,cq"5q), " . o
"/ c
Therefore (3.2) reduces to
e, g™/ ab
_ (aq)"(bq, cq, abg"**; q) oo 5 fo.am )
" (a, e abg%g)e U ) b
q"/c

The g-analogue of the Euler transformation is (I11.3) in [12, p. 241] is

1/c,q "/ ab q ", abq/c
. 201 4,90 | = —F—~<— 201 q,1/a
. (0g: ¢)oo .
qg"/c q"/c

11

q,qb



This further simplifies i, to the form

(cg; q) 1T abafe
n.n ) n 1
“ (abg?; q),, 201 %1/0

q"/c

(3'8) Hn =

The Al-Salam-Chihara polynomials, [5], [7], [8], are

g " te" tie™

Pn <x7t17t2) - 3¢2 q,q
t1t27 0
_ i0
(tle_w; q) fneind q ", tae ge
= = Q(bl q,
(tite; q), i t
q e /751

The second equality follows from a 3¢9 transformation and the g-analogue of the Pfaff-Kummer
transformation [8]. In order to relate the p’s to the Al-Salam-Chihara polynomials we make the

parameter identification
(39 a=t eie/q, c=1 e’w/q, b=ty e’w/q
Hence p, = p, (cos;ty,ts).

Theorem 3.1 The moments of the probability measure p(z;a, b, c) are the Al-Salam-Chihara poly-
nomials {p,(cosB;ty,ts)} where a,b,c and t1,ts,60 are related through (5.9).

It is important to observe that Theorem 3.1 is equivalent to the g-integral representation (see
12, p. 19])

(3.10)  pn(cosb;ti,ta) =

(t1e t1e™ tye? the ™ q) 0o /tlew (qre [ty qre " [t; : @)oo o
(1 —q)tie(q, e 29 qe??; q)o Jtre—i0 (z,t22/t1; q) o !

Let us now integrate certain functions against the measure p(x; a, b, ¢) with respect to which the
big g-Jacobi polynomials are orthogonal. The simplest function is the g-analogue of the binomial

theorem

(311) flz) = QD= _ 3 G

(173000 1= (G Dn

12



On one hand we have

Lopef = Z (i q) L M (cos 03t ty).
n=0 q Q)

On the other hand we can explicitly evaluate L, .f. This implies

o (A1 @)n , n
(3.12) nzzompn (cosB;tq,ta)

[ (A2 0)e
= ————du(x;a,b,c
_ZO (13 q) o 4 )

ajq,aq,abq/c
_ (aq,bq,cq,abq/c;q) ., | (Mag,abq/c;q).

 (c/a,abg/c,abg®; q)., | (paq,aq, abg/c;q), 3¢z ¢
Aagq, aq/c
) 7b
c(Xeq,cqfa;q)y, oo e e
a(pcq, ¢q,b¢; @)oo 4
Acq, cq/a

We next combine the above 3¢5’s into a single 3¢ by applying the transformation [12, (4.3.1), p

63]
A, B,C D/A,B,C
' DE | (E/B,E/C;q)x /4B,

D,E D,BCq/E

E/B,E/C,DE/ABC

(3.13) 302

(D/A,B,C,DE/BC}q)w

(D, E, BC/E, DEJABC; q) *** 7.4
DE/BC,aE/BC

With the parameter identification in (3.13) as

(3.14) D/A=abg/c, B=aq, C=apq, BC/E=ualc,

so that

(3.15) A=X/b, B=uaq, C=auq, D=MXaq, FE =aug’c,
we obtain

abq/c, aq, aqp
302 q,q
Aagq, aq/c

(ag, pagq, abq/c; q)oo

13



c,cq,b
(Age, ¢/a; @)oo Hae e o

+ 302 4, q
(1 —a/c)(cq, 11ge, bq; @) o
)\QC, CQ/Q
Ac b, aq, pa
_ (c/a, pcag?, ag, qa/¢;q) oo 5 /b, aq, paq b
— (ch, Cq7 aq, ,an, abq/C’ q)oo 3¢W2 q7 q
)\aq, aluc(f

Thus we have established the generating function

Ac/b, aq, apq

o (M @)n (bq, pacq®, ag; q)
3.17 " p, (cosB;ty,t X< 30 q,bq
(3.17) Z‘o e ( 1) = (abg?, pge, pag; q),, >

n

Aag, ajicq®
)\tl/tg, tlei‘g, utlew

302 q,t2e
Atie? ) ut?

— (t26_i97 :U’t%7 )‘tleie; Q>oo
(tite, pt1e=?, pt1e?; q) oo

—1i6

Formula (3.17) is in Suslov’s unpublished notes [27] and we acknowledge his priority. The special
case A = tty and p = t/t; leads to the known generating function [2], [5], [§]

2L (tito; q) (tty, tt2; @)oo
3.18 0ty 1) = L1
G122 (gt P ) = G o)

via the g-analogue of Gauss’s theorem, [12, (I1.8)].

It is worth mentioning that the special case A = ug = tq of (3.17) is

o0 (tae™ 113 q)oc
3.19 n(cos Oty 1) 1" = : ‘
(3.19) nZ:OP (cos bty 1s) (1 — tt1e9)(t1tg, thie=?; @)oo

qtty [to, t1e? ttie?

X302 q,tee
qtt1e tt?

—16

Since p,, is the n th moment of u(z;a,b, ¢) and p has a compact support, then

< du(u;a,b,c)

(320) > 2", :/
n=0 oo

po— z ¢ supp{u}.

This gives a direct evaluation of the Stieltjes function (the right-hand side of (3.20)) for the big
g-Jacobi polynomials. The result is

> du(u;a,b,c) (t2e™,81/2; @)oo
(3.21) / - i0 —i0 /.
N (z — t1€) (t1t2, t1e79 /25 ) oo
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qt1/toz, t1e t1e /2
X 302 q,tae
qt1e? )z, 12z

0

The relationship (3.21) is in [14] but the present proof is much more elementary.

The Al-Salam-Carlitz polynomials {V,*(z;¢)} have the generating function

UJ
(@ @)n

nn 1/2vo¢(x q)

(3.22) i(xw q Z

(w, cw; q)oo

Clearly we can identify the right-hand sides of (3.22) and (3.18) by choosing ¢, = 0 and adjusting
the remaining parameters. The V,*’s are also moments and their multilinear generating functions

will follow as special cases of this work.

4. Poisson Kernel and Multilinear Generating Functions. In this section we use the results
of 83 to find the Poisson kernel and multilinear generating functions for the Al-Salam-Chihara

polynomials.

We evaluate the action of L5, on 28(A%;q)s /(17 @)oo in two different ways and generalize

(3.17). The calculations are similar and the result is

(A
(4.1) > éuq)q Ptk (cos bty ta) p"
n=0

ajq, aq, abgq/c
302 q,q
Aag, aq/c

_ (aq,bq,cq, abq/c;q), | a*q* (Aag, abg/c;q).
(¢/a,abq/c,abg? q)., | (naq,aq,abg/c;q),

k+1

quc, cq, bq
A gP (Neq, cqfa; q)
) © . by q,q
(,ucq,cq,b% @)oo Acq, cqfa

Recall that the relation between a,b,c and t1,ts,e? is as in (3.9). We cannot simplify the above

combination because we do not have an suitable analogue of (3.16).

We now come to the Poisson kernel of the Al-Salam-Chihara polynomials. Set

(4.2) o= Slei¢/q7 B = 52€_i¢/q7 v = 81€_i¢/Q-

15



Theorem 4.1 The Al-Salam-Chihara polynomials have the bilinear generating function

e t t
(4.3) > : : Q)Qtn pn(cos 0 t1,t2)pu(cos ¢; 51, S2)
n=0

B (sle 0 50671 111516 2516} @)oo
(5189, 0729 151610+9) t5i(9=0): )

5160, 596 t51 019 tg, e (9=0)

X403 4,9
qe?'® ttys1€', ttys,€'?

(516", 52€', ttys1e™, ttasie™"; q)o
(51592, €29 t5,610=9) t5,e=10+9); ¢)
51679, 55677, 1510710F) 15, ¢70=0)

X403 4,9
qe*%‘ﬁ, tt1 sle*w, tt951 e~

Proof. In (3.18) replace t by tx and apply L, s, to both sides of the resulting equality. The result

is

> (tito;
(4.4) > mtnpn(cose t1, t2)pn(cos ¢; 1, 52)
n=0

(51677, 5067ty 51€% ta 51675 q) oo
(5152, 629 £5,10+9) t5,eld=0); q)
5160 596" t51019) tg ei(@=0)
X 403 »
qe*'? tty51€ ttys e
€729 (5161 5061ty 5107 thas1€7: q) oo
(1 — e729) (5189, qe2? ts1610=9) t51e71049); ¢)
5167, 90”1 t5 e~ 0+9) tgeil6—9)

X 43 4.9
qe*M), tt1 sle*w, ttgsle*id’

After some simplification this implies (4.3) and the proof is complete.

In this generality the 4¢3’s in (4.3) can not be combined into a single basic hypergeometric
function because they are not necessarily balanced. Recall that a ,.1¢, is balanced if the product
of the numerator parameters times ¢ equals the product of the denominator parameters. On the

other hand it is easy to see that the 4¢3’s are balanced if and only if s159 = t1ts.

16



Theorem 4.2 If s1s9 = tity then

= (tit2; @)n
(4.5) > ((ql ;) znt Pn(cosO;t1,t2) pu(cos ¢; s1, s2)
n=0 y4/nv1

(tt151€% ttys1€ ts180e? ts2e; ) o
(tt1t981€10F9) ts1ei0=9) t5,e1049) ts1eUP=0): )

$2t59€" 0% [q, 517/ qls2€" O D/2 | — g1\ [qtsye!OFO)/2 tyei0 1"

s1\/ts2/qet 0T 9/2 g\ [tsy [qe!0TO)/2 tt51€', ttys1€™®,

81€i¢, 826i¢, tslei(9+¢)

X g7

q. tsle—i(e'i'd))

tslsgew, S%tew, 5189

Proof. Formula (2.10.10) in [12, p. 42] is

A,Q\/Z, —Q\/Z,B,C,D,E,F

A2q2
(4.6) 87 i
VA, —V/A, Aq/B, Aq/C, Aq/ D, Aq/E, Aq/F
Aq/BC,D,E,F
a 493 ,

Aq/D, Aq/E, Aq/F, Aq/DEF: ¢; q)
(Aq/D,Aq/E, Aq/F, Aq/ 4;q) Aq/B. Aq/C. DEF/A

(Aq,Aq/BC,D,E, F,A*¢*/ BDEF, A*¢*/CDEF; q)
(Aq/B,Aq/C,Aq/D,Aq/E, Aq/F, A’¢*/ BCDEF, DEF/Aq; q) o
Aq/DE,Aq/Df, Aq/EF, A’¢?/ BCDEF

X 403 q,q
A%¢*/BDEF, A%¢*/CDEF, A¢>/ DEF

Choose
A= 5%t5,6"019) Jg B =1, C =t D=s5 E =55 F=tse
in (4.6) to replace the combination of 4¢3’s in (4.3) by an g¢7 taking into account that t1ty = s15.

The result is (4.5) and the proof is complete.

Theorem 4.2, in its present form, was proved independently in [6] and [16]. When ¢; = s;
and t, = so the generating function (4.5) becomes the Poisson kernel for the Al-Salam-Chihara

polynomials since their orthogonality relation is

(t1e%, t1e79 tae? tae™; q) oo

(4.7) /ﬂpm(COSQ;tl,tg)pn(COSQ;tl,tz)
0

17



210 (q; q)n t3"

= Omon-

(q,t1t2; @)oo (tit2; @)

One can generalize Theorem 4.1 by multiplying (3.18) by x*, replace = by xt then act with £, ..
This leads to our next result.

Theorem 4.3 We have

> (tits;
(4.8) Z ((ql_;)qzntn n(cos 0;t1, ta)pryr(cos @; s1, 52)
—o \4,

— (s,67)* (5167, 50€7" tty 516", ttr51€"; ¢) oo
- (5152, €729 151€10+9) t51€1(@=0); q)
5160, 596 t51019) tg €190
X 43 qaqurl
qe?'® tt151€', ttys,€™?

id L (5169 506 11517 t95167; q) 0o
(8189, €29 ts1€10=9) ts1e=10+9): q)

s1€70 597 tse H0F9) tgei0-0)

+(81

X403 4,9
qe*%qs, tt1 sle*w, tt951 e~

Note that (4.5) and (4.8) will look more symmetric if we replace t by ¢/s;.

Our next result is a multilinear generating function for the Al-Salam-Chihara polynomials and
was motivated by our earlier result in [18] for continuous ¢-Hermite polynomials.

Theorem 4.4 Ifaq = t1€", bq := tse™, cq := t1e7 then the Al-Salam-Chihara polynomials have
the multilinear generating function

\ (agj—1a25;q)n,
(4.9) Z H{ i ) pnj(0089j7a2j—1,a2j)}pm+~~+nm(0059,751,752)

n1,nm=0 j=1 T (g Q)nj (a2] 1)”7

m

(bg, ¢q; @)oo i {(aq/\ja2j—laaq/\ja2j;Q)oo}

~ (¢/a,ab? @) 13 | (aghje®, aghie ;)

aq, abq/c,agh1e® aghie - agh,e?m agh,, e
X2m+2¢2m+1 q,q
GQ/Q aq)‘lala aq)\la% Ty aq)\ma2mfl> aq)\ma2m
(aq,abq/c q 0o T Cq)\-an I;Cq/\'a2jQQ)
+ H 10 —i0; .
(a/c,abq?; q) o joi (cqhje®i, cqh;e=%i;q) oo
bq7 cq, Cq)‘lelelv Cg)‘le_iela T Cg)‘mewmv chme—ié’m
Xomi2Gam41 q,49
cq/a, cqhrar, cqhias, - -+, CqARA2m—1, CqAmGom

18



Proof. Rewrite (3.18) in the form

(agj_l)\jl'7 a2j>\j$; Q)oo _ i (a2j71 Q245 q)nj

4.10 - -
(10 O ae Age 5 q)oe — 22 (g50)m (a2 1)

mn4 n;
P, (€OS 05, agj 1, agj) N’ x"

Multiply (4.10) for j =1,2,---,m then apply L,p.. The result is (4.9).

Note that we may replace x in (4.10) by % then apply L, .. The result will replace

Pra+-+nm (COS 97 tl; t2)

Peing++emnm (COS 97 t17 t2)

The ¢ functions will get more involved and become g-analogues of the Wright functions but we do
not really gain anything with this degree of generality. Another variation is to multiply by z* before

acting with £, .. Here again there is nothing conceptually new.
Finally we mention a similar case when the number of a’s is odd. In this case we multiply (4.10)

for j =1,2,---,m, multiply the result by

(a2m+1)\m+1x; Q)OO — i (a2m+1; Q)nm+1 )\nm+lajnm+1
()\erl];; q)oo m

S (/) P
then apply L.

5. Continuous ¢-Ultraspherical Polynomials. The continuous g-ultraspherical polynomials
{C.(x; Blq)} have the generating function [12, (7.4.1)]

(tBe? tBe™; q) oo
(te?, te=: q) oo

(5.1) i Cp(cos 0; Blg)t" =
n=0

Their orthogonality relation is [12, (7.4.15)]

(5.2) /(: Cin(cos 0; B|q)Cy(cos 0; Blq) (Be29, Be=2%; q)

_ 27(8, 84 @) (8% @)n(1 — B) 5
(@, 8% @)oo (¢:0)u(1 = Bgm) ™"

do

Comparing (3.18) and (5.1) we find

((ﬁqQ7q(]>)“ B—ne—ine pn(COS 97 5€i0, /86—7;9)‘

(5.3)  Cu(cosb; Blq) =

19



This means that we can translate every generating function in §3 and §4 to a generating function

for the C,’s. For example (3.19) becomes

CODoF

n—O )n

(56_%9’ Btew; Q>oo
(1 —te®) (8% te™; q)o0
qteie/ﬁ’ B€2i07 tei@
X302 q, Be="
tei@7 6t€i9

(cos 0; Blg)t =

Another example is (4.3) with
ty=pe”, ty=PFe", s1=pe?  sy= e,

which yields

(5.5) f_'fo G, 03 8l)C cos i o)

Bla
_ (Bla Ble 2Z¢7 tﬂei(9+¢)7 tB€Z(¢_0)a Q)oo
(B 70, tei0F0) 1ei970); g)
X 43 4,9
qe2®. Btei0+9) Btei(@—0)
(/817 /8162i¢7 tﬁei(ei(ﬁ% tﬁeiiw*»d)); Q)OO
(6%7 €2i¢7 tei(0—¢>)7 te_i(0+¢); q)oo

X403 q,q
qe 2 Btei0=9) Bte—il0+9)

When 5 = 3 the 4¢3’s in (5.5) combine into an g¢7 and the result is

(5.6) Z (cos 0; 8]q)Cr(cos ¢; Blq)t"

n—O ”
_ (tﬁe oo 30D, 1807 456704 )
- (tﬁ2@i(9+¢) tei(aﬂﬁ) tet(0+¢) tei(¢*9)'q)oo

ﬁ2tez(6+¢)/q ﬁ\/_e (6+9) /2 6\/_6 (6+9)/2 ﬁ 56219

3 / ge'0+0/2 _g. [t / 0T0)/2 Bei(6+6) Bpoi(6—6)

562@, B, t61(9+¢)

X g7

q, te—H0+¢)

[tel0=9) pteil?+e) 32
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The kernel (5.6) was evaluated by Gasper and Rahman in [13]. Their form of the right-hand side is
different but one can transform our answer to theirs by using the two term transformation (2.10.1)

in [12] connecting two very well-poised g¢7’s with the choices
a= %0 h=e=p4, c=pBe2 d=Be2 =109

Note that (5.5) is a special case of (4.5) because (4.5) has three free parameters among tq, to, s,

s9 but (5.5) has only one free parameter, the parameter f3.

We now introduce another measure whose moments are the continuous g-ultraspherical polyno-

mials.

Theorem 5.1 Let

(8, 8u? @)oo X (q/5,qu? /B q)n
(4,42 q)oe nzo (¢, qu% q)n s
(8, Bu?; qooz Q/@qu ?/B; On
(v @) = (¢ qu=2q)n

(5.7)  v(x;5,u)

5 Gn/u.

Then

00 n —2. -n 2
[ vty ) = P 2¢1( q", Bu

(@) - u?/B

q,q/ﬂ) :

Proof. It is clear that the left-hand side of (5.8) is

B
).

(5.10) A=gq/B, B=qu’/3, C=q*®, Z=q"F,

o) BP0 ¢1<q/6,qu2/6

(¢, v™% @)oo qu®
BB (Q/ﬂ,qu 2/
2W1

—+u
(anQ;Q)oo qu

In (3.3) we make the choices

and the expression in (5.9) simplifies to the right-hand side of (5.8).
Corollary 5.2 We have

(5.11) / y" dv(y; B, e = Cp(cos 0; Blq).
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Proof. Denote the right-hand side of (5.8) by 7,(6). Then

i i Z”: @D ngn (475U @) (q)”_k
n=0 n=0 k=0 aQ) ( 17”U2/67Q;Q)n—k 5 ‘
) 0o n BU 7q o kuk n (/Bu_27Q)k -
nz:%) 7;);;) (@ Dn—r (¢ @)x ru
_ [ B0 k] [ (B @uu™ ™, ]
- Z Twoe S w0

Using the g-binomial theorem (3.10) we get

> n (Btu™l, Btu; q)oo
%rn(e)t T (tu,tu )

and the corollary follows from (5.1).

We note that (7.4.2) and (7.4.4) in [12] show that the expression (5.9) equals C,,(cos0; 5|q)
which also equals the right-hand side of (5.8) with u = €. The proof given here makes this work

as self-contained as possible.

Let

(512) Loaf) = [ J)dvly: 6.

Our next result is a bilinear generating function for the continuous g-ultraspherical polynomials. It

follows from (5.1) when we replace 3, 6 and t by (1, ¢ and yt, respectively, then apply Lz .

Theorem 5.3 The continuous q-ultraspherical polynomauals satisfy

(5.13) ZC’ (cos 8; Blq)C(cos ¢; Br]g)t"
_ (67B67219761t6 9+¢))Blt€i(97¢);q)oo
(g, 6729 tei0+9) 1ei0=9): q)
X 4h q/B,qe*? ] B, te0+9) tei0=0)
493 q62i9 5 tei(0+e) B Lei(0—9)
(8, B, Pt @), Byte 1049); )
(g, €2, 1e100), te=10+0); g)

Q//87 q€_2i9/ﬁ, t@i(¢_6)7 te—i(9+¢>)
X403

q, 62)
q, 62) :

+

q672i9’ /Bltei((i)fg)’ ﬁltefi(9+¢)
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Theorem 5.4 The continuous q-ultraspherical polynomaials have the bilinear generating function

(5.14) ZCn+k (cos 0; Blq)Cn(cos ¢; B[ g)t"

n=0
_ ikt (B, Be™29 Bite’0F9) B1te0=9): q)
N (q,e=29 tei(0+9) tei0=9): q)
P B Ll
493 qezw 8 tei0+¢) , Byte i(0—a) q,P"q
L oik0 (B, B0 Bite’ @0 Bite 10+ ¢

(g, €2, teio=0) 11040 q)

w q/B,qe7*?/3,te @70 11 0F)
4¥3 ge=20. Bitei8=0) | 3 te—i0+9)

q, ﬁqu) .

Proof. Multiply (5.1) by y* then apply the procedure that led to (5.13).

It is clear that the left-hand side of (5.13) is symmetric if the ordered pairs (0, 5) and (¢, 51)
are interchanged. Imposing this symmetry on the right-hand side of (5.13) leads to the surprising

transformation formula which is of independent interest. We shall state this as a theorem.

Theorem 5.5 The following combination of 4¢3’s is invariant under the exchange (0, 3) — (¢, 1)

q, 62)
q, 52) :

We conclude this section by stating a multilinear generating function for the continuous ¢-

(/87 66_2i07 Bltei(9+¢)7 bltei(0_¢); q)oo
(q, 729, e’0+9) 1ei0=9); q) o

q/B,qe*? )3, te'0+9) tei0=9)
X403

(5.15)

qe?i®. Bitei0+®) | B, tei0—¢)
(ﬁ Be*® Bite' @~ Bite=0+9): q)
(q e2if teilo—9) Jtet i(0+9)- q)oo

q/B,qe7*? /B, te"=0) e+
X493 ge=20 Bitei@-0) g te-il6+9)

ultraspherical polynomials.

Theorem 5.6 We have

(G.16) > H{"fcnj cose‘,vmq)} st (€08 05 B )

ni,nm=0 j=1

_ (B.pe ,qu{ tae“)@w}

(q7 —210’(] oo i t ei(6+0;) t]ez(G 6)’
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q/ B, qe2® | B, 111000 ,ei0=00) ..y cil0+0m) ¢ oi(0—0m)

X 9m4+202m+1 q, /32
q62z‘€ t 5 ez’(9+6’1) t 6 ez‘(e—el)’__. mﬁme (04+6:m) tmﬁme (0—0m)

CE Be*?: q)o H{ B30 1 e 0o, Q)oo}

(q7€2197q OO i t ez(& —0) t 6—@(6’—1—6) Q)oo

q/ﬁ qe 27,9//6 t e 91 t 6—2(9“1‘91) tmei(enL_e)’tme_i(6+67n)

X 9m4+202m+1 q, 52
ge 2% 1 B0 1y Bre 00 B, e On0) g, B e O Om)

Proof. In (5.1) replace 6 and t by 6; and ¢;; respectively, j = 1,---m, multiply the results and
apply L. We obtain (5.16).

6. Remarks and Summary. The g-analogue of (2.2) is

n

(¢ Dn
6.1 < LM|p, >,= <£ > < Mlpp_i >
( ) |p q ];)(q q) (q q) |pk q |p k —q

where {p,(z)} is any Eulerian family of polynomials, [3], [15]. When £ and M have the represen-

tations

62)  £f@)= [ J@ @), M@ [ fy)du)

—0o0

then
(6.3) < LM|f> —/ / f(zy)dA(z)dp(y).

The product functional (6.3) was used in the previous sections when we repeatedly applied certain

functionals with different parameters.

It is clear that the products of functionals in (2.2) and (6.3) correspond to convolutions of
measures and as such they are very natural. It is also clear that the products (2.2) and (6.3)
correspond to additive and multiplicative algebraic structures. It was observed in [22] that in many
orthogonal polynomial systems what is designated as a variable may not be the “natural” variable.
So we denote the natural variable by s and the polynomials variable by x and write x = x(s).
A mapping s — z(s) from the complex plane into itself defines a grid or a lattice on a subset S
of the complex s plane on which the mapping is one-to-one. The functional products (2.2) and
(6.3) correspond to the linear grid z(s) = s and the g¢-linear grid z(s) = ¢°, respectively. These

are the simplest grids. The grid used is also related to a comultiplication of a bialgebra. The
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linear grid corresponds to x — = ® 1 + 1 ® x while the ¢-linear grid corresponds to v — x ® x. It
will be useful to find the comultiplication associated with the quadratic grid z(s) = s* + c¢s and
the g-quadratic grid z(s) = (¢° + ¢ *)/2. The former will give an umbral calculus for the Wilson
polynomials and Wilson divided difference operators while the latter will give an umbral calculus

for the Askey-Wilson polynomials and the corresponding divided difference operators.

It is worth noting that Slepian [26] essentially used the Rodrigues formula for Hermite poly-
nomials and the fact that the Fourier transform of a Gaussian is another Gaussian to derive the
multilinear generating function known as the Kibble-Slepian formula, [20], [26]. In the case of

Laguerre polynomials formula (2.5) also follows from
(6.4) z% " = / e (zu)? J,(2v/xu) du, o > —1,
0

by successive differentiations, [29, (3.2.5)] and the Rodrigues formula for the Laguerre polynomials.

We conclude with the list of classical orthogonal polynomials given in this paper which are
moments. For each polynomial we give the (non-normalized) measure dyu(x), the monic orthogonal
polynomials p,(x) for the measure, and the coefficients «,, and f, in the three term recurrence

relation

(65) pn+1<x) = (ZE - an)pn(x> - ﬁnpnfl(x%
for pn(x), [9, p. 215].
Hermite polynomials: ji,, = H,(ia)/i", du(z;a) = e~ />t dz on (—o0, 00),
pn(:C) = Hn(x/Q + CL), Qp = _2a>ﬁn = 2n.

Laguerre polynomials: p,, = n!L%(=b), du(x;b, o) = b=*/2e=0=22%/2] (21/xb)dz on (0, 00). Here
pn(T), a, and [, are unknown.

Laguerre polynomials: i, = n!L&(ib)/(a + 1),

ib(2 — «)
(a+2n —2)(a+2n)’

op, =1+

and

nb?*(a+n — 2)
(a+42n —3)3(a+2n—2)

511:

pn(x) and dp(x) are given in [30].
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Meixner polynomials: g, = c"my(a, 8,¢)/(B)n, du(z) = (1 — 2)Te Yz — )= 1dx on [c, 1],

pn(z) = n!(1 — )" PPre=L=a=D (25 — (1 +¢)) /(1 = ¢)) /(B + n — 1), (Jacobipolynomials)

(c—=1)((B—=2)a—2nB—2n(n—1))
(B+2n —2)(5 + 2n) ’

oy = C+

and

5, = (c=1)*nB+n—-2)n—1-a)(f+a+n—1)
" (B4 2n—3)3(8+2n —2) '

Al-Salam-Chihara polynomials: u,, = p,(cos(0);t1,t2), du(zx) is given by (1.6) where (3.9) holds,
Pa(2) = Pu(;a,b,¢;q)(aq, cq; q)n/(abg" ™5 q)n (big g-Jacobi polynomials), for a,, and 3, see [12,

Ex. 7.10, p. 186].
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