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Abstract

We establish two new g-analogues of a Taylor series expansion for
polynomials using special Askey-Wilson polynomial bases. Combining
these expansions with an earlier expansion theorem we derive inverse
relations and evaluate certain linearization coefficients. Byproducts
include new summation theorems, new results on a g-exponential func-
tion, and quadratic transformations for g-series.
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1 Introduction

The Taylor theorem for polynomials f(x) evaluates the coefficients fi in the
expansion

R ARG
(1.1) f(x)kzzofm—c)’“, T

It is possible to generalize (1.1) by considering other polynomial bases and
suitable operators. One such example, which has been previously considered
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[5], replaces (z — ¢)* by

k-1
ou(w30) = (ae®, ac=?; g, = [[ (1 — 22" + a%¥).
i=0
Since
lim ¢p(z;0) = (1 —2az +a*)F

q—1

we can consider ¢y (7;a) as a g-analogue of (z — ¢)¥ for ¢ = a + 1/a. The
Taylor theorem for ¢y (x;a) is stated as Theorem 1.1 below. In this paper
we consider two other g-analogues of (1.1): Theorem 2.1 which has a ¢-
analogue of (z — 1)¥ and Theorem 2.2 for a g-analogue of 2*. We shall
follow the notations and terminology in [1] and [4].

All three theorems use polynomial bases and the Askey-Wilson operator.
We first define the Askey-Wilson operator D,. Given a function f we set
f(e?) := f(z), x=cosb, that is

F(2) = f((z+1/2)/2), =z=¢".

In other words we think of f(cosf) as a function of €. In this notation the
Askey-Wilson divided difference operator D, is defined by
F(q"/%e?) — f(q~1/%e?)

(1.2) (Dyf)(x) = (@7 —q1/2) 7 sm@ T = cos 0.

It easy to see that the action of D, on Chebyshev polynomials is given
by

qn/2 _ q—n/2
Dan(.’L') = mUn_l(m),

hence D, reduces the degree of a polynomial by one and

. d
24P = g

In the calculus of the Askey-Wilson operator [3, p. 32] the basis {¢,(z;a) :

n > 0} plays the role played by the monomials {(1 — 2az + a?)" : n > 0} in
the differential and integral calculus. In fact

2a(1 —¢")

4 (ag'?e”, ag' e q)n 1.

(1.3) Dq(aew,ae_w;q)n =

Ismail [5] proved the following Taylor theorem for polynomials f(x).



Theorem 1.1. If f(x) is a polynomial in x of degree n, then
f@) =" fepr(x;a),
k=0

where

Nk
fo— Mq—“k-”“wwxw

and xi 18 given by

Tp 1= % (aqk/2 + q_k/2/a) )

In our recent work [7] it was realized that the basis {¢,(x) : n > 0},
(1.4) dn(cos§) = (qV/ 46, g /4e 10, g1/2),

plays an important role in the calculus of the Askey-Wilson operators and
basic hypergeometric functions. Rahman [11], [3, p. 23] had previously
used this basis for expressing continuous g-Jacobi polynomials [3] in the
basis {¢,(x)}. Since

lim ¢, () = 2"(1 - )",

qg—1

we consider ¢, (z) as a g-analogue of (z — 1)". We shall also see that the
basis {¢n(z) : n > 0},

in6

(1.5) Yn(cosd) = (1 + eQie)(—qQ_”e%e; )p_re” ",
has a nice relationship to the Askey-Wilson operator. Since

lim ¢, (x) = 2"z™

q—1
we consider ¥, (z) as a g-analogue of z". Note that as functions of 6 the
polynomials {1, (cos )} are essentially partial theta functions [14] since

’(ﬁgn(COS 9) _ qn(lfn)(_€2i07 _6721'9; q2)n7
Yont1(cosf) = 2q_"2 cos 0 (—qe??, —qe 27 ¢2),,.
In this paper we give ¢g-Taylor theorems for polynomials using {¢,(z)}
and {¢n(z)} in Theorems 2.1 and 2.2. We then explore consequences of



these results to connection coefficient problems. They are applied to obtain
connection coefficient results in Theorems 2.3 and 2.4. These two theorems
are then used to give a simple proof of our new [7] representation (Corollary
2.5) for &, the addition theorem for the g-exponential function &, (Corol-
lary 2.6) [6], [13], and another new representation for &, (Corollary 2.7).
In §3 we explicitly evaluate the coefficients in the expansion of a product
Om(x;a)dn(x;b) in terms of {¢g(z;c)}. In §4 all three theorems are used to
derive expansions for the continuous g-ultraspherical polynomials (Propo-
sitions 4.1, 4.2, and 4.3) which include known quadratic transformations.
Section 5 contains remarks on representations of continuous g-ultraspherical
polynomials and implications of Theorems 1.1 and 2.1.

We note that the g-Taylor expansions derived and applied here are dif-
ferent from the recent results in [10], [12].

2 More g-Taylor theorems

In this section we give the version of Theorem 1.1 for {¢,(z)} and {¢(z)},
which are Theorem 2.1 and Theorem 2.2. We apply the resulting facts to
the g-exponential function &, in Corollaries 2.5, 2.6 and 2.7.

It is straightforward to see that

(2.1) Dyn() = —2q1/411__q: Gn_1(z).

Theorem 2.1. If f(x) is a polynomial in x of degree n, then

F@) =" feou(x),
k=0

where

_ (g-1)F
2k gk (q; q),

and (o = (¢** + g~ /%) /2.

Jr (Dg £)(%o)

Proof. The proof is an immediate consequence of (2.1), since ¢,,((p) = 0 for
n > 1. O

It is important to contrast the series expansion of Theorem 1.1 with eval-
uations at variable points xj and that of Theorem 2.1, where the coefficients
depend on evaluations at a fixed point (.



For {1, (z)} we have the following result, which uses

22 Dtn(a) =240y (o)

Theorem 2.2. If f(x) is a polynomial in x of degree n, then

fl@)=>" fetbn(x),
k=0

where
(K2—k)/4(1 _ Nk
q 1-a)"
= D 0) .
Proof. The proof is an immediate consequence of (2.2), since if e = —1,
namely 6 = 7/2, cos§ =0, 1,(0) =0 for n > 1. O

The first application of Theorem 2.1 is to expand ¢, (x;a) in terms of
{or(x) : 0 <k <n}.
Theorem 2.3. The following summation theorem holds
(ae®, ae™"; q)n
(ag=1/4;q1/?)3y,

B g2, —q2, gl Aei? gl /A= | |, 1/2>
193 ( g2, aglA gy, |10 )
Proof. Use Theorem 2.1 and (1.3). O

We now give a direct proof of Theorem 2.3.

Proof. Use the Sears transformation [4, (III.15)] with

A= _qfn/27 B = q1/46i9, C = q1/487i9
D= aq71/47 E = _ql/27 F = q7n+3/4/a.

Then use the quadratic transformation [4, (II1.21)] with

C = qfn/Q’D _ _qfn/Z’ A2 — aq71/267i07 B2 — aq71/2ew‘



The result is that the right-hand side of the equation in Theorem 2.3 is

(q(n+1)/2’ 7q(—n+3/2)/2/a; q1/2)n
(_q1/2’ q—n+3/4/a; ql/Q)n

ag—Y/2ei0 qq—1/2c=10 g
X302 a2q12, /2

an)~

The 3¢9 is balanced and its sum is (aew,ae_w;q)n/(a2q_1/2,q1/2;q)n, see

[4, (I1.12)]. O

Although Theorem 2.3 can be proved from the existing literature we
nevertheless believe it is interesting and is worth recording as a sum of a
special balanced 4¢s3.

Since Theorem 2.2 is just an expansion of ¢, (x;a) in terms of {¢g(z)},
it is natural to record the inverse relation expanding ¢, (x) in {¢r(z;a)}.
The result is

(1410 g1 /4610 q1/2>n

23) (¢"*a,q"/*/a; ¢'/?),

g ", ae e~
= 3¢2 e 2n)/4 aq(g 2n) /4

q7Q>-

The 3¢9 in (2.3) is balanced, hence it can be summed by [4, (I1.12)], proving
the result.
We next expand ¢p(z;a) in terms of {¢g(x) : 0 < k < n}.

Theorem 2.4. The following summation theorem holds

(@ a5 = = 3 (1] a0 et (cost).
q
Proof. Use Theorem 2.2 and (1.3). O

We next give several corollaries to Theorem 2.3 and Theorem 2.4, which
concern the g-exponential functions of [9]

(2.4) E (cosBit) = £*5¢°) Z "

qt2, 7?)

X(—zq(l n)/2620’_2q(1 n)/2€—i0;q)n’



(2.5) Eq(cose oS ¢; )

_ qt5 (Jq o (60 g(1-m)/2 _gi(6-0)(1-m)/2, oy
« (te—l¢) qn2/4'
(6 On

Note that (2.4) is an expansion for &, (; t) in terms of {¢y, (x; —ig~™/2)},
so it reasonable to find the expansion in the bases {¢n(z)} and {¢(z)}.
Corollary 2.5 gives the {¢,(x)} expansion, and Corollary 2.7 gives the

{tn(x)} expansion.
Corollary 2.5. The function E;(x;t) has the representations

(7t; ql/Q)OO ql/46197 q1/467i9
Eq(cosb;t) = W%f?l _gi/? ', —t
(4o —q"*e?, —q e |
RO, A L

Corollary 2.6. We have
Ey(cos B, cos p;t) = Ey(cos b;1)Ey(cos p; t).

Corollary 2.7. The function £;(x;t) has the expansion formula

oo

(L+ ) (=e* 4% ¢*)k p2jan -
£ 0; t ) /4tk sz
g(cos Z;B (¢;q)i (1 + e2i0g—F) q

It must emphasized that the first equation in Corollary 2.5 says that the
g-Taylor expansion of Theorem 2.1 holds for the function f(z) = &;(z;t),
because

2 1/4
DyEq(cosb;t) = ltq_ . Eq(cosb;t),
(_t;ql/z)oo
E(Cpit) = ———5—
oGo3t) (qt%; ¢%) oo

Similarly Theorem 2.2 holds for f(z) = &,(z;t) because
E,(0:t) =1

Corollary 2.5 is Corollary 4.3 in [7], where two other proofs are given. Corol-
lary 2.6 is the addition theorem for &;; [13], [6]; and Corollary 2.7 is new.

7



Proof. We prove Corollary 2.5 and 2.6 simultaneously from Theorem 2.3.
We rewrite Theorem 2.3 as
 aFgP 2 (g5 ),

¢n($, CL) = kZ:O (q, Q)k(q, Q)n—k (aqu_l)/4; q1/2)2n—2k¢k (:C)

Thus
0 n2/4in n
ﬂw; ag=m)/2)
= (GDn

DR

= (G k(G Dn—

n+ktn (n—k)2/4

(aq(k_nH/ D2 2o or dr().

After replacing n by n + k the n-sum is

> a2ntn —1)"
( ) (aq 1/4/a q1/2)

= (G0
Therefore
X n /4tn n
(2.6) tz’q o0 Zq (2; aq1=m/2)
q n=0
(t*;¢%) o [OO (—a2t)n 14 1/4,.. 1/2
= (ag’",q " a; g/ ")n
2. 42 .
(4%¢%)o0 | = (@ 0)n

0 2kik
: LZ:O (4; q)kgbk(gj)]

Equation (2.6) proves both Corollary 2.5 and 2.6. If a = 4, the left side
of (2.6) is the definition (2.4) of &;(cosf;t), while the n-sum on the right
side is evaluable to infinite products by the g-binomial theorem. The k-sum
is the 2¢1 for both equations in Corollary 2.5. For Corollary 2.6, replace a
by —e'® and t by —e~2?t in (2.6) and use Corollary 2.5.

The identical steps may be performed using Theorem 2.4 to find the
{%n} analogue of (2.6)

(50700 o= ¢ /ta" (1=n)/2
2.7 n(Z;a
27 (@ ¢*)oc = (30) ke :
(% ¢*)oc i (za’)'¢ (@)
TP |2 @as
- (_a2q17n;q2)n nyn n?/4
X ——a"'t"q
Lz_% (4 ¢)n



This time the choice a = % in (2.7) allows the n-sum to be evaluated,
and the result is Corollary 2.7. As before putting a = —e'® and t = —e~21%¢
gives Corollary 2.6 and as bonus &;(0,cos6;t) = E;(cosb;t). O

Corollary 2.7 may be also proven by splitting the definition (2.4) into the
even and odd terms, applying a 2¢1 transformation to each, and recombining
the terms.

Because the polynomials {¢, (z; ag!~™/2)} are fundamental to the study
of &;(cos B;t), it is worthwhile to record another connection coefficient result
which is equivalent to the addition theorem in Corollary 2.6.

Corollary 2.8. The polynomials {¢(x; ag'=™/2)} satisfy the connection re-
lation

Y " n] 1+ad? _ (k) /27 A
On(z;0q1M/2) = Z[k] 71+a2q,k(—a2q e T A (T
k=0 q
X o (w; —igH T TRI/2),

Proof. If a = €, ¢,,(x; ag'=™/2) /a™ is a polynomial in y = cos ¢ of degree
n due to

(2.8) ¢n(cosb; ei¢q(1_”)/2)e_m¢ = (—1)"¢n(cos ¢; ewq(l_”)/Q)e_i”O.

The result then follows from Theorem 2.2 applied to a function of y, y =
cos ¢. ]
3 Linearization of Products

In this section we use Theorem 1.1 to evaluate the linearization coefficients
Ckmon(a, b, c) in

m-+n

(3.1) S (23 0)én(1¢) = Y _ Crmm(a,b, €) (w5 a),
k=0

our main result is Theorem 3.1.

We shall use the g-Leibniz role [5]

(32)  Dy(fg) = i m =2 (Dp = £ ) (Wi Dhg)
q

k=0



where
(3.3) (n9)f(x) = f(g"%e”), x = cosd.
We see that to apply Theorem 1.1 we need to evaluate 7 Dk $¢m(z;b) and

U szan(w ¢) at x = xy. It is easy to see from (1.3) that 1f x = cosf

s

(26)5~(q; )mq' 212
(0= 1) (¢; Q)mts—k

MDD (w36) =

X(bqk/2€i97bq s+k/2 q) ek
s—k s 20)°(¢; Dnd 2% o kjo i
nq qu¢n($,C) = ((q)_(1)5<2]q) (Cq k/Qe 07qu/26 QQQ)n—s-
This leads to
k
b(q,abq QaaC(In c®
'4 m,n 7b7
(34)  ckmmn(a,b,c) T (ab; Q) 2 bs (G 0c)s

(C/(l' Q)n s(bqis/ )s—i—m kqss k)
((] Q)k S(Q’ ) ( )m-‘rs k

Thus we have proved the following theorem.

Theorem 3.1. We have the summation identity

(be 0 pe=i0. )m(ce q)n
(¢, ab; @)m(q; ac; Q)
- bE=5c* (abg™; q)s(c/a; q)n—s(bq™* /a5 Q) sym—k
20 @b )r(a, ¢ @)s(65 D) i—s(@5 Dn—s (65 Drmvsi

xq* ™ (ae? ae™"; q).
The sum is so that 0 < s < min{n,k}, 0 <k < s+ m.

Mizan Rahman kindly pointed out that the spcial case a = b = ¢ of
Theorem 3.1 is (8.1.2) of [4].
We now give another proof of Theorem 3.1. First compute the k sum by

10



replacing k by k + s then observe that the right-hand side becomes

Y ST o e, a)
s>0 - (ab’ 4, ac; q)S(q; Q)n—s ’

aqseiG’ aqse_ie; @)k

> braF(bg™* /a; @)m—i "
= a*(abq®; )k (¢ 1 (e Dk

-y c*(abg™, ae”, ae™"; q)s(c/a; @)n—s(bg™*/a; Q)

a*(ab, q,ac; q)s(¢; Qn—s(¢; Om

CI;Q)-

The 3¢5 is now summable by the g-Pfaff-Saalschiitz theorem [4, (I1.12)] and
the result is that each side in the above expression equals

s>0
qu’ aqseiﬂ’ aqsefiG
X3¢2 abqs aqs+1—m/b

n 0

bm(7;a) 3 c¢*(ae®, ae™; q)s(c/a; @)ns

(ab; @)m ‘= a®(q,a¢;q)s(@; Dn—s(¢; Om

)

which is again summable by the g-Pfaff-Saalschiitz theorem and Theorem
3.1 follows.

In terms of basic hypergeometric functions, Theorem 3.1 can be restated
as

bk(Qv ab; q)m(ac, C/a; Q)n(b/a§ q)mfk
ak(q, ab; (¢ Qm—r

g " q ", abg™, qa/b
X403 ac qlfna/c qm—k+1

(3.5) ckmnla,b,c) =

q,q>, m > k.

For k > m the s-sum is now over s, min{k,n} > s > k —m, so we replace
s by s + k — m. The result is

(3'6) Ck7m,n(aa b, C)
_ b (g,a65q)n(e/ a5 @)mtn
ak(Q7 ac; q)k—m ((ﬁ Q)n-i-m—k

X4¢3 q—m’ qk—m—n’ abqk’, ql—l—k—ma/b
achfm, q17n7m+ka/cj qkferl

q,q), m < k.

These 4¢3’s are terminating and balanced and are in general form be-
cause they depend on six parameters. This is an interesting observation
because the coefficients must possess the symmetry relation ¢y, n(a, b, c) =

11



Cknm(a,c,b). This symmetry leads to the Sears transformation as follows.
Fix k as a positive integer and a terminating parameter, then observe that
Ckmon (@, b, ¢) = cknm(a,c,b) is arational function identity valid for infinitely
many integer values of m and n. This allows us to replace ¢ and ¢" by two
general parameters M and N respectively and we see that the right-hand
side of (3.5) is

V5 (q,ab,ac, ' ¥ M,b/a, c/a; q)o

(3.7)

ak(qv (Lb; q)k(abM> (lCN, CN/(I, bq_kM/aa Q)oo
ac,qa/(Nc), Mq'~*
which must be symmetric under the exchange (a, M) and (¢, N), hence
V(=M q)y, ( ¢ % 1/N,abM,qa/b >
493 4,9
)k
___da@TNae < . q)
(ac; q)r(cqa ™ N/a; @)y, ab, qa/(Mb), Ng'~* |
erating it leads to the standard form of the Sears transformation [4, (II1.15)].
When ¢ = a (3.4) implies

—k 1/N,abM, qa/b
X463 < 1 / 1 / q,Q) )
(abs q)x(bg~*M/as q ac,qa/(Nc), Mq'~*
q %, 1/M,acN,qa/c
Equation (3.7) is the version (IIL.16) in [4] of the Sears transformation and it-
(3-8)  dm(z;0)n(z;0)

(¢; Dm(ab; Qmin <~ Vg™ (bg™"/a; @)m—r
= E Okin(x;0).
(abighn = (a0, abg"™; @)k (g @k 4n(236)
This result is not new since [5, (2.2)] is
o~ b/a; @)
3.9)  ¢m(x:b) = (q,ab;q)m » Pr(z;a),
39 ()= ) = a*(q, ab; )k (¢ Om—r lzie)

so we can replace a by aq", multiply by ¢,(z;a) and apply the identity
bnir(z;a) = op(z;a)pn(x; agh). This yields (3.8). This indicates that (3.8)
is equivalent to the connection coefficients between two ¢,,’s with different
a’s, which was shown to be equivalent to the ¢-Pfaff Saalschiitz theorem [5].
Having said that (3.8) is not new, nevertheless, the special case m = n and

b = —a gives the useful connection coefficient formula
(3.10) (a2e0 26219, ¢2),
n
(=)™ g (g )y
= (a;q)n(—a* q)2
! " kzo (@ (@ Dn-r(—a% Q2n—k

X (aeié‘, ae_ie; q)2n—k-

12



4 ¢-Ultraspherical polynomials

In this section we apply Theorems 1.1, 2.1 and 2.2 to the g-ultraspherical
polynomials which have the closed form [2], [4]

Dn—k (i(n—=2k)0

qefZiG
q, T )

—~
>
)

S— |
>
—~

>

(41)  Cu(cost;Blg) = >
k=0
(B "B

and satisfy

(4.2) DyCo(z; Blg) = 2(1_5) (1-n)

a2 Cna (w3 4Bl0).
Furthermore the C),’s have the generating function [2]

(Bte, Bte™; q)oo
(tei®, te=%: q)o

(4.3) i Ch(cos8; )" =
n=0

We first expand Cy(z;5|q) in terms of {¢r(z)}. It is clear from (4.3)
that
(/Bvql/Q)n —n/4
(@%q7),
Thus Theorem 2.1, (4.2) and (4.4) imply the following proposition, which is
(7.5.34) in [4].

(4.4) Cn(Co; Blg) =

Proposition 4.1. The continuous q-ultraspherical polynomials have the ba-
sic hypergeometric representation

—n/4 (B;q1/2)n

T @),

w ( q—n/Z’Bqn/27q1/46197q1/4e—i9
493 —ql/z,ﬁl/2q1/4,—ﬁl/2ql/4

Cn(cosb; Blg) =

g2 q1/2> ‘
We next apply Theorem 2.2 using

if n is odd,

if n is even.

0
Cn(0; Blg) = {m(_l)n/z

(@%4%)n )2

The result is the following proposition.

13



Proposition 4.2. We have

Cy(cos; Blq) = (B @n (=262 g1 (1 + €29)e= 0

(4
— 1-n 1771 2—n
><4¢3< N /B, —¢*"/B

Qn/BQ 219 2 n *6_2i9q2_

Finally we apply Theorem 1.1 to C,(x; 5|q). Let

(4.5) z; Blq) = ank B)dr(; a).

This time (4.1) and (4.2) give

. (1-n)k/2
bl ) = (BT (1) Coans i)

(46) — (_1)k(/37Q)n aank qk(l_k)/2

(¢ (@ On—k
q1—2k
q7 a2/8 ) .

k—n ,k
¢ " q 0
X
2¢1 ( ql—n/ﬁ

The 2¢; in (4.6) may be summed by the g-Gauss theorem [4] if 3 = a® to
obtain a quadratic transformation (see [2] or (7.5.33) in [4]).

Proposition 4.3. We have

Cn(z; B)q)
_ (8% 5 (q”,62q”,\/ﬁe”’,\/ﬁe"'9 qq)
B2 (qiq)n Ve —BVa, — )

For our last expansion we invert (4.5), let
(4.7) Zang (23 5lq).

We shall find a,; using the orthogonality relation of the continuous g¢-
ultraspherical polynomials

(621'0, 67210

45) ] Coleos s )l ) it

_ 27(8, 485 @) (8% @)n(1 - B)
(@,5% )0 (G 0)n(1—Bg™) ™"

14




From (4.8) we get

27(8,48: 4o (8% 9);(1=0)
(4,820 (6:0);(1 —Bg?) ™’

= / (ae® ae=; q),Cj(cos 0; Blq)
0

(621‘07 6—210, q) &0
(Be?f, Be=2; q) 0
0

By writing (ae', ae™?;¢),, as quotients of infinite products then applying
(4.3) to expand it in powers of a, we see that the above expression is

o0

= g [ Cteostiaa)Cyeost: o) g o
— mzoa q 'm(cos ;¢ "|q)C;(cos b; Blq (B0 5e20, g

00 m/2 —n m—
— a™ mn [Z/] 5k /6ﬂ ) q)mfk 1 - Bq 2k

2 FO B 17

(e, e729: q)

(Be??, Be=2: q)o0 “

X/ﬂcm 2k (cos 0; B|q)Cj(cos 0; B|q)
0

Therefore

(1_6) a aj nj Bk n//Bv ) ( ,Q)k-‘rj a2k 2kn
(1= Bg/)"™ ~ kzo (@ D)1 (a8 Oty T

that is

(49) anj = ajqn] (‘é; ))] ¢ ( q]_;;];];f/ﬁ q’a26q2n>

The 2¢1 can be summed if a?> = ¢ in which case we get

(410)  du(z;V/ah)

2 n+1. n —n .
B (ﬁ(gﬁ;qij)n (22 nﬁ% 21]) BIRGEH O (3 Blq).

J=

As another example, if a®> = S the 2¢; is a sum of two terms and the
result becomes

| (1= B¢ (B @)n
(410) gu(sv/B) = "= B4 (aB: a)n

1_ 2 2] . )
XZ 6 62 n+1 ;jﬁj/Qq”]Cj(l‘;ﬁIQ)-
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5 Remarks

It is natural to ask if Theorems 1.1, 2.1, and 2.2 hold for a class of non-
polynomial functions. In [8] such theorems are given for entire functions
which satisfy growth conditions.

Theorems 1.1 and 2.1 give two alternative forms for the coefficients f
of ¢r(x), what results is

(5.1) (=47 ¢" g "L L 1)(G) = (67 + DHDE 1) (),

where
e = (gD 4 = (BHD/y o,

We do not have basic hypergeometric proofs of Theorem 2.4 and Corol-
lary 2.8. It is likely that Theorem 2.4 could be proven by splitting the sum
into even and odd terms as a sum of two balanced 4¢3’s. Applying the Sears
transformation to each sum could then lead to a recombined single sum that
is evaluable- this type of proof establishes Corollary 2.7. Nonetheless these
proposed details contrast with the ease of use of Theorems 1.1, 2.1, and 2.2.

The coefficient a,, ; in (4.9), the inverse to (4.6), can also be written as
a multiple of the g-ultraspherical polynomial

Chj(cos ;g7 " /blq), a =g~/ 27

Even polynomials in 2 may be expanded as functions of cos 20 = 222 —1,
for example [4, (7.5.40)] is

g (8;4"*)an
(@%¢"%)2n
X4¢3< q—n’Bqn’/ql/2€27,/97q1/26—27,9 .
Ba'’?, —q'%, —q )
However it can be shown that (5.2) is equivalent to the reversal of Proposi-
tion 4.2, which is

(5.2) Con(cost;fBlg) =

(6% ¢*)n
5.3) Cyp(cosb; = (=1)"—=—
( ) 2 ( 5’(1) ( ) (qg;qg)n
—2n 32 2n 2i6 —2i0
q 76 q,—e",—¢ 2 2
X s .
4¢3 ( _/Bv _5(17(] 74 >

Apply Singh’s quadratic 4¢3 transformation [4, (II1.21)] followed by the 1-
balanced 4¢3 transformation [4, (III.15)] to show that (5.3) and (5.2) are
equivalent.
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