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The Bailey-Rogers-Ramanujan group

D. Stanton

ABSTRACT. A certain group of upper triangular 2 X 2 matrices is explicitly
defined via generators. Any element of this group has an associated multisum
identity of Rogers-Ramanujan type. Several infinite families of identities are
given as examples. Different expressions for an element in the generators can
yield distinct identities. An application to the Borwein polynomials is given.

1. Introduction. The Rogers-Ramanujan identities have many proofs [5].
One idea which has been fruitful [3], [16], [17] is the concept of a Bailey pair.
This technique allows for iteration to objects called Bailey chains [3], and results in
multisum generalizations of the Rogers-Ramanujan theorems to arbitrary modulus.
The purpose of this paper is to define a group of 2 x 2 rational matrices, which
contains the standard iteration of Bailey chains. Any element of this group has a
corresponding identity of Rogers-Ramanujan type, in fact there may be many such
identities.

We review Bailey pairs and give the relevant transformations for Bailey pairs
in §2. These transformations are written as 2 x 2 matrices in §3, where the Bailey-
Rogers-Ramanujan group is defined in Definition 2. A Rogers-Ramanujan type
identity is given for an element of the group in Theorem 1 in §4. Examples of the
identities are given in §5 and §6, and an application to the Borwein polynomials is
given in §7.

We use standard notation for g-series found in [2], [12], and we shall also use
the Jacobi triple product identity

>0 2
(1.1) > e = (0% —qx, — ¢/ 0 )

n=—oo

2. Bailey pairs. In this section we review Bailey pairs, and give the versions
of the transformations on pairs which are needed for the Bailey-Rogers-Ramanujan
group.

Recall [3] the definition of a Bailey pair.
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2 D. STANTON

DEFINITION 1. A pair of sequences (an(a,q), Bn(a,q)) is called a Bailey pair
with parameters (a,q) if

= arCLQ)
aqzz

r— n r aQ7 )nJrr
for alln > 0.

The first example of a Bailey pair, which will be used throughout this paper,
is the unit Bailey pair

1, ifn=0
0, ifn >0,

. 2n
(0) a, (CL, q)n (1 —aq ) —1)" (g)
q q\2/.
(e ) = (a)n (1—a) =1
Bailey’s lemma [3],[17] takes a Bailey pair (a,(a,q),Bx(a,q)) and produces
another Bailey pair (o, (a, q), B},(a,q)) with parameters (a, q). One limiting case of
Bailey’s lemma is denoted here by (S1)

(UBP) 50(a,q) = {

2
a.(a,q) =a"q" a(a,q),
(Sl) n qu2

ﬂ;z((% Q) = kZ:;) (qTﬂk(aa Q)'

’ )n—k

If we start with (UBP), apply (S1) twice, we have

n 2r, 212 (0) (

Ao =

q; Q)n—T(a(L q)n+r
(2.1) —Z

The Rogers-Ramanujan identities modulo 5 occur if a = 1 and n — oo in (2.1).
Another limiting case of Bailey’s lemma is

nSCJ(J)

al(a,q) = a'%q" Pa,(a,q),
(S2) / _ s (—vag; )k k/2 k2/2
Bn(av(I) - kZ:O (q, q)n_k(_\/a—; Q)na q ,Bk;(a,Q)

It is clear from the action on ay(a,q) that applying (S2) twice is equivalent to
applying (S1) once.

Some other transformations of Bailey pairs which changed the base ¢ were
given in [11]. The following three choices, denoted (D1), (D2), and (D3), all have
(al,(a,q), Bl (a,q)) as a Bailey pair with parameters (a, q).

O‘;(a’ Q) = ar(a2vq2)v
(D1) / = (—aq; q)ar s k 2
B (a,q) = Zi(q 2 Br(a®,¢%),

_ 2
ah(a,q) =a "qg" ap(a®, %),

" (—aq; D2k 42k .
ﬁ;(avq) = Z A qk +k—2kn (=1)" kg Bk(a27q2)’
= (% ¢ )n—k

(D2)
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and
ol (a,q) = a "2q " 2a, (%, ¢%),
3 ; —1/2—kg=1/2 k+3/241/2.
> e = lg) = Q)?Zt(qiﬂ/l; q;)Ln;(’qg; q2;nak/ =
% g ) (aq) /2B (a?, 7).

The inverse versions of (D1)-(D3), denoted (E1)-(E3), follow from Theorem 2.2
of [11]. To avoid fractional powers we choose to write (E1)-(E3) in such a way that
(a! (a,q), B (a,q)) is a Bailey pair with parameters (a?, ¢*) in each of these three
cases.

n—k

(E1) 1A 4 . (—1)”—kq2(n—k)2 L
ﬁn a,q )= ﬁk} a’,q%),
(@47 kz:% (—a2¢2%;¢®)an(q* ¢ )n—k ( )
a'/r'(a47 q4) = CL2T(]2T2 T(a2, qz)
(E2) Y 4 n a2k g2 L,
6/ a,q )= Bk a’,q?),
) ,;J (—aa* ¢%)2n(a* ¢ )n—k (@)

2
O/T(a4,q4) — arqr ar(a27q2),
(E3) B (ah, g") = zn: (ag; ¢°)2n—k(—ag; ¢°)ka*¢*
e = (—a2q%¢*)2n (0" ¢*)n-r(a?q? ¢*)n

2

ﬁk(a2a q2)‘

For changing the base ¢ to ¢ we have one possibility and its inverse, denoted
(T1) and (T2). In (T1) (/,, ) has parameters (a3, ¢®), while in (T2) it has
parameters (a, q).

2
an(a®,¢*) =a"q" ar(a, q),

(T1) s o3 s (ag3@)3n-ratq
/Bn(a 7q ) _kZ:O (a3q3;q3)2n(q3;q3)n7k5k(a7 Q)7
aj(a,q) =a~"q " a,(a®,q°),

(T2) B (aq) =3 L Nl 4 )atniy

o~ <7>2n< @)
x (~1)Fg*(z) "ﬁn_k<a3,q3>.

3. 2 x 2 matrices. In this section we realize the operations of §2 on Bailey
pairs as 2 x 2 matrices. These are the generators of the Bailey-Rogers-Ramanujan
group in Definition 2.

We are concerned with iterating the transformations (S), (D), (E), and (T) of
§2. Our initial choice is always the unit Bailey pair (UBP) with a = 1. We shall
also assume that each iteration yields a Bailey pair with parameters (1, q). We have

al(1,9) = ¢ a9 (1,¢").
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for some rational numbers A and B. Thus we need only keep track A and B while
carrying out the iteration.
We encode a transformation

2
al(1,9) = ¢* a.(1,4%),

where (o, (1,q), 8,(1,q)) has parameters (1, ¢q), by the 2 x 2 matrix
1 A
0 Bl
We next check that matrix multiplication on the right does correspond to the
composition of transformations. If

2 2 2
O[;/(Lq) — qu a;(quD) — qu +ADr O[T(quBD%

the corresponding matrix is
1 C+4Dp] _[1 4A][1 C
0 BD “ 10 B||0 D|°
With this notation we see that

sv=y 1] s2=]5 P on=[5 5] o5 |

(D3) = [(1) _12/2]’ (B1) = [(1) 1(/)2]’ (B2) = [(1) %3}

|1 1/4 |1 1/3 1 -1
3=y 1| =g 5] @a=]5 G
DEFINITION 2. The Bailey-Rogers-Ramanujan group is the subgroup of 2 x 2
upper triangular rational matrices generated by

{(51),(52), (D1), (D2), (D3), (E1), (E2), (E3), (T1),(T2)}.

Even though (S1), (E1), (E2), (E3) and (T2) are unnecessary as generators, it
will be convenient in the following sections to keep their designation as generators.
There are other relations amongst the generators, for example

(S1)(D1) = (D1)(S1), (E2)(D3) = (52).
4. The Rogers-Ramanujan type identities. Let
g:wle"’wk+1

be an element of the Bailey-Rogers-Ramanujan group, with each w; a generator
from Definition 2. Suppose that the corresponding Bailey pairs are

(a20)767(10))7 (04511)7 Br(zl))v Ty (agzk+1)a /Br(zk+l))

Let the corresponding relations for w;11 between B,(f) and ﬁq(fﬂ) be expressed

as
n

B = Z M@ gf)’ 0<i<k.

n,S;
si:0
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We say that M is the infinite lower triangular matrix corresponding to w;,. For
example, if wy; = (S1), then

2
MO = g% /(g; Q) nr

THEOREM 1. If w = wiwsy---wiy1 S an element of the Bailey-Rogers- Ra-
manugjan group, the corresponding finite Rogers-Ramanujan identity is given by

k+1) _ 3 D O
187(1 + ) - Z MT(L s)k : Ms(z,)sl Sl,O -
n>sp>->851>0
(k+1)
_Z (¢ @Q)ntr (@ Dr—r”

where M) is the infinite lower triangular matriz corresponding to wi .

PROOF. The first equality is the expression for ﬁﬁf“)

as a (k + 1)-fold sum
over Bgo). This sum reduces to a k-fold sum because of the (UBP) condition. The

right side expresses the fact that (agﬂﬂ), 7(Lk+1)) is a Bailey pair with parameters
(1,9). O

Next we consider the n — oo limit of Theorem 1. Let

1 A
W= ww - Wg4+1 = 0o Bl

The right-side of Theorem 1, using the (UBP) and the Jacobi triple product identity
(1.1), approaches

(q2A+B qA-f—B,qA q2A+B)Oo

1) (9%

The left-side will have a termwise limit if

lim M*F) = M®

— 00 n,Sk 0,8k
exists. This is the case if w41 = (S1), (52), (D3), (E2), (E3), or (T'1). If
wi4+1 = (D1) or (E1), we see that

exists. It will exist if wy = (S1), (52), (D3), (E2), (E3), or (T'1), otherwise we
may need to replace si_1 by n — s;_1 and continue.

We also see that wy = (D2) or (T2) will lead to interesting identities, even
though the termwise limit does not exist. Each term will be a Laurent series, yet
the sum has a limit with no negative powers of ¢ as n — co. Several such examples
are given in §5.
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5. Single sum identities. In this section we record which single sum
Rogers-Ramanujan type identities appear from words of length 2 in Theorem 1.
In each case we have taken the n — oo limit in Theorem 1 and multiplied by the

infinite product occurring in Méf)sk Each of these identities has many multisum
generalizations by considering longer words, a few are given in §6.

Rogers-Ramanujan identity (Slater (18)):

suesy =g 1.

2
i ¢ (@)
— (¢:9)s (¢ ) oo

Bailey’s mod 9 identity (Slater (42)):

sy =g Val.

Z(%0%)2s(6%d%)s (%56
Rogers’ mod 7 identity (Slater (33)):

2
i (4 9)3s (¢°,4* q°;¢°) oo
( .

Es) = |y Vo,

2
i g% (@44 %4 )
( .

(0203 d)s (30D
Rogers’ mod 5 identity, (Slater (19)):

ENED = |y 1))

= (~q:a)2s(e%d®)s  (6%¢))w
Rogers’ mod 5 identity (Slater (20)):

o0 2
3 (—1)5¢g>* (@°, 4% 4% %)
( .

EED = |y 4]

2
i ¢ () (-5
= (a*5q%)s (4% 6%)oo

Slater’s identity (36):

s =g 7.

 (— %) 2 1
2@ T

= (0%¢%)s ¢ 4% 4" q%) e

Slater’s identity (39):
132
s = 7.
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2
i 7> _(%.¢°,¢% ¢%)
= (0% ¢%)s(—a:¢%)s (@% %) oo
Slater’s identity (53):

(B3)(S1) = [1 s

0 1/2
ZOO 0* (6:¢%)2s _ (67%.4°,4"54")
4. 4
s (€% q%)o

mod 4 identity:
1 -2
(D2)(52) = [0 it

— (—46Ds st o2 (@9
2 ;q)s( D™ (050

oy =y ]

i (q_l;q2)s(q3;q2)sq232 (644 0%)

= (%¢%)s (4% 4% ¢5)o0

mod 6 identity:

mod 8 identity:

B2 = |y Vo).
(4:4%)2s (=% 0D)s 22 _ (0,07 0)e
(4% q%)2s (4%,0%¢%) o0

o=y ).

(—q; q2)sq32+zs _ (0% 4¢"?)

V]2

Il
o

S

mod 12 identity:

(g% q%)s (@3, ¢* ¢% ¢° "%

NE

®
Il
o

mod 12 identity:
1 5/6
s = Vs
i (=% 4%)s(a% ¢%)3s = (@"%,6°, 475 4') 0o (—4%; ¢%)

= (¢54%)2s(¢% %)~ (4% 4500
mod 4 identity:

oy =g .

n 2n+1.

7q_1)38<q3;q6)n—5 (_1)s+1q3(§)7n2+3(n73)+1 _ 1 )
(¢%:¢%) oo

lim (g T3
n—+oo £ (4 ¢°)s
mod 2 identity:

SR Al

n 8n+4. ,—4 3.,.6
nh_{%OZ (q y 4 )33(61 4 )2(n—s) (_1)s+1 12( ) —4n?+1

q ¢ q
(q'%;¢'2), = (@)

s=0
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mod 10 identity:
132
<S1><D3>—{0 ol

i Z )2s(@ 2, 3¢ ) - _2 (69,47,6% ¢
n— 00 43+2’

In—s(a* q*)s(q% ¢*)n—s (g% ¢2)%

mod 7 1dent1ty.
1 2

n 2n+1

3 72 5.7
- Z )3sgq L )2(n ) (_q)sgp)-n* _ (¢"¢% ¢4 )
n—o0 £ )s(q3; %) (2:9)
mod 8 identity:

s =, ).

s\ _ 2
" (@207 2)50(0% 0o (1% (807, 4b %)

lim E
n— oo
s=0

mod 5 identity:

(45;4%)s(—4%;4%)n—s (4% %) n—s (%)

2 =g 5]

n An—+2.

s\ _ n2
1 072)35(0% %) om0 (—1)*® D)2 (g5 g4 gL %)

. (q
lim =
n—mz (4%:65)s (=435 ¢3)2(n—s) (455 @5 ) n—s (¢%:¢%)

s=0
mod 2 identity:
1 =52
T

N @055 (07 0% 0 ) s e o(3)—2n?ro 2
lim —1)°" q " q;q
2 (45 4. (—1) = (4:¢*)%
mod 2 identity:
(1 =32
a9 = 2.
i z": (=% d*)2s (a7, %42 ¢%) (q‘27q6;q4)sq_52+4 _ (@)%
n—00 (%7250 n—s(q*; q*)n—s(a* q*)2s (4% 4*)

s=0
mod 2 identity:

vy =g

(422 n—s(q%; q*)s (6%

. n —q; Q)2s( 1)n s+1q52+35—25n_n+1 )
1m E
n—oo

s=

mod 2 identity:

sum2 =g ).

— 2 — —
i i (_q; q)2s(_1)n sqs +s—2sn—n _ (_q2;q2)oo
n—o0 £ (4% 6%)n—s(a% 6%)s (¢ 9) s
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mod 6 identity:
(D1)(D3) = [1 ‘1/2} ,

0 4
_ .2
. Z —0%6%)2s(a 7, P )nsg T (6% 0N 0% 0%
n—o0 43” $ 0 n—s (0% q*)n—s(a% ¢%)s (% 0°)%

mod 6 1dent1ty:

sa09 =y ]

2
lim Z s(q‘l‘zs ) n-sa” (@%4,0°¢%)x
n—ro0 48” (@b @) n—s(a 0 s (=% 4%)s (¢%*)%
mod 6 1dent1ty:
1 1/6
o3 =g 45
—3 65 65+9 ) ( .q 7 )Sq 352 B (quqs;q(s)oo

nhféoz 12s+6 _( )n-s(a® %2 (%%

6. Multisum identities. In this section we give several specific examples of
multisum identities which correspond to group elements via Theorem 1.

Andrews-Gordon identities, (k > 1): Since

1 k+1
k+1 __

the result from (4.1) is

ST+ s 2k+3 k+2 k+1.

)3 q _ (g

msn im0 (@ D=2 (G Dz s~ (6D, (¢ 0)os

2k:+3)oo

Bressoud identities, (k > 2): Choose

sy =g F.

the result from (4.1) is

>

512822-~~28k_120 (q’ Q)slfSQ (Qa q)32783 T (Qa Q)sk,278k71 (q27 q2)8k,1

q5§+"'+5i,1+5k—1

(g%, q" 1, ¢ g%F)

(4 9) oo

o0

mod 2" + 2i identities, (k +i > 2): Choose

DU = [ ]
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grrrioatobst B g im0 (g2 7))

> S
kti—2 2i+1. oj+1
5k+i712“'251250:0Hj:; (q; q)57+1_51 j=0 (q 4 )skfjiskfjfl
_ (@ e )
(45 9) o0

If £k = 0 these are the Andrews-Gordon identities, while for £k = 1 they are the
Bressoud identities. The ¢ = 2 case was previously given in [11, Corollary 4.4].

mod i28t1 + 1 identities, (k + i > 2): Choose

EVEY = |y 5],

Z qQk(8i+i71+"'+5i) k1 (_1)5j+1—5jq2j(5j+1—5j)2
k+1—2 ok, ok H 2i+1, 2i+1 27, 27
Sk+¢—12"'251280=0nj:k (q 34 )5j+1—Sj j=0 (C] 4 )3j+1*3j( 974 )23j+1

q 4 54

(¢*3¢* )

If £ = 0 these are again the Andrews-Gordon identities, for k = ¢ = 1 they are
Rogers’ identities for modulus 5.

mod (i + 1)2**! — 1 identities, (k +i > 2): Choose
1 1+i— 2—’@}

(qi2k+1+1 i2k41 2k, i2k+1+1)
) o0

(B2 51 = |

0 2=k
Z qQk(5i+i—1+”'+5i) kl_[l q2j85
k+i—2 2i+1, 2j+1 20, 20
Shpi 1> > >5020 H]:;{: (q2k : q2k)8j+1_5]' =0 (q 5 q )Sj+1*$j ( q5q )2$j+1
(q(i+1)2k+171’ q(i+1)2k’q(i+1)2k71; q(z‘+1)2’“+171)OO
a (@®":¢* )0

If £ = 0 these are again the Andrews-Gordon identities, for k = ¢ = 1 they are
Rogers’ identities for modulus 7.

mod (2i + 1)3* identities, (k +i > 2): Choose

1 i+ (1—377)/2

e P

q3k(si+i71+~~-+si)

>

k+i—2 3k, 3k
5k+i—12"‘251250:0]~_[j:]€ (q ’q )8j+17$j

k—1 i gi 72
% H (qgj;q3j)38j+1—$j q3 SJ
o (q3J+1;q3]+1)2sj+1 (q33+1;q3J+1>sj+1_Sj
(q(2i+1)3’“ q(2z‘+1)3’“/2—1/2 q(2i+1)3k/2+1/2'q(2i+1)3k)oo
N (**5¢% oo '

If Kk =4 =1 this is Bailey’s mod 9 identity.
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mod 3¢ + 2% — 1 identities (i > 1,k > 0): Choose
A o
(DL (T1) = [1 SO, .)/2] ,

0 AR
k+i—2 3i—kg2, 3i—k gj—k
Z q3i7152+7‘71 H q J(q 34 )33.7'+1_5j
3j—k+1, 3j—k+1 3i—k+1, 3j—k+1
Sk+i,12“'281280=0 ]:k (q ’q )2Sj+1(q 7q )Sj+1—8j

k—1 oi i—Sh_a_ 27 9J

I g% =i mski-1) (=g ¢% Yoy,
x (2?+1, 2j+1)
j:() q 7q Sk—j—Sk—j—1

3iqok—1  2F4(3i-1)/2 (3'—1)/2. ,3"+2F—1
) .4 iq )oo

(@56 oo
If kK =4 = 1, this is the special case of the g-binomial theorem, which says that
partitions of IV into odd parts are equinumerous with partitions of N into distinct

parts.
We next give examples of mod 11 identities which are double sums. Any word

w = W1W2Ws3
14
“=lo B’

with (2A + B)/B = 11 will give such an identity. A Mathematica run finds all 16
such words. These 16 words give 6 distinct identities. We list these 6 identities
along with a representative word.

(¢ q

suanen =g Tl

0325, (356515 (GDss (6356300

351453 (- 5 6 11, 11
(6.1) 3 : A VL) R (@ ¢° 4" ¢ Mo

51,520

COIEVENE AL

0 1/4
2 2
62 Y R G O _ (@4% 4" ¢ )
(=% 0®)2s, (0% 0% 51— 50 (=@ @) 255 (0% ¢%) s (% qYe

81,8220

22 =5 Vi

2 2
(6 3) Z q252+251<_q2; q4)81 _ (q5’ q67 qll; qll)oO
(=62 0%) 25, (€% 4 s1—50 (=@ @255 (0% 0%) s (6350%) 00 (0?50 0o

51,8220
|1 5/2
0y = [y sl
2524252 5 6 11, 11
q°s2en (°,6°, 050 oo
(6.4) Z 2. 2 _ . 2.2\ 2. 2 )
(q 5 q )81—82( q; Q)252(q 54 )52 (q ;4 )oo

81,5220
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En@sisn =g V4]

0 1/4
(6.5)
2 2
T ¢**2 0 (—1)*2 (=43 ¢%) 5, (43 4%) 251 -5 _ (2°,¢% a0 )
oot (550260 (6%:0) 50 (0% 6N 51 -2 (=45 9)255 (4% 6%)s (¢4 ¢" )
E)(T1)(s2) = | L B/6
0 1/6]"
2 2
66 Y > (1) (=¢%%)s, (6% 0%)3s1—s0 (0%, 010 )
520 (8%6%)250 (6% 051 —55 (=45 9)25, (0% %), (9'%50"%)00(¢%56) o0

Note that the 2nd, 3rd, and 5th identities are distinct even though they corre-
spond to the same group element. Perhaps the easiest version of this is (51)(52) =
(52)(S1), see §5.

These six identities, particularly (6.2) and (6.5), are reminiscent of, but not the
same as, Andrews’ mod 11 identities in [4], one of which is

q
(a% a*)n(4? 6%)(q*; %) 2n2; (a*q*)o

- 2 . ) .
i (@ Danta; (=1 g 2T+ (65,4, 4" 4" )oo
n,j=0

Perhaps the most exotic double sum which appears corresponds to

IR FRVATE

0 1/9
2 2
T @211 (¢%; ¢%) 35— 5, (€5 )35y _ (@4 ")
0 520 (@%507)25, (6% 6°) 5051 (6% 6%) 241 (63 6%) s (4%:0%)oc

There are 348 words w = wiwowswy of length 4 with corresponding integer
values of 11B/(2A + B), these could lead to 202 possible triple sum identities
modulo multiples of 11.

7. Borwein polynomials. In this section we use the group element

[ )

to find alternative forms of the Borwein polynomials.
These polynomials were defined by Andrews [6] as

= [ 2n _
Anlg) = Z o 31{:] (—1)kgk(Ok=1)/2
k=—oc0 - q
=T 2n
Bn(q) = Z 3k 1] (71)qu(9k+5)/2
k=—o00 - q
[ 2 1k K(9K—T)/2
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A conjecture of P. Borwein is equivalent (see [6], [9], [15]) to the conjecture that
A, (q), Bn(q), and C,(q) have non-negative coefficients as polynomials in q. We
give in Theorem 2 an alternative form of these polynomials.

First we review some the hook difference polynomials, which may be defined
by [7]

0 dvess—reas [ N+ M
Dii(N, M;a, B)(q) = Y AT tH)=K [N—KA]
q

A=—00

_ = ANEN—i)(atB)—Kpr+8i | N+M
(7.1) >« [N—K)\Jri]q

A=—00

Note that

De «(N. M: _ — [N+M 1)k 3k (atB)/2+3k(a—p)/2
6,3( ) ﬂ@7l3)q)_ Z N_3k ( ) q )
q

k=—o00

D6,3(N7M;05757Q) :D673(M,N;B,CM,Q)
DG,S(NaM;a)Bv(J) :qMND6,3(M1N;3+M_N_a73_M+N_B>q71)
so that

An(q) =Ds,3(n,n;4/3,5/3,q9) = Dg3(n,n;5/3,4/3,q),
B,(q) =Dg3(n—1,n+1;7/3,2/3,q) = Dg 3(n +1,n—1;2/3,7/3,q),
Cn(q) =Des(n+1,n—1;1/3,8/3,q) = ¢ 'Dgs(n+1,n—1;2/3,7/3,¢7Y).
It is known [7] that if a and § are positive integers satisfying
a+ <K, —i+8<N-M<K-i—aqa,

then the D (N, M;«,3)(q) has non-negative coefficients. The next proposition
realizes fractional values as an element of a Bailey pair.

ProposITION 1. For (T1),
L. if Bn = (4;4)5, Do ,3(n, 15 0, B, ),
then B’:’L = (q3§ q3)573D6,3(n’ n; 1+ a/3’ 1+ ﬁ/3a q3)z
2. if B = (4:0)3, Des(n — L,n+ 130, 8,q),
then B, = q(q*; ¢*)3n De.3(n — 1,n+1; (5+ ) /3, (1 + 8)/3,¢%).
PROOF. If ¢ =1 in a Bailey pair, we have

n

_ 2n
Bu(L,9) = (4:0)om Y [n ~ k] ak(1, q).
k=0 q
For part (1) choose
1 if k=0,
ap = (_I)KqSKz(o¢+,3)/2(q3K(afﬁ)/2 + q—BK(afﬁ)/2)’ if k =3K >0,

0 otherwise.
so that 8,(1,9) = (¢; )5, D6 3(n,n;a, B,q). Applying (T1) we see that

B = (4*¢*)2, Do z(n,nia’, B, ¢%),
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where
3a+pB)/2+9=9("+75)/2, 3a-p)/2=9"—-p3")/2.
The solution is o/ =1+ «/3, f' =1+ (/3.
For part (2), choose non-zero values
azes1 =(—1) q3k2(a+[3)/2+3k(a Az,
azp_1 =(—1) q3k2(a+ﬁ)/2 sk(a=p)/2,

and apply (T1). O

Now we use the known values [13, Proposition 2]

(qB;qg)n—l
D: n7n;1727q = 1+qn ,
ol )= )(Q;Q)n—l
3.3
D&?’(nJrl’”_1?1727‘1):D6,3(n—17’n+1;2,1,q):(G(I’q))n_1
q;4)n—1

to obtain from Proposition 1 the following theorem.

THEOREM 2. We have

n

19)3n 1Qsn—sk g2 [3n—k| (@1¢>)k
A (P =G D3 N~ (60 3k,€{ ] L+ db).
() (@ @) = (@50 nk 2k |, (@@k—1 1+)

qBs (q3)

Zn: (q Q)?m 3k 12 {?m—k:] (% ¢*)k—1
= (0% ¢%)n- 2k |, @@k

(¢
=~ (g; Q3n 8k (k7 +h 3n—k] (¢%¢°)k
Z( [ 2k L (¢; @)k

k=1

Finding the n — oo limits of Theorem 2 gives the mod 27 identities in Slater
[14]: (93), (91), and (90) respectively.

Unfortunately Theorem 2 does not establish positivity for the polynomials, but
new recurrences do follow from Theorem 2 using Axel Riese’s ¢-Zeil package. If
Yn = qBn(¢?) or ¢*C,(¢?) then we have

T==q @+ + ")+ ¢+ T )y
+ q—6(q6 + q9 + q6n + q6n+3 + q4+3n + q5+3n)7n_1
T+ 9+ )G Dsn—6/(¢% ¢ )2, n>2.

8. Remarks. One may ask where the second Rogers-Ramanujan identity
appears from the Bailey-Rogers-Ramanujan group. The group may be extended by
a simple transformation on Bailey pairs (see [11, Proposition 4.1]) which puts

51/1(17 Q) = qn/Bn(]-? Q)'

The full Andrews-Gordon identities then appear. However once an element of type
(D), (E) or (T) is used in our word the base ¢ has changed, and only certain linear
exponents may be inserted. These, in turn, allow special sets of excluded bases on
the product sides. An example of these choices is given in [11, Corollary 4.4].
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Some of the sums involving lim,, ., in §5 have striking finite forms. For ex-

ample, the finite sum factors to

(455 ¢%)2n
(¢;0%)2n—1(1 — ¢*" 1) for (E3)(T2),
(¢:0*)n—3(q; ¢*)nss for (D3)(T2),
(4 6°)n+2(¢; ¢*)n—2
(@2 4°)2n
1-¢" —¢q

(4% 4*)2n

for (T1)(D3),

for (D3)(D3),

2n+1

for (D1)(D2).

Perhaps these elements of the group are particularly useful.

Another large set of infinite families of multisum Rogers-Ramanujan identities

has been given by Warnaar [15].

A combinatorial interpretation of the Rogers-Ramanujan identity which corre-

sponds to a general element of the Bailey-Rogers-Ramanujan group is not known.
Some preliminary work on the mod 2% + 2i identities for i = 2 has been done by
Bressoud [10].

Acknowledgment. The author would like to thank David Bressoud, Tina

Garrett, and Mourad Ismail for their contributions to this work.

10.
11.

12.

13.

14.

15.
16.

References

. A. Agarwal, G. Andrews, and D. Bressoud, The Bailey lattice, J. Indian Math. Soc. 51 (1987),
57-73.

. G. Andrews, The Theory of Partitions, Cambridge University Press, New York, 1976.

, q-series: their development and application in analysis, number theory, combina-

torics, physics, and computer algebra, CBMS Regional Conference Series in Mathematics, 66,

AMS, Providence, R.I., 1986.

, On Rogers-Ramanujan type identities related to the modulus 11, Proc. Lon. Math.

Soc. 30 (1975), 330-346.

, On the proofs of the Rogers-Ramanugjan identities, IMA Volumes in Mathematics and

its Applications, vol. 18, 1989, pp. 1-14.

, On a conjecture of Peter Borwein, J. Symbolic Comput. 20, 487-501.

. G. Andrews, R. Baxter, D. Bressoud, W. Burge, P. Forrester, and G. Viennot, Partitions with
prescribed hook differences, Eur. J. Comb. 8 (1987), 341-350.

. D. Bressoud, A generalization of the Rogers-Ramanujan identities for all moduli, J. Comb.
Th. A 27 (1979), 64-68.

, The Borwein conjecture and partitions with prescribed hook differences, Electron. J.

Combin. 3 (1996).

, private communication (1999).

D. Bressoud, M. E. H. Ismail, and D. Stanton, Change of base in Bailey pairs, Ramanujan J.

4 (2000), 435-453.

G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam-

bridge, 1990.

M. E. H. Ismail, D. Kim, and D. Stanton, Lattice paths and positive trigonometric sums,

Const. Approx. 15 (1999), 69-81.

L. Slater, Further identities of the Rogers-Ramanujan type, Proc. Lon. Math. Soc. (2) 54

(1952), 147-167.

S. Warnaar, The generalized Borwein conjecture. I. The Burge transform, preprint (2000).

, Supernomial coefficients, Bailey’s lemma and Rogers-Ramanujan-type identities. A

survey of results and open problems, Sem. Lothar. Combin. 42 (1999).




16 D. STANTON

17.

, 50 years of Bailey’s lemma, preprint (2000).

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA 55455
E-mail address: stanton@math.umn.edu



