Homework 3 Solutions

3.1.2

(a) exp(—n?t)sinnz forn=1,2,....

(b) exp[— (n+ %)2t] sin(n+ %) zforn=0,1,2,...

3.1.5
5. (a)
A Eigenfunctions Eigensolutions
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A=—w?-1< -1 coswz, sinwzx e (W 1)t coswzT, e W'+t sinwz
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(b) e toe (n +1)tcosn3:, e (7 +1)tsmn$,

forn=1,2,3,....

3.2.1d

ECOSkT

2 o0
* (d) %+4k¥1 (-1 =5

3.2.2d

2 X (—1)sin(2j+ e
(d) m jz_:o (2j+1)2

3.2.3

Solution: sin?z ~ % - %cos 2z and cos’® z ~ % + %0052:1:.




3.2.6h
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(h)

\J *“\ s not continuous.

3.2.9
(a)

a+£

f:+z f(z)dz = fof f@yde~ ["f@)dz+ [ f(z)de. (%)

But, applying the change of variables y = ¢ — £,

[ t@yde= [ fw 0 dy= [ 1) dy,

which follows from the periodicity of f. Thus, the second and third integrals in (*)
cancel, which establishes the result. Q.E.D.
(b) Using the change of variables y = z + a and part (a),

/:f(:cha)da:: f:Hf(y)dy: foef(:r:)d:c.

3.2.25
08 1 1., X, cos2jx
(a) -3 —2 -1 1 2 3 (b) f(m) ; Jr E S = ; ng 4-72 -1 .
(c) V\

The maximal errors on [—, 7| are, respectively .3183,.1061, .06366, .04547,.03537, .02894.

(d) The Fourier series converges (uniformly) to sinz when 2k7 < z < (2k + 1)7 and to 0
when (2k —1)r <z < 2kwfor k=0,£1,+2,....
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3.2.27
- sinhm = 2sinhwm X~ g coskz —ksinkx
(@ e T + T kz_zl (=1) 1+ k2

(b) The Fourier series converges for all real z to the 27—periodic extension of e*, with val-

ues coshm = %(e7T + e~ ™) at the discontinuities at ¢ = +m, £3m,.... The convergence
is not uniform because the limiting sum is not continuous.

(c)

3.2.30

(a) If F(z) is the 2m—periodic extension of f(z), then the Fourier series converges to f(2z),
which is the m—periodic extension of f(2x).

(b) The Fourier series 2 (sin 2z — % sindzx + % sin6z — --- ) converges to the m—periodic
extension of the function ?(m) = 2z for *%’.‘T <z < %'n, or, equivalently, the 27—
20z +m), —m<z< —%f.rr,
0, == % T,

periodic extension of f(z) = 1 1
2z, —sT <z <35,

2z —7), sT<zT<T.



