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Abstract

We define a plus-construction on connective augmented algebras
over operads in symmetric spectra, using a characterization of Quillen
homology due to Harper to obtain relevant information about the ob-
struction theory for cell attachment. In the case of associative and
commutative algebras, this is then applied to relate these construc-
tions to Bousfield localization and the derived completion of Carlsson.

1 Introduction

The classical plus-construction, as introduced by Quillen, is a method by
which one takes a pointed space X with a perfect normal subgroup P of
M1 (X) and produces a new space X™ with the same homology such that the
map X — X induces the quotient map 13 (X) — 11 (X)/P on fundamental
groups. The construction is typically introduced attaching 2-cells to induce
the correct map on My, and then attaching 3-cells via basic obstruction theory
to erase the new elements that appear in H,. The main interest in this
construction is Quillen’s theorem relating this to homotopy group completion.
In particular, when applied to the classifying space of the infinite general
linear group GL(R) over a ring R, the result is a space whose homotopy
groups are the higher algebraic K-groups of this ring. More general versions



of this construction allow cell attachments that kill a subgroup of T, with a
perfect action by ;.

This construction was later rephrased by Pirashvili [17]. Based on the equiva-
lence between the homotopy theories of pointed spaces and simplicial groups,
he recast this construction in terms of a plus-construction G - G* on sim-
plicial groups with a perfect normal subgroup of Ty, and in this form gen-
eralized the construction to Lie algebras. Livernet [14] later generalized the
construction to algebras over an operad in chain complexes over a field of
characteristic zero.

In this paper, we give a version of this construction in stable homotopy
theory. We define a plus construction for connective algebras over a con-
nective operad O equipped with a “perfect” submodule in some homotopy
group. The approach is based on Quillen homology, generalizing topological
André-Quillen homology in the commutative case and a structure related to
topological Hochschild homology in the associative case.

We carry this out by examining some basic obstruction theory exact se-
quences mimicing those in the case of spaces. This allows us to define an
ad-hoc plus-construction that gives a correct answer on the level of the ho-
motopy category. A more functorial construction, such as that given in [5],
would require more careful consideration.

The constructions of this paper are carried out in a “based”, or augmented,
context. An unbased version would require a more delicate investigation of
the homotopy of coproducts in O-algebras and universal enveloping operads.

Our goal is to relate this to the notions of Bousfield localization and comple-
tion. Specifically, we note that the map in the case where the augmentation
ideal of an algebra A is perfect, the map A — A" can also be identified
as a Bousfield localization, and both notions are equivalent to the derived
completion of Carlsson [4].

We now indicate some examples in the case of associative or commutative
algebras.

Example 1. The plus construction projects off summands. If S and T are
R-algebras and S % T is augmented via a map S X T - S - R, then the
plus construction on the augmented R-algebra S X T is equivalent to the plus
construction on S.



This version, in some sense, provides the “geometric” description of the plus
construction for well-behaved rings; a map of pointed objects inducing an
isomorphism on cotangent complexes at the basepoint would be expected,
locally, to be the inclusion of a component.

Several examples of the plus construction are connected to known construc-
tions on spaces or groups. The functor R [{=}) takes smash products of
spaces to smash products of R-modules. Hence, given a topological or sim-
plicial group G, we can form the group ring spectrum

R[G] =R [Gl,.

This is an associative augmented R-algebra, and the Quillen homology is the
fiber of the map
B(R,RIG,R) [RI LR - R.
RG]
However, this is naturally equivalent to desuspension of the reduced homol-
ogy object R [BIG. In particular, the Quillen homology groups of R[G]| are
shifts of the R-homology groups of BG.

Suppose MG has a normal subgroup P such that myR [PJ, = 0. Then the
image of P in the zero’th Quillen homology group meQH (R[G]) is zero, and
R[G] has a plus-construction annihilating elements of the form (g — 1) for
g [Pl

Example 2. If the group P is itself perfect, then the resulting associative ring
spectrum can be taken to be R[QBG™] for some strictly associative model of
the loop space, such as the Moore loop space.

Example 3. Suppose K [CGLn(Zp) is a finite prime-to-p group, which then
acts on the abelian group (Z/(p>°))". We can form the semidirect product

G = (Z/(p™))" x K.

If p is nilpotent in MR, then R[G] has trivial zero’th Quillen homology, and
so there is a plus construction. A model for this is given by the group ring
R[QBG)] of the associated p-compact group [7].

Example 4. Let G be a connected Lie group and G® the underlying discrete
group. If n = 0 in MyR for some N > 0, then R[G®] has trivial zero’th Quillen
homology. There is an associated map R[G®] - R[G], and this map being a
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plus-construction for any such R is equivalent to a conjecture of Milnor on
the relationship between the homology of G and G?® [16].

If the Lie algebra of G is semisimple, then the group ring R[G®] always has
trivial zero’th Quillen homology, and so we can form a plus-construction in
general. Suppose MR is Z. It is known that the second homology group
of G% and hence the first homotopy group of R[G®]*, has as a quotient a
positive eigenspace within the algebraic K-group K;(C) [18].

Example 5. The paper [13] exhibits examples of derived completions in the
case of representation rings of nilpotent groups, where a smaller ring of char-
acters gives rise to a perfect ideal in the mod-p representation ring. This
gives rise to higher homotopy classes in the derived completion.

Notation and conventions. Throughout this paper we fix a base connective
commutative symmetric ring spectrum R that forms the ground ring for
all smash products. Except where model structures are explicitly referred
to, we consider all constructions as happening in the derived sense without
comment. For example, we replace all objects with cofibrant replacements
so that smash products are derived smash products.

2  Quillen homology

We begin by recalling results of Harper on operads in symmetric spectra [11],
and give a short review of Quillen homology. Let S denote the category of
symmetric spectra, and SZ the category of symmetric sequences in symmetric
spectra. An operad under smash product can be described as follows.

Definition 6 ([11, 3.3]). An operad O in symmetric spectra is a symmetric
sequence {O(n)} [CSF with the structure of a monoid under the composition
product.

Theorem 7 ([11, 1.1, 1.3, 1.4]). Suppose O is an operad in symmetric spectra
and let Alg,, be the category of O-algebras. Then Alg, has a natural model
category structure where the forgetful functor to symmetric spectra with the
stable flat positive model structure creates fibrations and weak equivalences.



If f: O - O’ is a map of operads, then there is a Quillen adjoint pair
f*
Alg, = Algy,
f*

with f* the forgetful functor. If ¥ is an objectwise stable equivalence, then
the adjunction is a Quillen equivalence.

We point out that we use the standard term “algebras” where [11] uses the
term “left modules.”

Let O be an operad in R-modules. We begin by defining the following se-
quence of operads constructed from O.

Definition 8. The nonunital O-algebra operad O* [Qlhas O™ (k) = O(k)
for all k > 0 and O*(0) = [

Definition 9. The O-module operad My (1) [CQlhas Mp(1) = O(1) and
Mo(k) = OOF k E 1.

The symmetric spectrum O(1) is an associative R-algebra, and an algebra
over My is precisely a module over O(1).

Definition 10. The unital O-module operad Uy has Up(k) = O(k) if
k=0,1and Up(k) = G k > 1.

An algebra over Up is an O(1)-module M equipped with a unit map O(0) -
M of modules.

We get the following natural diagram of operads and maps between them.

My —=0*

I

U(94>O

The central square is a commutative diagram of inclusions, and the curved
maps are the unique retractions onto M. This square is natural in maps of
operads.



For any map ¢ in this diagram, we have a “forgetful” functor U = g* and a
“free” functor g,. We write P(M) and P*(M) for the free O-algebra and free
nonunital O-algebra on an O(1) module M. For a nonunital O-algebra A,
we define QA to be the pushforward associated to the retraction O — M.
Finally, we note that the pushforwards associated to the vertical maps in the
diagram take an object X to the object O(0) XI.

Remark 11. If Com is the commutative operad with Com(k) = R, the cor-
responding notions are of nonunital commutative algebras, R-modules, and
R-modules with a unit map from R. We drop the operad from the nota-
tion and simply write M and U for the categories of R-modules and unital
R-modules.

Definition 12. If O is an operad, the category of augmented O-algebras is
the “over” category of O-algebras X equipped with a map CIX - O(0).
The augmentation ideal 1(X) is the following pullback in the category of
nonunital O-algebras.

I(X) ——X

o

The functor P naturally takes values in augmented O-algebras, and | is its
right adjoint. As fibrations of O-algebras are determined on the underlying
objects, there is a well-defined right-derived functor RI from augmented O-
algebras to nonunital O-algebras. We merely remark without proof that this
is a Quillen equivalence.

Definition 13. The square-zero, or Eilenberg-Maclane, object associated to
an O(1)-module M is the augmented O-algebra

E(M) =0(0) LIOM)].

(Here U is the forgetful functor from modules to nonunital algebras. The
functor U is equivalent to its left derived notion on the homotopy category.)

Definition 14. The Quillen homology object of an augmented O-algebra X
is

QH(X) = LQ > RI(X).



We have an adjunction that descends to an adjunction on homotopy cate-
gories

X, E(M)] /00 THH (X), M] oy -

In particular, we have a counit map X - EQH(X).

3 Bar constructions

In this section, we construct some basic obstruction theory exact sequences
for algebras over operads. The basic theorems required for these are based
on the results of Harper [10], but also follow directly from results of Basterra
2] in the commutative case and Dugger-Shipley [6] in the associative case.

We continue to assume that we have a base connective commutative ring R,
and O a connective operad in R-modules.

Let A be a cofibrant augmented O-algebra, with 1(A) the associated aug-
mentation ideal, and recall that O" [CQlis the nonunital suboperad acting
on I(A). Let ¢(—) be a functorial cofibrant replacement on O(1)-modules.

Theorem 15. The derived Quillen homology object of A is equivalent to the
geometric realization of the bar construction

B(c,P*c, 1 (A)).

Proof. This is a modified version of the proofs in [10, 4.7, 4.9]. We first
consider the bar construction

I’ = B(P*c, P*c, 1 (A)).

By [10, 1.4], there is a natural zigzag of weak equivalence between the geo-

metric realizations
O-—alg

hocolim I’ [hdcolim I
Aor NG
realized as a colimit in O-algebras and symmetric spectra respectively. The

latter object is a simplicial object with an extra degeneracy, and hence its
realization is homotopy equivalent to I (A) [10, §].



The functor P* preserves cofibrant objects and hence the object 1’ is a lev-
elwise cofibrant O*-algebra. Hence, imitating the proof of [10, 4.10], we can
apply Q levelwise to get equivalences

QH(A) I:ﬂogco)lim Q(I")
I:ﬂogoolim B(c,P*c, 1(A)),

as desired. O

The free O*-algebra on a cofibrant object is the left derived free O*-algebra.
Hence, computing the homotopy spectral sequence of this simplicial spectrum
gives us the following.

Corollary 16. There exists a spectral sequence with E;-term

ENY = mp((LP)D1(A)) LIl QH(A),
with di erentials induced by the monad structure of the left derived functor
LP*.

We note that there is a straightforward formula for the free O-algebra.
Definition 17. The wreath product algebra Wr(k) associated to O is the

twisted group ring
O(1)"* [B3X)-+,
where the multiplication map is given by
(x Lo} YILT) B (xoy) L{dlr).
Lemma 18. For an O(1)-module X, the free object on X is the O-algebra

P*X = \/ O(k) [X"k
k\/>0 <)Wr(k)

If X is a cofibrant O(1)-algebra in the positive stable model structure, these
smash products are derived smash products, and hence

LP*X [ O(k) KM
k=0



Proof. The formula for the free O-algebra is standard; it has the requisite
universal property.

In order to show that the smash product is the derived smash product, we
note that
O(k) K" k= {O(k) :lek] /3.
Wr(k) omn*
The iterated smash product of copies of X is a cofibrant O(1)"* module,
and the cofibrancy of X in the positive stable model structure implies that
the Y-action is free. O

Remark 19. The Quillen homology object, or linearization of an object, is the
first layer in the Goodwillie tower for the forgetful functor from augmented
O-algebras to R-modules (the zero’th layer being O(0)), and linear functors
are roughly right O(1)-modules. The category of symmetric k-multilinear
functors is then equivalent to the category of right Wr(k)-modules, and the
higher layers in the Goodwillie tower identified with the spectra O(K) (as one
can check by evaluating the higher derivatives on free objects P(O(1) CST")).

4 Obstruction theory

We now move on to calculations. From this point forward, our convention
becomes that all objects are implicitly replaced by cofibrant or fibrant models
so that appropriate derived functors are computed. In addition, we take the
convention that the homotopy groups of a symmetric spectrum X are not
defined as a colimit of homotopy groups of the individual spaces, but as the
group [S", X] of maps in the homotopy category (or the classical homotopy
groups of an appropriate Q-spectrum replacement).

We now apply the spectral sequence of Section 3 to obtain exact sequences
of obstructions. Given a connective augmented O-algebra A, let

PnvA = O(0) CIHA)0. .. N]

be the N’th Postnikov section of A as an augmented O-algebra, given the
unique O-algebra structure (up to homotopy) making the map A - PNA a
map of O-algebras.



We first note that the O™*-algebra structure on I(A) gives rise to a MHO™-
algebra structure on ol (A), and makes the groups Tiy+11(A) into modules
over this algebra in the sense that there are compatible maps

MeO(K 4 1) Caigh (A)®* Cad+11(A) - Tinaal (A).

For any such module M over gl (A), we define the decomposable submodule
DM to be the sum of the images of this action for k > 0; operad composition
shows that this is a submodule over Tgl (A).

Proposition 20. Suppose A - B is an N-connected map with fiber F having
nin(F) = J for some N = 0. Then there are isomorphisms

miQH(A) - mQH(B)
for i <N, and a natural exact sequence
Mn+1QH(A) - Tn+1QH(B) - J/DJ - myQH(A) - myQH(B) - 0.
In particular, the natural map
MQH(A) - mQH (Py_1A)
is an isomorphism for i < N, and there exists a natural exact sequence

T[N+1QH (A) - T[N+1QH(PNA) - T[NI(A)/DT[NI(A) — T[NQH (A) — T[NQH(PNA) - 0.

Proof. This follows by considering the map of bar complexes
B(id,P*,1(A)) - B(id,P*, 1(B))

inducing a map of Quillen homology spectral sequences. Taking homotopy

fibers levelwise gives a bar construction whose realization is a homotopy fiber
of the map QH(A) - QH(B).

In each simplicial degree, these are the fibers of the N-connected maps
(PH@I(A) - (PY)®@1(B), and so the spectral sequence vanishes in ver-
tical degrees below N. In column 1, the fiber of the map

P*1(A) - P*I(B)

10



is the wedge of fibers of the maps

Ak Ak
O(k)  LI(A)* ~ O(k) [1(B)"*,

The fiber F of the map I(A) - 1(B) is (N — 1)-connected. The Xj-
equivariant map

(S)+ (A D TE) - 1A

2k

is a (2N)-connected map to the fiber of the map I(A)"K - 1(B)"*. There-
fore, Ty of this fiber accepts a surjective map from

X = P MmOk + 1) Grbrgoemsom To(l(A))™ 11

k=0

(This map is an isomorphism if N > 0; if N = 0, this at least factors through
the tensor product over moWr(k + 1).)

Therefore, the E;-term of the homotopy spectral sequence for the fiber of
Quillen homology takes the following form.

? ? !
X/IK 7

0 0

The image of X in J precisely consists of the decomposable elements, proving
the desired exact sequence exists. [l

Remark 21. For N > 0, the term in the spectral sequence in position
EXN' = EN! is a module of indecomposable relations, i.e. operations on
J that map to zero in J modulo those relations that can be deduced from
operad composition.

5 The plus-construction

In this section, we apply the obstruction theory exact sequences to obtain a
plus construction.

11



Definition 22. Suppose that O is an operad in TMgR-modules, T an O-
algebra, and M a T-module. The module M is perfect if it coincides with
the submodule DM of decomposable elements, i.e. the action map

ok +1) CIF M - M

k=0

is surjective.

We continue to assume that O is an connective operad in R-modules.

Theorem 23. Suppose that A is a connective augmented O-algebra with
I =mol(A), and let 3 [y 1 (A) be a perfect O-submodule, i.e. a submodule
such that the module DJ of decomposables coincides with J. Then there
exists an N-connected map A — A™ of augmented algebras inducing an
isomorphism on Quillen homology and inducing the map myA - TINA/D
on homotopy.

Proof. Pick a set of O-module generators {eq} for J, and let

X = LANO(1) - I(A)

be the O(1)-module map that takes the unit of each summand to the corre-
sponding generator in J. Form the O-algebra homotopy pushout

PX ——A

L

O(0) — A

On Quillen homology, we get a homotopy pushout of O(1)-modules

X —=QH(A)

L
QH(A").

By Proposition 20, the map A — A’ is N-connected, TyQH(PNA) -
MnQH (PNAY) is an isomorphism, and so since X is free there is a splitting

QH(A') CQH(A) =X
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of O(1)-modules.

Applying Proposition 20 to the maps A - PyA and A’ — PyA’/, we obtain
the following diagram involving obstruction theory exact sequences.

Mn+1 ] (A) ——TiN+1QH (A) —— Tin+1QH (PNA) —— 0

| l

TN +1| (A/) E—— T[N+1QH (A/) —TIN +1QH (PN A/) — ()

|

Tin (X) 0

0

By a standard diagram chase, we find that we can lift the ToO(1) generators
of My (X) to elements of My+11(A’), and hence get a map XX - I(A’) of
O(1)-modules such that the composite

X o 1(A) - QH(A) - X
is an equivalence.

We then form the homotopy pushout

P(SX) — A/
|
R A*.

The map A" - A™ is (N + 1)-connected, and on Quillen homology we get a
homotopy pushout of O(1)-modules

YX —=QH(A)

.
QH(A™).

Therefore the map A - A" is N-connected and MyA* = nyA/J. The
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map XX - QH(A) CQH(A) [3IX reduces to the identity on XX, and
so the composite map QH(A) - QH(A") - QH(A™) is an equivalence as
desired. ]

Proposition 24. If mgl (A) =0 and A - B is a 0-connected map that is an
equivalence on Quillen homology, then it is a weak equivalence.

Proof. Applying Proposition 20, the first nonvanishing homotopy group J
of the fiber of A - B would have to coincide with the submodule DJ of
decomposables. Since Tl (A) = Tl (B) = 0, the decomposable submodule
DJ is zero. O]

Corollary 25. If Mol (A) is perfect, then any two plus-constructions A7, Ay
killing ol (A) are weakly equivalent.

Proof. Form the O-algebra homotopy pushout

A——AT

L

Al —~ AL

On Quillen homology, all the maps in this diagram are equivalences. The
objects Aj" are all O-connected, having Mol (A;") = 0 by definition. Therefore,

1
both maps to A; are equivalences. [l

6 Bousfield localization

We now specialize the constructions of Section 5 to the case where the operad

O is either the commutative operad or the associative operad. In particular,
0(0) =R.

Assume A is a connective augmented O-algebra with Tl (A) satisfying 12 =
I; in particular, the zero’th Quillen homology group vanishes. Let E = R
viewed as an A-algebra via the augmentation; our goal is to examine the
E-localization functor.
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Lemma 26. The natural map E [, E —» E [,dE is a weak equivalence.
Proof. We carry this proof out in the associative and commutative cases
separately.

If the operad O is the commutative operad, we instead note that there is a
homotopy pushout diagram of augmented O-algebras

A E
.
E——E [AE,

and so the Quillen homology object of E [oIE is the suspension of the Quillen
homology object of E. Therefore, the map E [oE - E [AdE is an equiva-
lence on Quillen homology between objects whose augmentation ideals have
vanishing Ty, and hence by Proposition 24 it is a weak equivalence.

If the operad O is instead the associative operad, the Quillen homology object
of A is the fiber of the multiplication map

E[LEI- E.
A

(This is a “standard” relationship between topological Hochschild homology
and Quillen homology for associative algebras.) Therefore, the map

EL[E- E [H
A A+
is a weak equivalence. O

We have a Bousfield localization functor
X B LgX

on the homotopy category of A-modules. A map X - Y is an E-equivalence
(and induces an equivalence on localizations) if and only if E [A X - E [oY
is a weak equivalence, and an object Z is E-local if the functor [—, Z], takes
E-equivalences to isomorphisms.
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Theorem 27. There is a natural equivalence
LeA CAT

from the Bousfield localization of A to the plus construction.

Proof. We first show that A" is E-local. We express the object A" as the
homotopy limit of its Postnikov stages A*[0...N], which are naturally A™*-
modules. We have A*[0] [CHIMGE, and for any N we have homotopy fiber
sequences of A*-modules

SNHmyA" - AY[0...N] -~ A*[0...N —1].

The object HTnyA™, as an Eilenberg-Maclane spectrum and an A™-module,
naturally inherits the structure of a module over HpA* = HMyE. Therefore,
it can be given the structure of an E-module, and so the standard adjunction

X, HNAY A J_@AEX], HinA e.

shows that HyA™ is E-local.

Local objects are closed under taking homotopy fibers and homotopy limits,
and hence A* [Chdlim A*[0...N] is E-local.

We now show that the map A - A" is an E-equivalence, or equivalently
that the map E — E LA A" is a weak equivalence.

By Lemma 26, we find that the map

(E [Ar') [B - (E CA*) CH
A At At

A+
is a weak equivalence.

Let F be the fiber of the map E LA A" - E [AadA™ of connective right
A*-modules. Then F [AJE is contractible. However, the map MgA* — mMoE
is an isomorphism, and so the Kiinneth spectral sequence

kk

Tor™A" (n,F, M,E) CIAF B =0

implies that F is contractible. Hence the map A — A" is an E-equivalence
as desired. O
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Remark 28. The results of the theorem should hold true in categories of
algebras over the little n-cubes operad, or more generally any category of
operads in which Quillen homology can be calculated as a composite of the
associative Quillen homology and a secondary derived functor. However,
the author does not yet know of a sufficient reference in the literature to
justify Quillen homology as “iterating the bar construction” for augmented
En-algebras [3].

7 Derived completion

We continue the assumptions of the previous section: O is either the com-
mutative or associative operad over R, and A is a connective O-algebra with
the augmentation ideal I = mol (A) satisfying 1 = 12. Again, let E = R
regarded as an A-algebra.

Carlsson [4] defines a notion of “derived completion” of A with respect to E
(the E-nilpotent completion of Bousfield) as the totalization of a cosimplicial
object

Ti(AE)P = {EAA" —E (Bl ADE]}

Here the coface maps are induced by the unit A - E and the codegeneracy
maps are induced by the multiplication E Lo — E. This is isomorphic to
the totalization of the standard cobar construction associated to the “Hopf
algebroid” (E,E [AE) in spectra, and correspondingly there is a second
quadrant spectral sequence

ExtSt

Em(E nq B (THE, TLE)

which is the generalized Adams-Novikov spectral sequence for my_sA based
on E-homology [1]. In the particular case where A is the group ring of a topo-
logical group R, the derived completion spectral sequence is the Eilenberg-
Moore spectral sequence for the R-homology of BG. The augmentation
E [oE - E is 1-connected and so this spectral sequence has a vanishing
line; the terms in the reduced cobar complex E;" vanish for (t — 2s) < 0.
Hence, if | 8 0, this spectral sequence does not converge.

By Lemma 26, the map E [oIE - E LA E is a weak equivalence, and hence
induces an isomorphism of Adams-Novikov spectral sequences. However, the
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map AT - E is l-connected by construction, and so the Adams-Novikov
spectral sequence for the homotopy of A* converges (due to a vanishing
line).

As a result, the natural diagram of algebras and their derived completions

A A*
L
Ag — (A")e

shows that A™ and the derived completion AR are weakly equivalent.

We remark that this also shows that Bousfield localization coincides with
E-nilpotent completion in this case.
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