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1. In tro duction

Let C be a small category and R a commutativ e ring with a 1. A representation of C
over R is a functor F : C ! R-mod whereR-mod is the categoryof R-modules. This general
concept includesasspecial casesrepresentations of groupsand monoids, representations of
quivers, representations of partially orderedsetsand genericrepresentation theory. We are
perhaps even more interested in representations of categorieswhich do not �t into these
special casesand are important in applications, such as the decomposition of classifying
spacesof groupsand the study of p-locally determined properties of group representations.
In this survey we will describe the foundations of the general theory, emphasizing the
common featuresof the di�eren t examples,and providing a basisfor deeper study. One of
the striking things to be observed is that featureswhich are familiar in special casesoften
have a counterpart which holds in generality.

Why are group representations a special caseof representations of categories?Given
a group C, we may regard it as a category C with one object � in which every morphism
is invertible. A representation of C is a functor F : C ! R-mod, namely the speci�cation
of an R-module F (� ) = V and for each morphism g an endomorphismF (g) of V . Because
all morphisms in C are invertible, the endomorphism must be an automorphism. The
functor axioms say exactly that we have a group homomorphism C ! GL(V ), that is, a
representation of C.

Each result we state here is, in particular, a statement about group representations,
and also about representations of quivers, and about representations of partially ordered
sets,and soon, but when viewed in this way the results are usually either very well known
or obvious. It is not our expectation that results we prove about representations of cate-
goriesin generalwill say anything new when specializedto groupsor the other extensively
studied structures. We do, however, expect to learn something when representing less
familiar categories. There is also the possibility to prove something new about group
representations by applying representations of other categoriesin a novel way.

There hasbeenconsiderableinterest in the useof categoriesto determineand calculate
properties of the representations and cohomologyof a �nite group. Early examplesof this
are the stable element method of Cartan and Eilenberg in group cohomology, and also
Quillen's strati�cation theorem, which relates group cohomologyto a certain limit taken
over a category whoseobjects are the elementary abelian p-subgroupsof the group. More
recently a theory has been developed whereby the classifying space of the group may
be approximated (in several ways) as a homotopy colimit of a functor de�ned on one of a
number of categoriesconstructed from the group. This is surveyed in [9], [23]and discussed
further in [15] and [24], for example. The computation of the cohomologyof the homotopy
colimit may be done in terms of the derived functors of the limit functor on the category,
and the study of such `higher limits' is a question to do with the representation theory of
the category. We will describe the basicproperties of higher limits in this survey, but leave
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the reader to consult sourcessuch as[15], [22], [24], [32], [34] for more advancedtechniques
in computing them.

On the algebraic side there has been a trend to study properties of group repre-
sentations which are determined by associated categoriessuch as the Frobenius category
and orbit category, and generalizationsof these. We cite the work of Puig (see [35] for
an account) in block theory, and important conjectures of Alp erin and of Brou�e in this
area. A better understanding of the representations of these categoriesis important for
the theoretical development, and we will present the basic facts about the simple and pro-
jective representations as well as the relationship with the corresponding representations
of subcategories. We mention [27], [28], [34] and [38] for more advanced reading in this
direction.

Let usdescribemore fully someof the other examplesof categories(apart from groups)
mentioned earlier whoserepresentations have beenextensively studied. It will be explained
in the next section that representations of a quiver are the samething as representations
of the freecategoryassociated to the quiver, so that the study of representations of quivers
is the samething as the study of representations of free categories.The incidencealgebra
of a poset will also be de�ned in the next section, and its modules are the samething as
representations of the poset. Generic representation theory is the study of representations
over a �eld of the category of vectorsspacesover the same�eld, or in other words functors
from the category of vector spacesover a �eld to the same category of vector spaces.
One �nds this mentioned in the early paper of Higman [18], and we may consult [26] and
[10] for more recent overviews. The functorial formalism provides a way to study the
representations of all general linear groups over the �eld at the sametime, and there is
great interest in this approach from the point of view of topology becauseof applications
there.

This survey is organizedas follows. In Section 2 we set up the languagewe shall use,
describing the category algebra and the constant functor, and indicating ways in which
these things behave well as well as giving somewarnings about bad behaviour. Section 3
is about the relationship betweenrepresentations of a category and its full subcategories,
and it is used in Section 4 where the projective and simple representations are discussed.
The rest of the article is really about cohomologyof categories. We present in Section 5
a theorem which identi�es the cohomologyof a category (de�ned by Ext groups) as the
cohomologyof the nerve of the category. In Sections6 and 7 we discussidenti�cations of
the low-dimensionalcohomologygroups,spending sometime with the theory of extensions
of categories.

I should emphasizethat in putting this survey together most of what I have doneis to
gather material from various sources;very little is original. I have tried to give attributions
but it is not always easyto know wherea result �rst appeared. If I have attributed results
incorrectly the fault is mine and I o�er my apologies.

I wish to expressmy gratitude to Fei Xu for the regular enlightening discussionsI
have had with him, in which he has brought many points to my attention in connection
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with the subject matter of this survey. I am also grateful to Nadia Mazza and Jacques
Th�evenazfor pointing out a number of errors.

2. The category algebra and some preliminaries

As mentioned in the intro duction, when C is a small category and R is a commutativ e
ring with a 1 we de�ne a representation of C over R to be a functor F : C ! R-mod where
R-mod is the category of R-modules. Such a representation may be identi�ed asa module
for a certain algebrawhich we now intro duce. We de�ne the category algebra RC to be the
freeR-module with the morphismsof the categoryC asa basis. The product of morphisms
� and � as elements of RC is de�ned to be

�� =
n

� � � if � and � can be composed
0 otherwise

and this product is extended to the whole of RC using bilinearit y of multiplication. We
have constructed an associative algebra which can be found in Section 7 of [31] (where
the approach is to passthrough an intermediate step in which we �rst `linearize' C). Our
convention is that we composemorphismson the left, so that if the domain dom(� ) equals
the codomain cod(� ) then we obtain a composite � � � . Becauseof this we will work almost
entirely with left modules when we cometo considermodules for the category algebra.

If C happens to be a group, that is a category with one object in which every mor-
phism is invertible, then a representation of C is the samething as a representation of the
group in the usual sense,namely a group homomorphism from the group to the group of
automorphisms of an R-module, and the category algebra RC is the group algebra. It is a
familiar fact that group representations may be regardedas the samething asmodules for
the group algebra,and we will seethat something similar holds with categoriesin general.
One of the themesof this account is that representations of categoriessharea number of
the properties of group representations.

When the category happens to be a partially ordered set the category algebra RC is
known as the incidence algebra of the poset. Indeed, this may be taken as a de�nition of
the incidencealgebra. There is a sizableliterature to do with incidencealgebrasof posets
and their representations, and we mention [6, 13, 21] as a sample.

The third example is that of representations of a quiver ([1, Sec. I I I.1]). A quiver Q
is a directed graph, and given such data we may form the free category F Q on Q ([30,
p. 48]), which is the category whoseobjects are the vertices of Q and whosemorphisms
are all the possiblecomposites of the arrows in Q (including for each object a composite
of length zero which is the identit y morphism at that object). The category algebra RF Q
is the sameas the path algebra of Q, and it is well known that, provided Q has �nitely
many vertices, modules for the path algebra may be identi�ed with representations of the
quiver.
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It may be helpful to point out for comparisonsomeconstructions which appear to be
representations of categories,but which do not �t into the framework we are describing.
Mackey functors may be de�ned as R-linear functors from a certain category de�ned by
Lindner [29] to R-modules. This construction is also described in [36], where an algebra
is constructed, called the Mackey algebra, with the property that Mackey functors may
be identi�ed with modules for this algebra (see also [37]). In this de�nition a Mackey
functor is indeed a representation of Lindner's category, but not all representations are
Mackey functors becausethe condition of R-linearit y may fail, and with it the Mackey
decomposition axiom. Similar comments can be made about the functors called `globally
de�ned Mackey functors' in [37] which may be de�ned as R-linear functors on a linearized
category, but which do not constitute all of the representations of this category.

Our �rst result says that representations of C are the samething as RC-modules in
general,at least when C has �nitely many objects.

(2.1) PROPOSITION ([31], Theorem 7.1). Let C be a small category, let (R-mod)C

be the category of representations of C and let RC-mod be the category of RC-modules.
There are functors r : (R-mod)C ! RC-mod and s : RC-mod ! (R-mod)C with the
properties that
(1) sr �= 1(R-mod)C , and

(2) r embeds(R-mod)C asa full subcategoryof RC-mod, and if Chas�nitely many objects
then r s �= 1RC-mod.

Thus if C has �nitely many objects the representations of C over R may be identi�ed with
RC-modules.

Proof. The idea is the sameasthe identi�cation of group representations with modules
for the group algebra, with an extra ingredient. Given a representation M : C ! R-mod
we obtain an RC-module r (M ) =

L
x 2 Ob C M (x) wherethe action of a morphism � : y ! z

on an element u 2 M (x) is to send it to M (� )(u) if x = y and zero otherwise (applying
morphisms from the left.) Conversely, given an RC-module U, for each x 2 Ob C let 1x

denote the identit y morphism at x and de�ne a functor M = s(U) : C ! R-mod by
M (x) = 1x U. If � : x ! z is a morphism in C and u 2 1x U we de�ne M (� )(u) = �u .
The two functors r and s evidently have the properties claimed, and in caseC has �nitely
many objects they give an equivalenceof categoriesbetween representations of C over R
and RC-modules.

The RC-moduleswhich arise in the imageof r are the oneswhoseelements u have the
property that 1x u 6= 0 for only �nitely many objects x. Thus when C has �nitely many
objects we may talk about representations of C over R and RC-modules interchangeably,
and in practice this is a useful thing to be able to do. All the examples of categories
which we will explicitly considerhere do have �nitely many objects, except for the caseof
generic representation theory. To simplify matters we will assumein our arguments that
C doeshave �nitely many objects, but often the arguments can be made to work equally
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well without this assumption. We leave it to the reader to extend them if necessary.
Observe that C has �nitely many objects if and only if RC hasan identit y element, namelyP

x 2 Ob( C) 1x where 1x is the identit y endomorphismof x.
We usethe languageof module theory when discussingrepresentations of a category,

and we mention some aspects of this now. Thus the category of representations of C
over R is abelian. We may form subrepresentations, and quotient representations of a
representation by a subrepresentation. Sometimeswe will say that `u is an element of
a representation M of C' and this will mean that u is an element of the module which
corresponds to M , namely

L
x 2 Ob C M (x). We may speak of the subfunctor generatedby

a set of elements of M , and this meansthe intersection of all the subfunctorswhich contain
these elements. Thus we may say that a functor is `generatedby its value at an object
x', for example, to mean that it is the smallest subfunctor whosevalue at x is the given
functor. Observe that a sequenceof RC-modules is exact if and only if every sequence
obtained by evaluating on objects of C is exact.

Very often in consideringthe representations of a category it is convenient to replace
the category by a skeletal subcategory, namely a full subcategory containing preciselyone
representativ e of each isomorphism class. Working with a skeletal subcategory does not
changethe representations.

(2.2) PROPOSITION. Let C and D be equivalent categoriesand R a commutativ e
ring. Then the categoriesof representations of Cand of D over R are alsoequivalent. Thus
when C and D have �nitely many objects, RC and RD are Morita equivalent.

Proof. The equivalenceof categoriesmeans there are functors A : C ! D and B :
D ! C so that AB and B A are naturally isomorphic to the identit y functors. Now if
F : C ! R-mod is a representation of C we obtain a representation F B of D and if G
is a representation of D we obtain a representation GA of C. On composing the natural
isomorphism of B A and the identit y with F we obtain a natural isomorphism betweenthe
functor F 7! F B A and the identit y functor F 7! F , and similarly the functor G 7! GAB is
isomorphic to G 7! G. This demonstratesthe equivalenceof categoriesof representations.

There is a product de�ned on representations of a category which yields another
representation of the category. Thus if M and N are representations of C over R we may
de�ne M � N to be the functor M � N (x) = M (x) 
 R N (x) on objects, and on morphisms
� : x ! y it is M (� ) 
 R N (� ). This product is the Kronecker product in the caseof group
representations, but in other contexts it is lessused,and we will not useit in this account.

There is a always a distinguishedrepresentation of any categoryC, namely the constant
functor R. This is de�ned to be R(x) = R for every object x, and applied to every
morphism of C it yields the identit y morphism. In the caseof group representations it is
the trivial representation and is of great importance to the theory. The sameis true here
and we devote a section to the study of limits, to which it is closely connected. For now
we mention that the constant functor has the property that it acts as the identit y with
respect to the product we have de�ned: M � R �= M always.
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3. Restriction and induction of represen tations

Given a functor between two small categoriesF : D ! C we obtain a functor F � :
RC-mod ! RD-mod obtained by composition with F , and this is restriction along F . It
hasa left adjoint and a right adjoint given by left and right Kan extensionsasdescribed in
[19, Theorem IX.5.1]. In certain circumstancestheseoperations can be interpreted usefully
in terms of the category algebra, but not always, as we now point out.

(3.1) PROPOSITION (Xu [39]). Let F : D ! C be a functor between small
categories. Then F induces a (non-unital) algebra homomorphism RD ! RC given by
� 7! F (� ) if and only if F is one-to-oneon the objects of D.

Proof. The speci�cation � 7! F (� ) always is a homomorphism of R-modules RD !
RC, and the issue is whether or not it is multiplicativ e, or in other words F (�� ) =
F (� )F (� ) for all morphisms � : w ! x and � : y ! z in D. Here the juxtap osition
of morphisms indicates their product in the category algebra, which equalstheir compos-
ite if they can be composed, but not otherwise. Suppose that x and y are objects for
which F (x) = F (y). Then F (1x ) = F (1y ) = 1F (x ) = F (1x )F (1y ) 6= 0 but on the other
hand 1x 1y = 0 so that this product maps to zero. This shows that if we obtain an algebra
homomorphism then F must be one-to-oneon objects. Conversely the only circumstance
in which F (� )F (� ) is non-zero is when the domain F (w) of F (� ) equals the codomain
F (z) of F (� ), and if F is one-to-one on objects then this implies that w = z. In this
situation it is true that F (�� ) = F (� )F (� ).

In the situation when F is one-to-oneon objects we can regard the restriction functor
RC-mod ! RD-mod as restriction along the algebra homomorphism RD ! RC. This is
the casein the important situation when D is a subcategory of C and F is the inclusion
functor. Assume furthermore that D is a full subcategory of C and that D has �nitely
many objects. In this situation the category algebra of D is a subalgebraof the category
algebra of C, and in fact RD = 1RD RC1RD . Restriction from C to D is a functor which
sendsan RC-module M to M #C

D = 1RD M . Its left adjoint is N 7! N " C
D = RC
 RD N , and

the right adjoint of restriction is N 7! HomRD (RC; N ).
The relationship betweenalgebrasA and eAe wheree is an idempotent in A hasbeen

well studied in a variety of contexts, including that of algebraswhich have a strati�cation
(seefor example[14, Sec. 6.2], [7, Sec. 2], [38]). Here are the immediate properties of this
relationship, expressedin the languageof representations of categories.

(3.2) PROPOSITION (see[14, 6.2]). Let D be a full subcategory of C and suppose
that D has �nitely many objects. Let M be a representation of D.
(1) Induction " C

D sendsprojective objects to projective objects. If E is a set of objects of
D and M is generatedby its valueson E then M " C

D is also generatedby its valueson
E. Furthermore M " C

D #C
D = M .
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(2) Restriction #C
D is an exact functor which sendseach simple RC-module either to a

simple RD-module or to zero. Every simple RD-module arisesin this way, and there
is a bijection given by restriction betweenthe simple RC-modules which are non-zero
on D, and the simple RD-modules.

Proof. (1) SinceRD " C
D = RC
 RD RD �= RCis projective it follows that the induction

of an arbitrary projective is projective. The property of generation also follows from the
tensor product description of induction since if A is a subsetof M for which M = RD � A
then

RC(1RD 
 RD A) = RC
 RD (RD � A) = RC
 RD M = M " C
D :

We have

M " C
D #C

D = 1RD (RC
 RD M ) = 1RD RC1RD 
 RD M = RD 
 RD M �= M :

(2) Exactnessof a sequenceof functors is detectedby evaluating the functors at objects
and if the evaluations are exact on all objects of C, they are also exact on all objects of D.
If T is a simple RC-module and x = 1RD x any non-zeroelement of T #C

D then T = RC1RD x
by simplicit y so T #C

D = 1RD RC1RD x = RDx, from which it follows that T #C
D is simple

since it is generatedby any non-zeroelement.
Now let S be a simple RD-module, and consider N = f x 2 S " C

D

�
� 1RD RCx = 0g.

This is the largest RC-submodule of S " C
D which is zero on D. Observe that S " C

D is
generated by any element which is non-zero on D, since such an element generatesthe
restriction to D by simplicit y of S, and this generatesS " C

D by part (1). It follows that
N is the unique maximal submodule of S " C

D , since if x 62N then RCx = S " C
D as just

observed. In particular Ŝ := S " C
D =N is a simple RC-module. Since N #C

D = 0 we have
Ŝ #C

D = S " C
D #C

D = S by part (1). This shows that every simple RD-module arisesas the
restriction of a simple RC-module. If T is a simple RC-module for which T #C

D
�= S then

by adjointnesswe have a non-zerohomomorphism S " C
D ! T from which it follows that T

is a simple quotient of S " C
D , and henceT �= Ŝ. This completesthe proof.

It is a remarkable and useful property that every simple module de�ned on D extends
to a simple module de�ned on C. More can be said about this relationship, and we mention
that a theory of relative projectivit y, vertices and sourcesinspired by Green's theory for
group representations is developed in the thesis of Xu [39].
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4. Parametrization of simple and pro jectiv e represen tations

We start by parametrizing the simple representations of a category C. It is the case
that they are naturally de�ned over a �eld R, and we could make the assumption that R
is a �eld without lossof generality if we wish. In fact it doesnot seemto make a di�erence
to the �rst results of this section.

We start by repeating Proposition 3.2 in a special case.

(4.1) PROPOSITION. Let S be a simple representation of C over R.
(1) For every full subcategory D of C with �nitely many objects the restriction S #C

D is
either a simple RD-module or zero.

(2) For every object x of C the evaluation S(x) is a simple R EndC(x)-module.
(3) If T is another simple representation of C over R and x is an object of C for which

T(x) �= S(x) as R EndC(x)-modules, and T(x) 6= 0, then S �= T as representations of
C.

Proof. The result merely restates and interprets Proposition 3.2, and (1) is nothing
more than this. For (2) and (3) we apply Proposition 3.2 in the caseof the full subcategory
which hasx as its only object. Here the category algebra is R EndC(x) and the statements
follow immediately.

Consider the set of pairs (x; V ) wherex is an object of Cand V is a simple R EndC(x)-
module. We will write (x; V) � (y; W ) if and only if there is a simple RC-module S with
S(x) �= V and S(y) �= W . Certainly if x and y are isomorphic in C and V �= W as
R EndC(x)-modules,where the action of EndC(x) on W is transported via an isomorphism
betweenx and y, then (x; V) � (y; W ), but this property may arise in other circumstances
as well, as we will illustrate by example after the next result, which follows immediately
from Proposition 4.1.

(4.2) COROLLAR Y.
(1) The relation � is an equivalence relation on the set of pairs (x; V ) where x ranges

through objects of C and V rangesthrough simple R EndC(x)-modules.
(2) The isomorphismclassesof simple representations of Care in bijection with the equiva-

lenceclassesof pairs (x; V), the bijection sendinga simple module S to the equivalence
classof (x; S(x)) , where x is any object of C for which S(x) 6= 0.

Example. Let C be a category with two objects, x and y, and with morphisms 1x , 1y ,
� : x ! y, � : y ! x and 
 : y ! y, satisfying � � = 1x and �� = 
 . From this it follows
that 
 2 = 
 , � 
 = � and 
 � = � . We seethat Q EndC(x) = Q has onesimple module and

Q EndC(y) �= Q[c]=(c2 � c) �= Q[c]=(c) � Q[c]=(c � 1) �= Q � Q
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hastwo simple modules,giving rise to pairs (x; Q); (y; Q0); (y; Q1), where 
 acts on Q0 and
Q1 as multiplication by 0 and 1, respectively. We seethat

QC = Qh1x ; � i � Qh
 ; � i � Qh1y � 
 i

as QC-modules, and that the three submodules in the decomposition are simple and
Qh1x ; � i �= Qh
 ; � i . In fact the �rst two modules, when regarded as functors, both take
the value Q on x and y, and every morphism acts as the identit y morphism { they are
the constant functor. They are simple becausethey are generatedby any non-zerovector
which they contain. Thus QC has two simple modules, Sx; Q

�= Sy;Q1 and Sy;Q0 . Under the
equivalencerelation � the equivalenceclassesare f (x; Q); (y; Q1)g and f (y; Q0)g.

Sometimesthe equivalencerelation on pairs (x; V) hasthe form (x; V ) � (y; W ) if and
only if x �= y and V �= W (where the action of EndC(x) on W is obtained by transport along
an isomorphismfrom x to y). In such a situation the simple modulesare described asSx;V

whereboth x and V are taken up to isomorphism. This is the casewith representations of
quivers which have no oriented cycles,see[1, I I I.1]. It is also the casewith EI-categories,
namely categoriesin which every endomorphismis an isomorphism. Many categorieswhich
arise in the context of the p-local structure of groups (such as the Frobenius category, the
orbit category, etc. [4]) are EI-categories,and the basicsof their representation theory are
described in [8].

(4.3) PROPOSITION. (L •uck [8]) Let C be an EI-category. Then the simple RC-
modulesare parametrized asSx;V wherex is an object of C taken up to isomorphism, and
V is a simple R Aut( x)-module, taken up to isomorphism.

Proof. For each pair (x; V ) we may construct a representation Sx;V of C by �xing for
each object x0 isomorphic to x an isomorphismx0 ! x and de�ning Sx;V (x0) = V wherethe
action of Aut( x0) is obtained by transporting the action of Aut( x) along the isomorphism.
We de�ne Sx;V (y) = 0 if y is not isomorphic to x. This does de�ne a representation of
C, and it is simple since it is generatedby each non-zerovector in it. From the previous
discussionof the parametrization of simple modules, there can be no more than the ones
we have constructed.

We now turn to the projective representations of C, and for this we will assumethat
R is a �eld or a complete discrete valuation ring and that C is �nite, so that RC is an
R-algebraof �nite rank and the Krull-Schmidt theorem holds. Each simple representation
Sx;V has a projective cover Px;V , and this givesa parametrization of the indecomposable
projective representations by the equivalenceclassesof pairs (x; V).

Let us examine the structure of the indecomposableprojectives a little further. For
each object x 2 Ob(C) wemay construct a linearized representablefunctor Fx : C ! R-mod
de�ned by Fx (y) = R HomC(x; y), the free R-module with the elements of HomC(x; y) as
a basis.
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(4.4) PROPOSITION. Let x be an object of C
(1) (Yoneda'slemma) Let M be a representation of C. Then HomRC(Fx ; M ) �= M (x).
(2) The RC-module Fx is projective and generatedby its value at x.
(3) Regardedas an RC-module, Fx

�= RC1x .
(4) Let D be any full subcategory of C which contains x. Then Fx

�= F D
x " C

D where
F D

x = Fx #C
D is the functor Fx constructed for D.

Proof. (1) We de�ne � : HomRC(Fx ; M ) ! M (x) by � (� ) = � x (1x ). In the opposite
direction we de�ne � : M (x) ! HomRC(Fx ; M ) as follows: if u 2 M (x) and

P

 :x ! y � 
 
 2

Fx (y) = R HomC(x; y) we put � (u)y (
P


 :x ! y � 
 
 ) =
P


 :x ! y � 
 M (
 )(u). We verify in the
usual way that � and � are mutually inverseisomorphisms.

(2) Suppose we have an epimorphism of RC-modules � : M ! N and a morphism
� : Fx ! N . We may �nd u 2 M (x) so that � (u) = � x (1x ). Now the morphism � (u) :
Fx ! M satis�es � � � (u) = � since � x (� (u)x (1x )) = � x (u) = � x (1x ). If 
 : x ! y then

 = Fx (
 )(1x ) lies in the subfunctor of Fx generatedby 1x 2 Fx (x). This shows that Fx

is generatedby its value at x.
(3) From the de�nitions, the value of RC1x at an object y is

1y RC1x = R HomC(x; y) = Fx (y)

and this shows that Fx
�= RC1x as RC-modules.

(4) We have F D
x = RD1x so

F D
x " C

D = RC
 RD RD1x = RC1x = Fx :

Also, if y is an object of D then

Fx #C
D (y) = 1y RC1x = HomC(x; y) = HomD (x; y) = F D

x (y);

which shows that F D
x = Fx #C

D .

(4.5) COROLLAR Y. Supposethat R is a �eld or a complete discrete valuation ring
and let P be an indecomposableprojective RC-module where C is a �nite category. Then
for some object x of C, P is generated by its value at x and is isomorphic to a direct
summandof Fx . It hasthe form P �= RCe wheree is a primitiv e idempotent in the monoid
algebra R EndC(x). Every primitiv e idempotent in R EndC(x) remains primitiv e in RC.

Proof. By Yoneda's lemma, for each object y and element of P(y) there is a homo-
morphism Fy ! P having that element in its image and so P is a homomorphic image of
a direct sum of representable functors

L
i Fx i . SinceP is indecomposableprojective, the

surjection must split and P is isomorphic to a direct summand of a functor Fx . SinceFx

is generatedby its value at x, so is P. Sinceby Yoneda'slemma EndRC(Fx ) �= R EndC(x),
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the direct summand has the form RC1x e = RCe for someidempotent e 2 R EndC(x), and
e is primitiv e in RC sinceP is indecomposable,hencea fortiori primitiv e in R EndC(x).

Equally, if f is a primitiv e idempotent in R EndC(x) then RCf is a projective RC-
module which is generated by its value at x. If RCf = M � N is a decomposition as
a direct sum of RC-modules, then each of M and N is also generatedby its value at x,
and so if they are non-zerothen 1x RCf = 1x M � 1x N is a non-zerodecomposition of the
indecomposableR EndC(x)-module R EndC(x)f . Sincethis is not possiblewe deducethat
RCf is indecomposable,and so f is primitiv e in RC.

The above result shows that the indecomposable projective RC-modules may be
parametrized by a subsetof the primitiv e idempotents of the R EndC(x) as x rangesover
the objects of C, and these in turn are parametrized by the equivalenceclassesof pairs
(x; V) wherex is an object of Cand V is a simple R EndC(x)-module, sincewe have already
seenthat theseparametrize the simple representations.

5. The constan t functor and limits

The constant functor R : C ! R-mod is the functor which takes every object to
the R-module R and every morphism to the identit y morphism. When C is a group this
representation is the trivial representation. It was mentioned in Section 2 that it acts as
the identit y with respect to the product � . In this section we will examinethe role of the
Ext and Tor groups with R as coe�cien ts and seethat they are of particular importance.
We will de�ne the cohomology of a category C with coe�cien ts in an RC-module M as
H i (C; M ) := Ext i

RC(R; M ) thus extending what happens with group cohomology, which
is de�ned algebraically as H i (G; M ) = Ext i

RG (R; M ). With group cohomology there is
an interpretation of thesegroups as the cohomologyof a space{ and Eilenberg-MacLane
spaceK (G; 1) { and so also there is an interpretation of H i (C; M ) as the cohomology
of the nerve of C. We explain this in this section. In the remaining sections we give
interpretations of the low-dimensional cohomologygroups which extend the usual results
from group cohomology.

We start with the connection betweenR and limits. In part (2) of the next result we
understand that R is regardedas a right RC-module, that is a contravariant functor from
C to R-modules.

(5.1) PROPOSITION. Let M be a representation of C.

(1) HomRC(R; M ) �= lim
 �

M .

(2) R 
 RC M �= lim
� !

M .
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Proof. (1) A natural transformation � : R ! M is the sameas the speci�cation of an
R-module homomorphism � x : R ! M (x) for each object x of C so that the triangles

R

� x

?
?
y & � y

M (x)
M (� )
� ! M (y)

always commute. By the universalproperty of the limit weobtain a unique homomorphism
R ! lim

 �
M so that everything commutes, and this determines an element � (� ) 2 lim

 �
M ,

namely the image of 1R . We may reversethis procedure: for each element u 2 lim
 �

M we

obtain a homomorphism R ! lim
 �

M which sends1R 7! u. Now composition with this

homomorphism produces for each object x a homomorphism � x : R ! M (x), giving a
natural transformation � : R ! M . Thesetwo inverseoperations give the isomorphism.

(2) Regarding R and M as R-modules we have R-module homomorphismsM (x) !
R 
 RC M sendingu 7! 1R 
 u. For each morphism � in C we have M (� )u 7! 1R 
 �u =
1R � 
 u = 1R 
 u and so all triangles

M (x)
M (� )
� ! M (y)

&
?
?
y

R 
 RC M

commute. It follows from the universal property of lim
� !

that we have a unique homomor-

phism lim
� !

M ! R 
 RC M . In the other direction, let � x : M (x) ! lim
� !

M be the standard

maps to the direct limit and consider the mapping � : R � M ! lim
� !

M given by

�(
X

x 2 Ob C

r x ;
X

y2 Ob C

uy ) =
X

x 2 Ob C

� x (r x ux ):

This satis�es �( r �; u) = �( r; �u ) for every morphism � in C and so passesto an R-
module homomorphism R 
 RC M ! lim

� !
M which is inverseto the previously constructed

homomorphism.

As an exampleof the statement of 5.1, when C is a group and R is the trivial module,
HomRC(R; M ) identi�es as the �xed points of C acting on M , while R 
 RC M identi�es
as the largest �xed quotient of M . Thesecan thus be regardedas the lim

 �
and lim

� !
of the

action of the group.
We seein general that lim

 �
is left exact and lim

� !
is right exact, becausethe sameis

true of Hom and tensor product. Furthermore we may identify the right derived functors
lim
 �

i and the left derived functors lim
� ! i

of these functors as Ext and Tor groups, which in

caseC is a group are the group cohomologyand homology.
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(5.2) COROLLAR Y. lim
 �

i M �= Ext i
RC(R; M ) and lim

� ! i
M �= TorRC

i (R; M ).

TheseExt and Tor groups have a topological interpretation in terms of the nerve jCj
of the category C. There are many books we may consult to �nd out about the nerve,
and one possiblesourceis [9, 4.10]. For the reader less familiar with nerves it may help
to point out that it is a generalization to arbitrary categoriesof the order complex of a
partially ordered set. At the end of this section in an exercisewe indicate an argument
which shows that when C is a group, jCj is an Eilenberg-MacLanespaceK (C; 1). In any
casewhen we discusstopological properties of a category, such ascontractibilit y, we mean
the corresponding property of the nerve.

We will make useof a construction which in the caseof a discretegroup plays the role
of the universal cover EG of the classifying spaceB G. This is the functor

E : C ! small categories

speci�ed by E(x) = C #x , the overcategory over x (see[30, I I.6]). The overcategory has
as its objects the morphisms w ! x, and as its morphisms the commutativ e triangles

(w ! x)
( �; 1x )
� ! (y ! x) where � : w ! y. If � : x ! z is a morphism in C we de�ne

E(� ) : E (x) ! E (z) by composition of the morphisms in E(x) with � . Observe that E (x)
has a terminal object, namely 1x , and so the nerve of E (x) is contractible.

(5.3) THEOREM ([33], [11, App. I I, 3.3]). Let C be a small category. Then
Ext �

RC(R; R) �= H � (jCj; R), the cohomology ring over R of the nerve jCj of C. Similarly
TorRC

� (R; R) �= H � (jCj; R) is the homology of jCj.

Proof. We follow the proof given in [15, Prop. 2.6]. Other accounts of the proof can be
found in [11, App. I I, 3.3] and [32]. We �rst construct a resolution P ! R of the constant
functor R. The resolution we construct is a chain complex of functors C ! R-mod, but
this is the samething asa functor from C to chain complexesof R-modules,and we specify
it as P = C� � E , where C� is the functor which associates to each small category the
chain complexover R of its nerve. Thus P(x) = C� (C #x ), the chain complexover R of the
nerve of the overcategory C #x . Since the overcategory is contractible, P(x) is a complex
which is acyclic except in degreezero, where its homology is R. From this it follows that
P is a resolution of the constant functor. We claim that in each degreeP is a projective
RC-module. To seethis observe that in degreen, Pn (x) is the freeR-module with basisthe
chains of morphismsx0 ! � � � ! xn ! x, and if x ! y is a morphism in C, the RC-module
structure is that this chain is sent to x0 ! � � � ! xn ! y, obtained by composition with
x ! y. We seethat the chains which start x0 ! � � � ! xn span a submodule of Pn which
is isomorphic to the projective functor Fx n , and Pn is the direct sum of such projective
subfunctors. We have thus shown that P is a projective resolution of R.
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If M is any representation of C then Hom(Pn ; M ) is the direct sum, taken over chains
x0 ! � � � ! xn , of R-modules M (xn ), sinceHom(Fx n ; M ) �= M (xn ) by Yoneda's lemma.
The chain complex structure is given in a similar way to the boundary map in C � (jCj; R).
Taking M = R we obtain exactly the cochain complex C � (jCj; R), and its cohomology is
H � (jCj; R).

For the statement about homology we proceedin a similar way, but use the isomor-
phism R 
 RC Fx

�= R 
 RC RC1x
�= R1x

�= R, where now R denotesthe constant functor
regardedas a right RC-module, or contravariant functor.

If M is any representation of C we may de�ne H � (C; M ) to be the cohomologyof the
complexconsideredin the proof of the last result, and we obtain the result Ext �

RC(R; M ) �=
H � (C; M ). When C is a group the cohomologyof C coincideswith the usual group coho-
mology, de�ned as Ext groups with the trivial module in the �rst variable. Theorem 5.3
shows that this is also the cohomologyof the nerve of C. Group cohomologymay also be
de�ned as the cohomologyof an Eilenberg-MacLanespaceK (C; 1), and in fact when C is a
group the nerve of C is indeeda K (C; 1), asshown in an exerciseat the end of this section.

For a generalcategoryCthe usual identi�cations of low-dimensionalhomologyprovide
corollaries of Theorem 5.3. Thus the identi�cation of H 0 and H0 yields that

lim
 �

R �= EndRC(R) �= R� 0 (C)

and
lim
� !

R �= R 
 RC R �= R� 0 (C) ;

where � 0(C) is the set of connectedcomponents of C. The connectedcomponents of C may
be described in a direct fashionas the equivalenceclassesof objects of C under the relation
x � y if and only if there is a morphism x ! y or y ! x. We also have the identi�cation
of H1(C; Z) as the abelianization of the direct product of the fundamental groups of the
connectedcomponents of C.

The analysis of the projective resolution in the proof Theorem 5.3 leads to a more
direct description of it, but a lessconceptualway to prove that it is acyclic. The resolution
is

� � � ! P2 ! P1 ! P0 ! R ! 0

where in degreen,
Pn =

M

x 0 ! x 1 !��� ! x n

Fx n ;

the direct sum taken over n-tuples of composablemorphisms in C. The boundary maps
come from the simplicial structure on the nerve of C. Thus the boundary map has com-
ponent (� 1)i : Fx n ! Fx n for each face x0 ! � � � ! x̂ i ! � � � ! xn with i < n, and
a component map (� 1)n times composition with xn � 1 ! xn from Fx n to Fx n � 1 . This
approach is described, for example, in [32] and it will be useful when we cometo consider
explicit cocyclesin the context of extensionsof categories.
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Computing higher limits is an important and rather di�cult problem which has an
extensive literature. In the context of groups the theory is that of group cohomology,
and a multitude of books has been written on the subject. When the category we are
representing is a poset there is also a literature, and we mention [6, 13, 21] for example,
and the following theorem.

(5.4) THEOREM (Gerstenhaber and Schack [13]). Let C be a poset. Then the
cohomologyring H � (C; R) is isomorphic to the Hochschild cohomologyring H H � (RC; RC).

This result for posetsis not true for categoriesin general. Thus the cohomologyring
of a �nite group is usually not isomorphic to its Hochschild cohomologyring ([3, 2.11.2]).

When C is an EI-category a technique for computing higher limits hasbeendeveloped
by Jackowski, McClure and Oliver [22, 23] in which a functor is �ltered with `atomic'
factors, that is, factors which are only non-zeroon one isomorphism classof objects. They
have a method to compute the higher limits of the atomic factors, and they relate these
higher limits to the limits of the original functor by meansof a spectral sequence.This is
particularly e�ectiv e if the atomic factors have higher limits which are zero, in which case
the spectral sequenceimmediately gives that the higher limits of the original functor are
zero. This technique is exploited by Oliver in [32].

Exercises. 1. Although the topic of this exercisemoves outside the strict area of
representation theory, it is very tempting to include it at this point, becauseit provides
a nice way to show that the classifying spaceof a discrete group can be realized as the
nerve of the group, regarded as a category. We assumesomefamiliarit y with topological
arguments. Let Cbe a group G, and let EG denotethe categoryE (� ) de�ned beforewhere
� is the unique object of G, namely the overcategoryover � . Show that EG is a groupoid
in which the only endomorphismsare the identit y morphisms. Show that there is an action

of G on EG speci�ed on objects by g � (� h� !� ) = (�
gh

� !� ) in which G acts freely (i.e. with
trivial stabilizers), both on objects and on morphisms. Deduce that G acts freely on the
nerve jEGj, and that this is a contractible space. Show that the functor EG ! G which
on morphisms is 0

B
B
B
@

� h� ! �
?
?
y gh

?
?
y g

� = �

1

C
C
C
A

7! (� h� ! � )

de�nes a mapping jEGj ! jCj which identi�es jCj with the quotient of jEGj by G. Deduce
that jEGj ! jCj is the universal cover of jCj. Deduce that � 1(jCj) = G and � i (jCj) = 0 if
i > 1, and hencejCj is an Eilenberg MacLane spaceK (G; 1).

2. When R is a �eld, show that R is a simple module if and only if for every pair of
objects x and y in C there is both a morphism x ! y and also a morphism y ! x. More
generally, place an equivalencerelation on C by putting x � y if and only if there is both
a morphism x ! y and also a morphism y ! x. Show that the composition factors of R
are in bijection with the equivalenceclassesof objects of C.
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6. Augmen tation ideals, deriv ations and H 1

We write the domain and codomain of a morphism � asdom(� ) and cod(� ) and de�ne
the left augmentation map � : RC ! R to be the RC-module homomorphism speci�ed by
� (� ) = 1cod( � ) for each morphism � in C, extended to the whole of RC by R-linearit y.
The left augmentation ideal of RC is the kernel I C of this map, so we have a short exact
sequenceof left RC-modules 0 ! I C ! RC ! R ! 0. There is also a right augmentation
map RC! R speci�ed by � 7! 1dom( � ) and this is a homomorphism of right RC-modules,
whosekernel is the right augmentation ideal.

(6.1) LEMMA. I C is free as an R-module with basis the elements � � 1cod( � ) where
� rangesover the non-identit y morphisms in C.

Proof. The elements � � 1cod( � ) where � rangesover the non-identit y morphisms lie
in I C and are independent, since the morphisms of C form an R-basis for RC. We show
that they span I C. Supposethat

P
� � � lies in I C, so that for each object x of C we haveP

cod( � )= x � � = 0. Then
P

� � � =
P

� � � �
P

x 1x
P

cod( � )= x � � =
P

� � (� � 1cod( � ) ),
which is a linear combination of the � � 1cod( � ) .

Let M be an RC-module. We de�ne a derivation d : C ! M to be a mapping from the
morphisms of C to M so that d(� ) 2 M (cod(� )) and so that d(�� ) = M (� )d(� ) + d(� ).
Given any set of elements f ux 2 M (x)

�
� x 2 Ob(C)g we obtain a derivation speci�ed by

d(� ) = M (� )(udom (� ) ) � ucod( � ) , and any derivation obtained in this way is called an inner
derivation. The set of derivations forms an R-module Der(C; M ) and the inner derivations
form an R-submodule IDer(C; M ).

(6.2) LEMMA.
(1) Der(C; M ) �= HomRC(I C; M ) as R-modules.
(2) H 1(C; M ) �= Der(C; M )=IDer(C; M ).

Proof. (1) Given a homomorphism � : I C ! M we de�ne a derivation d : C ! M
by d(� ) = � (� � 1cod( � ) ), and given a derivation d we de�ne a module homomorphism
� : I C ! M by � (� � 1cod( � ) ) = d(� ). We must verify that we do indeed construct a
derivation and a module homomorphismby this means,and it is sosince� (� (� � 1cod( � ) )) =
M (� )� (� � 1cod( � ) ) if and only if � (�� � 1cod( � ) ) � � (� � 1cod( � ) ) = M (� )� (� � 1cod( � ) ),
if and only if d(�� ) � d(� ) = M (� )d(� ).

(2) We use the short exact sequence0 ! I C ! RC ! R ! 0 to compute the �rst
cohomologyby meansof the exact sequence

HomRC(RC; M ) ! HomRC(I C; M ) ! H 1(C; M ) ! 0:

Each homomorphism � : RC ! M is speci�ed by the elements ux = � (1x ) 2 M (x), and
the restriction of this homomorphismto I Ccorrespondsto the inner derivation determined
by the ux .
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Exercises. 1. If C is generatedby morphisms � i where i 2 I then I C is generatedas
a left RC-module by the elements � i � 1cod( � i ) , i 2 I .

2. Let I CR denote the right augmentation ideal of RC. Show that

R 
 RC M �= M =(I CR � M ):

3. In this exercisewegeneralizethe familiar result from group homologythat H 1(G; Z) �=
I G=I G2 �= G=G0 when G is a group, I G denoting the usual augmentation ideal. Let L I C
denote the left augmentation ideal and I CR the right augmentation ideal of RC. Show
that TorRC

1 (R; R) �= (I CR \ L I C)=(I CR � L I C). Thus from the identi�cation TorRC
1 (R; R) �=

H1(jCj; R), deducewhen R = Z that this group is isomorphic to the abelianization of the
direct product of the fundamental groups of the connectedcomponents of jCj.

7. Extensions of categories and H 2

The usual theory of extensionsof groups can be made to work in the more general
setting of categories,and we explain herehow it may be done. A key point in the theory is
a bijection betweenequivalenceclassesof extensionsand elements of a secondcohomology
group. If one were constructing a theory of extensionsof categoriesone might take this
result as a goal and then set about working out what an extension of categoriesmust be
so that the theorem is true, a task which doesnot have a completely obvious solution.

There is in fact more than one notion of an extension of a category in the literature.
Ho� [20] makestwo de�nitions, and we will describe one of them in this section, allowing
extensionsof a category by groups which may be non-abelian. There is another de�nition
due to Bauesand Wirsching [2] which requires the kernel groups to be abelian, but which
is otherwisemore generalthan Ho� 's de�nition. We will explore the axioms for extensions
in the senseof Ho� and prove the correspondencewith elements of secondcohomology.

Applications of the theory of extensionsof categoriescan be found in recent work on
p-local �nite groupsand fusion systems,see[4], [28]. There is alsoa discussionof extensions
of categoriesin [17] in the context of complexesof groups (extending the notion of a graph
of groups from Bass-Serretheory). We mention also that there is a di�eren t interpretation
of the secondcohomology of a category in terms of `twisted category algebras' which is
described in [27].

Following [20] we shall say that an extension of categoriesis a sequenceof functors

M i� !E
p

� !C

betweencategoriesM , E and C for which
(i) M , E and C all have the sameobjects, i and p are the identit y on objects, i is injective

on morphisms, and p is surjective on morphisms;
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(ii) whenever f and g are morphisms in E then p(f ) = p(g) if and only if there exists a
morphism m 2 M for which f = i (m)g. In that case,the morphism m is required to
be unique.

As always we are composing mappings on the left, so that in axiom (ii) the domain of
i (m) is the codomain of g. There is an asymmetry here in the de�nition, in that it would
instead have beenpossibleto require f = gi (m) in axiom (ii). As things stand, we could
regard an extension satisfying this opposite requirement as an extension of the opposite
category of C. The approach of Bauesand Wirsching [2] (described also in [12]) removes
the asymmetry and generalizesboth possibilities for axiom (ii) at the same time. We
choosehere the version using axioms (i) and (ii) as stated becauseit is intuitiv ely easyto
understand and more straightforward to explain. It may also turn out to be adequatefor
the reader's intended application! We refer the reader in needof the more generalversion
to [2].

While we are discussing the di�eren t possibilities for the axioms for extensions of
categorieswe comment that it would be possible to make an apparently more general
de�nition in which M , E and C need not have the sameobjects, but instead we require
that p and i be bijective on objects. To do this would add to the notational complexity
without enriching the theory.

We now reformulate axiom (ii) in a way which brings to light certain implications and
is more in the spirit of Bauesand Wirsching [2]. We write the domain and codomain of a
morphism � as dom(� ) and cod(� ).

(7.1) PROPOSITION. In the above de�nition axiom (ii) can be replacedby (iia) and
(iib) as follows:

(iia) M is a disjoint union of groups M (x) = p� 1(1x ) in bijection with the objects x of C.
Thus

M =
a

x 2 Ob( C)

M (x):

(iib) For each morphism � in C, the action of M (cod(� )) on p� 1(� ) given by composition
(m; f ) 7! i (m)f has a single regular orbit.

Proof. Assume conditions (i) and (ii). We show that in M every endomorphism is
an isomorphism and if m : x ! y is a morphism in M then x = y. The latter follows
from the observation that if m : x ! y then i (m) = i (m)1x and so p(i (m)) = p(1x ) =
1x which forces y = x. Furthermore since p(i (m)) = p(1x ) there exists m0 2 M with
1x = i (m0)i (m) = i (m0m) so m0m = 1x in M by injectivit y of i and m has a left inverse.
Similarly m0 has a left inverse, and also a right inverse, namely m. The left and right
inverseare equal, to m, and hencem is invertible.

The regular orbit in condition (iib) is equivalent to the statement in condition (ii)
that m exists and is unique.
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All this shows that condition (ii) implies (iia) and (iib). We have already shown part
of the converse,and condition (iia) allows us to deducethat if f = i (m)g as in (ii) then
p(f ) = p(g), which is all that remains to be shown.

Whenever we have an extension of groups 1 ! N ! E ! G ! 1 (a short exact
sequence)there is associated to it an action by conjugation of E on N , and if N happens
to be abelian this passesto an action of G on N , which makesN into a representation of G.
A similar thing happenswith extensionsof categories.Given an extensionM i� !E

p
� !C we

may de�ne a functor M : E ! Groups as follows. We have already de�ned for each object
x of E a group M (x) = p� 1(1x ). If f : x ! y is a morphism in C and m is an element of
M (x) (i.e. a morphism in this group regardedas a category) then sincep(f ) = p(f i (m))
there is a unique morphism f m in M (y) for which f i (m) = i ( f m)f . In the caseof group
extensionsthis equation is simply the requirement that the kernel is a normal subgroup.

(7.2) PROPOSITION. (Ho� [20]). Given an extensionof categoriesM ! E ! C the
above speci�cation de�nes a functor M : E ! Groups, where for each morphism f : x ! y
the e�ect of M (f ) : M (x) ! M (y) is m 7! f m.

Proof. We check that M (f g) = M (f )M (g) and that M (1x ) = 1M (x ) . The latter is
immediate, and for the former we have

f g(i (m)) = i ( ( f g)m)f g = f i ( gm)g = i ( f ( gm)) f g

from which we deduce ( f g)m = f ( gm) by uniquenessof thesemorphisms.

The functor M just de�ned carriesa lot of information from the extensionM ! E ! C
and it has the category M implicit in it. Thus we may instead regard the extensionas an
extension of C not by a category M , but by a functor M , a notational approach which is
consistent with that of Bauesand Wirsching [2].

We de�ne equivalence of extensionsby the existenceof a commutativ e diagram of
functors:

M � ! E1 � ! C

k
?
?
y k

M � ! E2 � ! C

:

We say that the extensionis split if there is a functor s : C ! E sothat ps = 1C, and in this
situation we obtain a functor C ! Groups by composition C s� ! E M� ! Groups. Conversely,
given a functor M : C ! Groups we may always construct a split extensionwhich realizes
M by means of the `Grothendieck construction' Gr C(M ) = M o C (see [5], [9] for the
general construction and its properties). We comment that the notation M o C is not
standard, but it seemsappealing by analogy with the notation for a semidirect product in
group theory. In our special situation we may take M o C to be the categorywhich has the
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sameobjects as C, and if x and y are such objects then HomM o C(x; y) is the set of pairs
(m; � ) where � : x ! y is a morphism in C and m 2 M (cod(� )). The composition of such
morphisms is (m; � ) � (n; � ) = (m � M (� )(n); �� ) when cod(� ) = dom(� ). We may verify
that this composition is associative, the calculation being similar to that which shows that
multiplication in a semidirect product of groups is associative.

There is a functor p : M o C ! C which is the identit y on objects and which sends
a morphism (m; � ) to � , and there is also a functor s : C ! M o C with s(x) = x,
s(� ) = (1cod( � ) ; � ) satisfying ps = 1C, where here 1cod( � ) denotesthe identit y element of
the group M (cod(� )) written in multiplicativ e notation. Letting M be the category with
the sameobjects as C, EndM (x) = M (x) and HomM (x; y) = ; if x 6= y we have a functor
i : M ! M o C which is the identit y on objects, and which on morphismsm 2 EndM (x) is

i (m) = (m; 1x ). We leave it as an exerciseto show that M i� ! M o C
p

� !C is an extension
of categories.

Considerthe caseof an extensionin which the groupsM (x) areall abelian. In this case
the action of i (M ) on M given by the functor M is trivial, sinceif m; m0 2 M (x) then (in
multiplicativ e notation) m0m = m 0

mm0 = mm0, so that m 0
m = m = M (m0)(m). It follows

that the functor M : E ! Groups inducesa well-de�ned functor M : C ! AbelianGroups,
or in other words a representation of C. Such extensionsare called linear extensionsin
[2], and we say that the extension is an extension of C by the representation M . Thus
an extension of C by M , where M : C ! R-mod is a representation of C, is an extension
M i� ! E

p
� ! C satisfying conditions (i) and (ii) (or (iia) and (iib)) and where

EndM (x) = M (x) = p� 1(1x )

and if f : x ! y in E, m 2 EndM (x), then

f i (m) = i (M (f )(m)) f :

We comenow to the parametrization of equivalenceclassesof extensionsby elements
of H 2(C; M ) = Ext 2

ZC(Z; M ).

(7.3) PROPOSITION. Let M be a representation of C and let M =
`

x 2 Ob( C) M (x)
be the category constructed from M as above. Then equivalenceclassesof extensionsof C
by M are in bijection with H 2(C; M ) in such a way that the zero element corresponds to
the Grothendieck construction M o C.

Proof. There is more than one way of exhibiting this correspondence. Becauseit
is appealing conceptually, and partly becauseit seemslesswell known, we will copy the
approach which is given for group extensionsin [16, 10.5]. After this proof we will describe
a di�eren t approach using explicit cocycles. In what follows, all our augmentation ideals
will be left augmentation ideals.
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We will show that category extensionsof C biject with RC-module extensionsof the
augmentation ideal I C. Shifting dimensions by means of the short exact sequence0 !
I C ! RC! R ! 0 wehaveExt 2

RC(R; M ) �= Ext 1
RC(I C; M ), and weknow from homological

algebra that the latter group bijects with equivalenceclassesof RC-module extensionsof
I C by M . Putting thesebijections together givesthe result.

Given an RC-module extension 0 ! M ! E ! I C ! 0 we show how to obtain an
extensionof categoriesM ! E o C ! I Co C. There is a functor C ! I Co C which splits
the right hand term, speci�ed as the identit y on objects, and sending a morphism � to
(� � 1cod( � ) ; � ). We now form the diagram

M � ! E � ! C

k
?
?
y pullback

?
?
y

M � ! E o C � ! I Co C

in which the right hand square is a pullback in the category of small categories,and this
constructs an extensionM ! E ! C.

Conversely, given an extension of categories M ! E ! C we may construct an
extensionof RC-modulesas follows. The functor E ! C yields an algebra homomorphism.
RE ! RC, and we claim that the kernel is the ideal of RE generatedby the augmentation
ideal I M . We will denotethis ideal I M . Sinceit is contained in I E weobtain a short exact
sequenceof RE-modules: 0 ! I M ! I E ! I C ! 0, and hencea sequenceof RC-modules
0 ! I M =(I M � I E) ! I E=(I M � I E) ! I C ! 0.

We claim that I M =(I M � I E) �= M as RC-modules, the isomorphism being

mx � 1x + (I M � I E) $ mx

where mx 2 M (x). We may seethis from the structure of I M , which is spanned by
elements of the form � (m � 1)� where m is a morphism in M and � , � are morphisms
in E. Since � (m � 1) = ( � m � 1)� , this ideal is in fact spannedby elements of the form
(m � 1)� = (m � 1)(� � 1) + (m � 1), from which we seethat the imagesof the elements
(m � 1) with m in M span I M =(I M � I E). The mapping M ! I M =(I M � I E) speci�ed
by m 7! (m � 1) + (I M � I E) is a surjective group homomorphism. It has an inverse,
induced by (m � 1)� 7! m. Note that under this assignment a product (m � 1)(� � 1) =
(m � 1)� � (m � 1) is sent to zero, so the inversemapping is well de�ned. Note also that
since

� m � 1 + (I M � I E) = ( � m � 1)� + (I M � I E) = � (m � 1) + (I M � I E)

the isomorphism is one of RC-modules.
We concludethat we have constructed an extensionof RC-modules

0 ! M ! I E=(I M � I E) ! I C ! 0:

We may check that the two operations we have described, sending category extensions
of C to RC-module extensions of I C and vice-versa, are mutually inverse bijections on
equivalenceclasses.
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Another way to demonstratethe correspondencebetweenequivalenceclassesof exten-
sionsof C and elements of secondcohomologyis to useexplicitly given 2-cocycles. Given
an extensionM i! E

p
! Cwe may choosea section for p, that is, for each morphism � : x ! y

in C a morphism s(� ) : x ! y in E with ps(� ) = � . Now if � : x ! y and � : y ! z
in C then s(� � ) = i (� (� ; � ))s(� )s(� ) for someunique � (� ; � ) 2 M (z) and associativit y of
composition in C implies the 2-cocycle condition

� (
 � ; � ) + � (
 ; � ) = � (
 ; � � ) + M (
 )� (� ; � )

as we may readily check by a standard calculation. Such mappings � de�ned on pairs of
composablemorphisms are called explicit 2-cocyclesor factor sets. Mappings of the form

� (� ; � ) = f (� � ) � f (� ) � M (� )f (� );

where for each morphism � : x ! y in C we have an element f (� ) 2 M (y), automatically
satisfy this condition, and may be calledexplicit 2-coboundaries. If P ! R is the resolution
constructed in the proof of Theorem 5.3 and described explicitly immediately afterwards
we seethat these are in bijection with the 2-cocyclesand 2-coboundaries in the complex
Hom(P; M ). To seethis, observe that P2 is the direct sum of representable functors Fz

for each pair of composablemorphisms x �! y
�
! z in C and homomorphismsFz ! M are in

bijection with the elements of M (z), by Yoneda'slemma. Thus homomorphismsP2 ! M
are in bijection with elements � (� ; � ) 2 M (z), and from the description of the boundary
map on Hom(P; M ) we seethat it is a 2-cocycle if and only if it satis�es the above 2-
cocycle condition, and a 2-coboundary if and only if it satis�es the above 2-coboundary
condition. This gives an identi�cation of H 2(C; M ) as the quotient of 2-cocycles by 2-
coboundaries in the above sense. We may verify that 2-cocycles are homologousif and
only if the extensionswhich produced them are equivalent, and also that a change in the
choice of a section producesa cohomologous2-cocycle. This givesa di�eren t approach to
the correspondencebetweenequivalenceclassesof extensionsof C by M , and H 2(C; M ).

Exercises. Most of theseexercisesare analoguesof standard results in group cohomol-
ogy, and they may be done by using the usual ideasand transfering them to the context
of categories.

1. Prove that if two extensionsof categoriesare equivalent then the categorieswhich
are the middle terms of the sequencesof functors are isomorphic.

2. Show that the composition of morphisms in M o C is associative. Show also that
the functors M i� ! M o C

p
� ! C described in the text give an extension of categories.

3. Show that an extension M ! E ! C is split if and only if it is equivalent to the
extension M ! M o C ! C. In other words: prove that any two split extensionsof C by
M are equivalent.

4. Given an extensionM ! E ! C show that RE is free as an RM -module.
5. Given an extension M ! E ! C and an object x of C show that if EndC(x) is a

group then EndE(x) is a group.
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6. Show that with the correspondence between H 2(C; M ) and equivalence classes
of extensions given above, the zero element of H 2(C; M ) corresponds to the extension
M ! M o C ! C given by the Grothendieck construction.

7. Let M be a representation of C, and consider a section s for a split extension
M i� ! M o C

p
� ! C, so that for each morphism � in C we have a morphism s(� ) in M o C

with the property that ps(� ) = � . From the de�nition of M o C we have s(� ) = (ds(� ); � )
for someuniquely de�ned ds(� ) 2 EndM (cod(� )).

(i) Show that s is a functor C ! M o C if and only if ds is a derivation of C in M , so
that in such a cases splits the extension.

(ii) Show that there is an action of the abelian group
L

x 2 Ob C M (x) on the set of
splittings s of the extensionin which an element u =

P
x 2 Ob C mx wheremx 2 M (x) sends

s to us, where us(� ) = i (mcod( � ) )s(� )i (� mdom (� ) ).

(iii) Considernow two splittings s and t corresponding to derivations ds and dt . Show
that dt � ds is an inner derivation if and only if s and t lie in the sameorbit under the
`conjugation' action of M described in (ii). Deducethat H 1(C; M ) is in bijection with the
orbits of M on the complements to i (M ) in M o C under conjugation.

8. Show that the group structure on equivalenceclassesof extensionsis given by the
following construction which in the caseof group extensionsis the Baer sum. We suppose

we have two extensionsM
i j

� !E j
pj

� !C , j = 1; 2 and construct a new category E3 whose
objects are the sameas those of C. We de�ne HomE3 (x; y) = AnB , the set of orbits of A
on B in a left action, where

B = f (� 1; � 2)
�
� � 1 2 HomE1 (x; y); � 2 2 HomE2 (x; y); p1(� 1) = p2(� 2)g

and

A = f (i 1(m); i 2(m) � 1)
�
� m 2 EndM (y)g:

The functors M i 3� ! E3
p3� ! C are de�ned by i 3(m) = A(m; 1) and p3(A(� 1; � 2)) = p1(� 1).
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