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In connection with recent developments in group representation theory which make use of

the theory of Mackey functors [T-W], the natural question of the classi�cation of simple Mackey

functors arose. The purposeof the present paper is to give a complete answer to this question.

For applications, the reader can refer to our paper [T-W] whereour main results are actually used

in an essential way.

After recalling the de�nitions and elementary facts about Mackey functors, we prove in Sec-

tion 2 that every simple Mackey functor S for a �nite group G has (up to conjugation) a unique

minimal subgroup H with S(H ) 6= 0, and that the (NG (H )=H)-module V = S(H ) is simple.

Similar methods easily give a criterion for the simplicit y of a Mackey functor (Section 3). We

attach to S the pair (H ; V) just described and it turns out that this provides a parameterisation

of the simple Mackey functors. In order to prove this, we describe explicitly a simple Mackey

functor corresponding to an arbitrary pair (H ; V). This requiresa number of constructions which

are intro duced in Sections4, 5 and 6, namely restriction, induction, in
ation of Mackey functors

and �xed point functors. All of these constructions are very natural and have useful adjointness

properties. Sections7 and 8 are devoted to the classi�cation of simple Mackey functors. In the

last section, we prove (in two di�eren t ways) that over a �eld whosecharacteristic is zero or prime

to jGj, any Mackey functor is semi-simple,that is, a direct sum of simple Mackey functors.

Mackey functors for G with a multiplicativ e structure are called Green functors or simply

G-functors. We note here that the classi�cation of simple G-functors appears in [T 2]. Our main

result is similar, but the methods are quite di�eren t.

Notations. Throughout the paper, G denotesa �nite group. We write H � G (resp. H < G)

to indicate that H is a subgroup of G (resp. a proper subgroup of G). The notation K = G H

means that K is G-conjugate to H . Similarly we write K � G H (resp. K < G H ) when K is

G-conjugate to a subgroup of H (resp. a proper subgroup of H ). If H ; K � G, we denote by

[G=H] (resp. [K nG=H]) an arbitrary set of representativ es of the cosetsgH (resp. the double

cosetsK gH ). Finally we set N G (H ) = NG (H )=H .



1. De�nitions

As a basering, we �x a commutativ e ring R (which will later be a �eld). Let G be a �nite

group and X a family of subgroups of G closed under taking subgroups and conjugation (in

short, subconjugacy closed). Our main interest is in the family of all subgroups of G, but it is

convenient to give the following more general de�nition. A Mackey functor M on X (over R) is

a family of R-modules M (H ) where H runs through the set X , together with restriction maps

r H
K : M (H ) ! M (K ), transfer maps tH

K : M (K ) ! M (H ) (where in both casesK � H ) and

conjugation maps cg : M (H ) ! M (gH ) where g 2 G and gH = gH g� 1, such that the following

axioms are satis�ed. For any g; h 2 G and H ; K ; L 2 X ,

(i) if K � H , r H
K , tH

K and cg are R-linear maps.

(ii) if L � K � H , r K
L r H

K = r H
L , tH

K tK
L = tH

L ; moreover r H
H = tH

H = idM (H ) .

(iii) cgh = cgch .

(iv) if K � H , cg r H
K = r

gH
gK cg and cg tH

K = t
gH
gK cg:

(v) if h 2 H , ch : M (H ) ! M (H ) is the identit y.

(vi) (Mackey axiom) if L; K � H ,

r H
L tH

K =
X

g2 [L nH =K ]

tL
L \ gK r

gK
L \ gK cg

where [LnH =K ] denotesan arbitrary set of representativ esof the double cosetsLgK .

When X is the family of all subgroupsof G, we shall simply say that M is a Mackey functor

for G.

Note that the axioms (iii) and (v) imply that N G (H ) = NG (H )=H acts on M (H ) (via

R-linear automorphisms), so that M (H ) is an RN G (H )-module. In particular M (1) is an RG-

module. This implies that the category of RG-modules is embedded in the category of Mackey

functors (seeSection 6).

There is an equivalent de�nition in terms of �nite G-sets (see [Dr] or [t D, Section 6.1] for

details). The value of M on the transitiv e G-set G=H is simply M (G=H) = M (H ) and then M is

alsode�ned on disjoint unionsof transitiv eG-setsthanks to the formula M (S[ T) = M (S) � M (T).

In order to deal with morphisms, we note that we have the following G-homomorphismsbetween

transitiv e G-sets: if K � H are subgroupsof G then

� H
K : G=K ! G=H ; gK 7! gH

denotesthe natural quotient map, and for x 2 G

cx : G=H ! G=xH ; gH 7! (gx � 1) xH



denotesconjugation by x. Then any G-homomorphismbetweentwo transitiv eG-setsis a composite

of a natural quotient map and a conjugation. Now it turns out that onecande�ne a Mackey functor

as a bifunctor (M � ; M � ) on the category of G-setswith very few de�ning properties. By de�nition

M � is covariant and M � is contravariant. Moreover M � and M � coincide on objects and we write

M (S) = M � (S) = M � (S). The link with the previous de�nition is provided by the following

dictionary:
M � (� H

K ) = tH
K : M (K ) ! M (H )

M � (� H
K ) = r H

K : M (H ) ! M (K )

M � (cx ) = cx : M (H ) ! M ( xH )

M � (cx ) = c� 1
x : M ( xH ) ! M (H ):

This point of view is extremely fruitful but we shall only occasionnally use it, for the elementary

approach su�ces for our purposes.

Recall that a homomorphism of Mackey functors f : M ! N is a family of R-module ho-

momorphisms f (H ) : M (H ) ! N (H ) (where H runs in X ) which commute with restriction,

transfer and conjugation (in the obvious sense). Since f commutes with conjugation, f (H ) is in

particular an RN G (H )-linear homomorphism. The set of homomorphismsfrom M to N is written

HomMac k(X ) (M ; N ) (respectively HomMac k(G) (M ; N ) when X is the family of all subgroupsof G).

The category of Mackey functors for G is written Mack(G).

By a subfunctor N of a Mackey functor M on X , one means a family of R-submodules

N (H ) � M (H ) (where H 2 X ) which is stable under restriction, transfer and conjugation (in

the obvious sense). If N is a subfunctor of M , then the quotient functor M =N is de�ned by

(M =N )(H ) = M (H )=N (H ), with the induced restriction, transfer and conjugation maps. It is not

di�cult to check that the category of Mackey functors is an abelian category. Finally a Mackey

functor M is called simple (or irr educible) if the only subfunctors of M are M itself and 0 (i.e. the

Mackey functor which is 0 on each subgroup). The set of isomorphism classesof simple Mackey

functors for G is written Irr R (Mack(G)).

Let I be a maximal ideal of R with residue�eld k and let M be a Mackey functor for G. Since

all restriction, transfer and conjugation maps are R-linear, it is clear that the family of k-vector

spaces

(k 
 R M )(H ) = k 
 R M (H ) = M (H ) =I �M (H )

is endowed with a structure of Mackey functor for G over k. If M is simple, then k 
 R M is either

equal to M or to 0, but it cannot be zero for all maximal ideals I of R (by standard commutativ e

algebra). Therefore we have

Irr R (Mack(G)) =
[

I maximal
Irr R=I (Mack(G))



and it doesno harm to assumethat R = k is a �eld. We shall make this assumption for the rest

of the paper. However we note that we never actually usethis assumption (except in Section9); it

is just that it seemsto us misleading not to emphasizethat simple Mackey functors are naturally

de�ned over a �eld.

2. The parameterisation of simple Mac key functors

Let M be a Mackey functor for G over a �eld k and for each subgroup H of G let E (H ) be a

subsetof M (H ). We put

< E > =
\

f N j N is a subfunctor of M with E (H ) � N (H ) for all subgroupsH g:

We call < E > the subfunctor generated by E . More generally, let F be any family of subgroups

of G and for each H 2 F , let E (H ) be a subset of M (H ); by the subfunctor generatedby E , we

mean the subfunctor generatedby ~E where ~E is the extension of the family E to all subgroups

of G de�ned by ~E(H ) = 0 if H =2 F . If M is a Mackey functor for G and if X is a subconjugacy

closedfamily of subgroupsof G, we denoteby M #X the restriction of M to X , viewed asa Mackey

functor de�ned on X .

(2.1) PROPOSITION. Let M be a Mackey functor for G. Let X be a subconjugacy closed

family of subgroupsof G and N a subfunctor of M #X (de�ned on X ). Then for all subgroupsK ,

< N > (K ) =
X

X 2X
X � K

tK
X N (X ):

If K 2 X then < N > (K ) = N (K ), or in other words < N >#X = N .

Proof. Let

L (K ) =
X

X 2X
X � K

tK
X N (X ):

We check that L is indeeda subfunctor of M . We have to prove that L is closedunder restriction,

transfer and conjugation. Closure under transfer and conjugation are evident. Closure under

restriction follows from

r K
J L(K ) =

X

X 2X
X � K

r K
J tK

X N (X )

=
X

X 2X
X � K

X

g2 [J nK =X ]

tJ
gX \ J cg r X

X \ g � 1J
N (X )

�
X

Y 2X
Y � J

tJ
Y N (Y)

= L(J ):



It is now apparent that any subfunctor of M \containing" N must contain L , so we obtain that

L = < N > .

Finally if K 2 X we have

L(K ) =
X

X 2X
X � K

tK
X N (X ) = N (K )

sinceN (K ) = tK
K N (K ) is one of the terms, and it contains all the others.

(2.2) COROLLAR Y. Let S be a simple Mackey functor for G and X a subconjugacy closed

set of subgroupsof G. Then S#X is either a simple Mackey functor on X or is zero.

Proof. Suppose N is a non-zero subfunctor of S #X . This generatesa non-zero subfunctor

< N > of S, and so < N > = S by simplicit y of S. Therefore by the proposition above, N = < N >

#X = S#X , proving that S#X is simple.

(2.3) PROPOSITION. Let S be a simple Mackey functor for G and let H be a minimal

subgroup such that S(H ) 6= 0.

(i) S is generatedby S(H ).

(ii) The conjugacy classof H is the unique conjugacy class of minimal subgroups K such that

S(K ) 6= 0.

(iii) S(H ) is a simple kN G (H )-module.

Proof. (i) is clear because,by simplicit y, S is generated by any non-zero family of subsets

(a single subset in our case). Let X consist of all conjugates of subgroups of H . Let W be a

non-zerokN G (H )-submodule of S(H ) and for K 2 X , let

E (K ) =
�

gW if K = gH ,
0 if K < G H .

It is clear that E is a non-zerosubfunctor of S#X , becausesinceS vanisheson subgroupsK < G H ,

no restriction and transfer are involved, while closure under conjugation is clear since W is an

kN G (H )-submodule. Then < E > is a non-zerosubfunctor of S, so equalsS becauseof simplicit y.

But from the description in the last proposition, < E > (K ) 6= 0 only if K contains a conjugate of

H , which proves(ii). Moreover the secondstatement in Proposition 2.1 givesS(H ) = < E > (H ) =

E(H ) = W which establishesthe simplicit y of S(H ).

A minimal subgroup H such that S(H ) 6= 0 will be called an minimal subgroup of S. This

de�nition is given for an arbitrary Mackey functor S, but when S is simple, then the minimal

subgroupsof S are all conjugate.



Let 
 be the set of pairs (H ; V) whereH is a subgroupof G and V a simple kN G (H )-module

(up to isomorphism). The group G acts by conjugation on 
 and we are interested in the set of

orbits 
 =G. Theseare represented by pairs (H ; V) where H is taken up to G-conjugation and V

is taken up to kN G (H )-isomorphism. Proposition 2.3 allows to de�ne a map

� : Irr k (Mack(G)) � ! 
 =G

sendingS to the G-orbit of (H ; V) whereH is an minimal subgroupof S and V = S(H ). The �rst

goal of this paper is to prove the following result.

(2.4) THEOREM. The map � is a bijection.

In fact our secondgoal is to construct explicitly an inverseof �, that is, to construct for each

pair (H ; V) 2 
 a simple Mackey functor SH ;V with minimal subgroupH and with SH ;V (H ) = V .

This will be done in Theorem 8.3 and will complete the classi�cation of simple Mackey functors.

3. A characterization of simple Mac key functors

Before embarking on the preparatory work for the classi�cation, we give a characterization of

simple Mackey functors which is basedonly on the elementary methods of the previous section.

By Proposition 2.1, if X is a family of subgroups closed under subconjugation, then the

subfunctor < M #X> generatedby the values of a Mackey functor M on X is equal to the sum

of the imagesof the transfer maps from subgroupsin X . Let us denote by Im tX this subfunctor.

There is a dual notion using kernels of restrictions: we denote by Ker r X the subfunctor of M

de�ned by

(Ker r X )(K ) =
\

X 2X
X � K

Ker r K
X :

One checks that Ker r X is indeed a subfunctor in a fashion similar to the proof of Proposition 2.1.

Now let H be a minimal subgroup of M and take X to be the subconjugacy closure of H .

Then only the conjugatesof H actually comeinto play and we have

(Im tX )(K ) =
X

g2 G
gH � K

Im tK
gH ;

(Ker r X )(K ) =
\

g2 G
gH � K

Ker r K
gH :

We usethis notation for the following characterization of simple Mackey functors.



(3.1) THEOREM. Let S be a Mackey functor for G, let H be a minimal subgroup of S and

let X be the subconjugacy closure of H . Then S is a simple Mackey functor if and only if the

following three conditions are satis�ed.

(i) Ker r X = 0;

(ii) Im tX = S ;

(iii) S(H ) is a simple kN G (H )-module.

Proof. AssumeS is simple. Since(Ker r X )(H ) = 0, Ker r X is a proper subfunctor, henceis

zero. The other two conditions have beenalready proved in (2.3).

Assume now that the three conditions hold and let T be a non-zero subfunctor of S. Then

there exists a subgroup K such that T(K ) 6= 0. Now by (i)

(Ker r X )(K ) =
\

g2 G
gH � K

Ker r K
gH = 0

and therefore there exists g 2 G such that gH � K and T(K ) 6� Ker r K
gH . It follows that

r K
gH (T(K )) 6= 0 and so T(gH ) 6= 0. By conjugation, we obtain T(H ) 6= 0. But since T is a

subfunctor of S, T(H ) is a kN G (H )-submodule of S(H ) and so T(H ) = S(H ) by (iii). By

conjugation, we now have T(xH ) = S(xH ) for all x 2 G. By (ii) we deduce

S(K ) = (Im tX )(K ) =
X

x 2 G
xH � K

tK
xH T(xH ) � T(K )

and this provesthat T = S.

Note that sinceS vanisheson proper subgroupsof H , both conditions (i) and (ii) imply that

S(K ) = 0 if K doesnot contain a conjugate of H , that is, H is the unique minimal subgroup of S

up to conjugation.

In the same vein as the proposition above, we prove a related result which will be used in

Section 9.

(3.2) PROPOSITION. Let X be a family of subgroupsof G closedunder subconjugation.

Let M be a Mackey functor for G satisfying M = Im tX and Ker r X = 0. If the Mackey functor

M #X on X decomposesas a direct sum of Mackey functors M #X =
L

i N i , then M decomposes

as M =
L

i M i , where M i = < N i > . Moreover N i = (M i ) #X .

Proof. Let M i = < N i > . By Proposition 2.1, (M i ) #X = N i . Now since M is generatedby

M #X , it is clear that M =
P

i M i and we have to show that this sum is direct. Let m i 2 M i (K )

with
P

i mi = 0 . Then for every X 2 X with X � K , we have
P

i r K
X (mi ) = 0 . Since

r K
X (mi ) 2 (M i ) #X (X ) = N i (X ) , we obtain r K

X (mi ) = 0 and therefore m i 2 (Ker r X )(K ) = 0.



4. Restriction and induction.

In this section, we recall the de�nition of restriction and induction for Mackey functors. We

�rst use the approach using G-sets, which is particularly convenient here, but we then translate

the de�nitions in terms of the elementary approach.

Let H be a subgroup of G. There is an obvious restriction functor from the category of (left)

G-sets to the category of H -sets, mapping a G-set X to the H -set X #G
H , de�ned to be X with

the restriction to H of the action of G. There is also an induction functor mapping an H -set Y

to the G-set Y " G
H = G � H Y, de�ned to be the quotient of G � Y by the equivalencerelation � ,

where (gh; y) � (g; hy) for every h 2 H . Induction behaves very well on transitiv e H -sets, for

(H =K ) " G
H

�= G=K .

(4.1) LEMMA. The induction functor " G
H : H -sets! G-sets is left adjoint to the restriction

functor #G
H : G-sets! H -sets.

Proof. This is standard. The counit and unit of the adjunction are

� : (G � H X #G
H ) ! X and � : Y ! (G � H Y) #G

H :

Here � maps the classof (g; x) to gx and � maps y to the classof (1; y).

It should be noted that " G
H is not the right adjoint of #G

H in the category of G-sets.

Now letting Mack(G) denote the category of Mackey functors for G we have restriction and

induction functors

#G
H : Mack(G) ! Mack(H )

" G
H : Mack(H ) ! Mack(G)

de�ned (on G-sets) by

M #G
H (Y ) = M (Y " G

H ):

M " G
H (X ) = M (X #G

H ):

Thesefunctors satisfy relationships inherited from the corresponding operations for G-sets.



(4.2) PROPOSITION. The induction functor " G
H : Mack(H ) ! Mack(G) is both the left

and the right adjoint of the restriction functor #G
H : Mack(G) ! Mack(H ) .

Proof. First we show that " G
H is left adjoint to #G

H , that is we show that there is a natural

bijection

HomMac k( G) (M " G
H ; N ) �= HomMac k(H ) (M ; N #G

H ):

We do this by de�ning the counit and unit of the proposedadjunction

p(N ) : N #G
H " G

H ! N q(M ) : M ! M " G
H #G

H

so as to be natural in M and N . We specify these natural transformations by de�ning their

evaluation on each G-set X and H -set Y as follows:

p(N ) = N � (� ) : N (X #G
H " G

H ) = N #G
H " G

H (X ) � ! N (X )

q(M ) = M � (� ) : M (Y) � ! M (Y " G
H #G

H ) = M " G
H #G

H (Y )

where � and � are the maps de�ned in Lemma 4.1, and where N � denotesthe covariant functor

which is part of the de�nition of the Mackey functor N (and similarly for M � ).

Naturalit y of p and q with respect to M and N follows from the naturalit y of � and � . To

show that they give an adjunction we have to verify that the composites

N #G
H

q(N#G
H )

� ! N #G
H " G

H #G
H

p(N )#G
H� ! N #G

H

M " G
H

q(M )" G
H� ! M " G

H #G
H " G

H
p(M " G

H )
� ! M " G

H

are the identities 1N#G
H

and 1M " G
H

respectively. This is so becausethesecompositesare N � and M �

applied to

Y " G
H

� (Y )" G
H� ! Y " G

H #G
H " G

H
� (Y" G

H )
� ! Y " G

H

X #G
H

� (X #G
H )

� ! X #G
H " G

H #G
H

� (X )#G
H� ! X #G

H

respectively. These last two composites are the identit y in both casesbecause� and � are the

counit and unit of the adjunction between induction and restriction of G-sets.

The proof that " G
H is right adjoint to #G

H is very similar. We de�ne the counit and unit of the

adjunction to be

u(M ) : M " G
H #G

H ! M v(N ) : N ! N #G
H " G

H

u(M ) = M � (� ) : M " G
H #G

H (Y ) = M (Y " G
H #G

H ) � ! M (Y)

v(N ) = N � (� ) : N (X ) � ! N #G
H " G

H (X ) = N (X #G
H " G

H ):



The veri�cation that this givesan adjunction proceedsexactly asbefore,except now we work with

M � and N � instead of M � and N � .

Now we translate the above constructions in terms of the elementary approach to Mackey

functors. First since(H =K ) " G
H = G=K , the de�nition of restriction gives

N #G
H (K ) = N #G

H (H =K ) = N ((H =K ) " G
H ) = N (G=K ) = N (K )

and therefore the restriction of Mackey functors consists simply in restricting our attention to

subgroupsof H . This is the obvious restriction procedureone would expect. Induction however is

more involved.

(4.3) PROPOSITION. Let M be a Mackey functor for the subgroup H of G. Then

M " G
H (K ) �=

M

g2 [K nG=H ]

M (H \ K g) :

Writing xg for the component in M (H \ K g) of an element x 2 M " G
H (K ) and letting L � K ,

y 2 M " G
H (L ), x 2 M " G

H (K ) and s 2 G, we have

r K
L (x)g = r H \ K g

H \ L g (xg)

tK
L (y)g =

X

u2 [L nK =K \ gH ]

tH \ K ug

H \ L ug (yug )

cs(x)g = xs� 1 g

:

The proof of the proposition is left as an exercisefor the reader. Note that one can also

de�ne an induced functor using the formulae in (4.3), and then check the axioms. This is Sasaki's

approach in [Sa,De�nition 2.9], attributed to Yoshida. Proposition 4.3 is Lemma 2.2 of that paper.

Seealso [T 2, Section 11].

We end this section with a trivial but useful result.

(4.4) PROPOSITION. The induction functor is an exact functor. In particular if L ! M

is a monomorphism (resp. epimorphism) of Mackey functors for H , then the induced morphism

L " G
H ! M " G

H is a monomorphism (resp. epimorphism) of Mackey functors for G.

Proof. The morphism L " G
H ! M " G

H evaluated on a G-set X is by de�nition the evaluation of

L ! M on the H -set X #G
H , which is a monomorphism (resp. epimorphism) by assumption. More

generally the exactnessof induction follows in the samemanner. It is also easy to give a proof

using the elementary approach to induction.



5. In
ation.

Let N be a normal subgroup of G with quotient Q = G=N . Given a Mackey functor M for Q

we de�ne a Mackey functor Inf G
Q M called the in
ation of M from Q to G, as follows:

Inf G
Q M (H ) =

�
0 if H 6� N
M (H =N ) if H � N :

The restriction and transfer morphisms r K
H , tK

H are zero unlessN � H � K in which casethey are

the mappings r K =N
H =N ; tK =N

H =N for M . Similarly conjugations are inherited from M .

We now describe the adjoints of the in
ation functor. Given a Mackey functor L on G we

de�ne Mackey functors L + and L � on Q as follows.

L + (K =N ) = L(K )
� X

J � K
J 6�N

tK
J L(J )

L � (K =N ) =
\

J � K
J 6�N

Ker r K
J

Restriction, transfer and conjugation mappings come from those for L , for which we rely on the

fact that those mappings for L preserve the sum of images of transfers and the intersection of

kernelsof restrictions.

(5.1) PROPOSITION. + is left adjoint to Inf G
Q , and � is right adjoint to Inf G

Q .

Proof. Let L be a Mackey functor for G and M a Mackey functor for Q. Any morphism

� : L ! Inf G
Q M is necessarilyzero on L(J ) with J 6� N , and hencemust vanish on

P
J � K
J 6� N

tK
J L(J )

for each subgroup K . Thus � induces a morphism L + ! M . Conversely, for any morphism

� : L + ! M we construct a morphism L ! Inf G
Q M by de�ning it to be zeroon L(J ) when J 6� N ,

and de�ning it to be the composite

L (K ) ! L (K )=
X

J � K
J 6� N

tK
J L(J ) = L + (K =N ) ! M (K =N ) = Inf G

Q M (K )

when K � N . The fact that this composite vanisheson
P

J � K
J 6� N

tK
J L(J ) ensuresthat it is gen-

uinely a morphism of Mackey functors. By these constructions we establish a natural bijection

Hom(L; Inf G
Q M ) $ Hom(L + ; M ) which shows that + is left adjoint to Inf G

Q . The proof that � is

right adjoint to Inf G
Q is similar.

The fact that in
ated functors vanish on subgroups not containing the normal subgroup is

important for the following result which will turn out to be crucial in the classi�cation of simple

functors.



(5.2) PROPOSITION. Let H be a subgroup of G and L a Mackey functor for the group

N G (H ) = NG (H )=H. Then the Mackey functor M = (Inf N G (H )

N G (H )
L) " G

N G (H ) for the group G

satis�es M (H ) = L(1).

Proof. Proposition 4.3 gives

M (K ) =
M

g2 [K nG=N G (H )]

(Inf N G (H )

N G (H )
L)(NG (H ) \ K g):

The only non-zero terms have NG (H ) \ K g � H , in other words K g � H . When K = H this

condition becomesg 2 NG (H ), but there is only onedoublecosetrepresentativ e with this property,

namely 1, so M (H ) = (Inf N G (H )

N G (H )
L)(H ) = L(1).

6. Fixed poin t and �xed quotien t Mac key functors

Let V be a (left) kG-module. We de�ne the �xed point Mackey functor F PV to be the Mackey

functor such that F PV (H ) = V H , where V H denotesthe set of all H -�xed points in V . The �xed

quotient Mackey functor F QV is the Mackey functor such that F QV (H ) = VH , where VH denotes

the largest quotient of V on which H acts trivially . For F PV , the restriction r H
K : V H ! V K is the

inclusion of �xed points and the transfer tH
K : V K ! V H is the relative trace map sendingx 2 V K

to
P

h2 [H =K ] h�x. Similarly for F QV , the restriction r H
K : VH ! VK is induced by multiplication by

P
h2 [K nH ] h and the transfer tH

K : VK ! VH is the surjection of �xed quotients. For both Mackey

functors, the conjugation cg is multiplication by g. Evidently F PV (1) = V = F QV (1).

It is clear that a homomorphismV ! W of kG-modulesinducesmorphismsof Mackey functors

F PV ! F PW and F QV ! F QW . Thus F P and F Q de�ne two (fully faithful) functors from the

category kG-mod of left kG-modules to the category Mack(G).

There is alsoan obvious forgetful functor E : Mack(G) ! kG-mod mapping a Mackey functor

M to its evaluation M (1) at the trivial subgroup 1 of G.

(6.1) PROPOSITION. The left adjoint of E is F Q, and the right adjoint of E is F P.

Explicitly let M be a Mackey functor for G and V a kG-module.

(i) Given any morphism of kG-modules� : M (1) ! V , there existsa unique morphism of Mackey

functors M ! F PV which extends � .

(ii) Given any morphism of kG-modules� : V ! M (1), there existsa unique morphism of Mackey

functors F QV ! M which extends � .

Proof. (i) We de�ne � H : M (H ) ! V H = F PV (H ) as the composition � H = �r H
1 . In

particular � 1 = � . The image of �r H
1 is contained in V H , becausefor h 2 H , sinceh acts trivially



on M (H ) and commutes with � , we have ch � r H
1 = � r

hH
h1 ch = � r H

1 . Furthermore, commutativit y

of the following diagram implies that our choice of � H is unique.

M (H )
� H� ! V H

r H
1

?
?
y

?
?
y inclusion

M (1) � !
�

V

We verify the two equations
� H tH

K = tH
K � K

� K r H
K = r H

K � H :

Substituting � H into the �rst equation and using Mackey's axiom we obtain

� H tH
K = � r H

1 tH
K = �

X

h2 [H =K ]

ch r K
1 =

X

h2 [H =K ]

h � � r K
1 = tH

K � r K
1 = tH

K � K :

Treating the secondequation similarly, we obtain

� K r H
K = � r K

1 r H
K = � r H

1 = � H = r H
K � H

sincer H
K for the Mackey functor F PV is inclusion V H � V K . This provesthat the proposedmor-

phism of Mackey functors commuteswith transfersand restrictions. It commuteswith conjugations

becauseboth mappings in its de�nition do.

(ii) We de�ne � H : VH ! M (H ) to be the unique map making the following diagram commu-

tativ e.
VH

� H� ! M (H )

quotien t

x
?
?

x
?
? t H

1

V
�

� ! M (1)

Then one veri�es that � is a morphism of Mackey functors in a way which is dual to that of part

(i).

(6.2) Remark. There is a dualit y for Mackey functors which interchangesF P and F Q, so that the

arguments for F Q are indeed dual of those for F P in a more preciseway. In more detail, for any

Mackey functor M , one de�nes the dual M � of M by M � (H ) = M (H ) � , the dual of the vector

spaceM (H ). The restriction maps for M � are the dual maps of the transfers for M , while the

transfer maps for M � are the dual mapsof the restrictions for M . Morover the conjugation by g in

M � is the dual of the conjugation by g� 1 in M . It is not di�cult to prove that (F PV ) � �= F QV �

where V � is the dual (contragredient) representation of V .



7. Simple Mac key functors with trivial minimal subgroup

In this section,we classify the simple Mackey functors S = S1;V with trivial minimal subgroup

(that is, such that S(1) 6= 0). They areparameterisedby pairs (1; V) where1 is the trivial subgroup

and V a simple kG-module. We �rst describe S1;V explicitly .

(7.1) LEMMA. Let V be a simple kG-module.

(i) The �xed point functor F PV has a unique minimal subfunctor S1;V , identi�ed by

S1;V (H ) = Im( tH
1 : V ! V H ). In particular, S1;V is a simple Mackey functor.

(ii) The �xed quotient functor F QV has a unique simple quotient functor S1;V , identi�ed by

S1;V (H ) = VH =Ker(r H
1 : VH ! V1).

(iii) The simple Mackey functors S1;V de�ned in (i) and (ii) are isomorphic.

Proof. (i) Let 0 6= M be a subfunctor of F PV . For some subgroup K � G, M (K ) 6= 0.

Since r K
1 : F PV (K ) ! F PV (1) is the inclusion of �xed points we have M (1) 6= 0. But then

M (1) = V since M (1) is a kG-submodule of the simple module V . Therefore M contains the

subfunctor < F PV (1) > generatedby F PV (1) = V . But this latter functor is precisely S1;V (see

Proposition 2.1 applied with X = f 1g).

(ii) The proof is similar to (i), using a dual argument.

(iii) The adjointnessproperty of either F PV or F QV (Proposition 6.1) applied to the situation

F QV (1) = V = F PV (1) yields a morphism � : F QV ! F PV . Becausethe transfer maps tH
K for

F QV are always surjective, the sameholds for the image of � , and hencethe value of the image

at a subgroup K is tK
1 V = S1;V (K ). Thus the imageof � is S1;V . SinceF QV has a unique simple

quotient, it is mapped isomorphically onto S1;V .

(7.2) THEOREM. The simple Mackey functors with trivial minimal subgroup are precisely

the Mackey functors S1;V with V a simple kG-module. Moreover S1;V
�= S1;W if and only if

V �= W .

Proof. We have already seenin Lemma 7.1 that the functors S1;V are simple. On the other

hand if M is a simple Mackey functor with M (1) 6= 0 then M (1) = V is a simple kG-module

by Proposition 2.3. Moreover the identit y morphism M (1) = V extends uniquely to a morphism

� : M ! F PV by Proposition 6.1. By simplicit y of M , the kernel of � (which is obviously a

subfunctor of M ) is zero and therefore � gives an isomorphism from M to the unique simple

subfunctor S1;V of F PV . The secondclaim is clear since on the one hand V determines S1;V as

the unique minimal subfunctor of F PV and on the other hand S1;V determinesV as its evaluation

at 1.



8. The classi�cation of simple Mac key functors

In this section we classify the simple Mackey functors S = SH ;V . As mentioned in Section 2,

they are parameterisedby pairs (H ; V) where H is a minimal subgroup of S (de�ned up to con-

jugacy) and V = S(H ) is a simple kN G (H )-module. First we describe SH ;V explicitly . We write

SG
H ;V = SH ;V in order to emphasizethat it is a Mackey functor for G.

Let H be a subgroup of G and let V be a simple kN G (H )-module. Let SN G (H )
1;V be the simple

Mackey functor for the group N G (H ) constructed in the previous section. Thus SN G (H )
1;V is the

unique minimal subfunctor of the �xed point functor F PV .

(8.1) LEMMA. Let H be a subgroup of G and let V be a simple kN G (H )-module.

(i) M = (Inf N G (H )

N G (H )
F PV ) " G

N G (H ) has a unique minimal subfunctor SG
H ;V , generated by

M (H ) = V . This minimal subfunctor is isomorphic to (Inf N G (H )

N G (H )
SN G (H )

1;V ) " G
N G (H ) .

(ii) (Inf N G (H )

N G (H )
F QV ) " G

N G (H ) has a unique maximal subfunctor. The quotient is isomorphic to

SG
H ;V

�= (Inf N G (H )

N G (H )
SN G (H )

1;V ) " G
N G (H ) .

Proof. (i) Let T beany subfunctor of M . Weshow that T(H ) = M (H ), sothat T � < M (H ) > .

From this it will follow that the Mackey functor < M (H ) > generated by M (H ) is the unique

minimal subfunctor of M . By Proposition 5.2, M (H ) = F PV (1) = V is a simple kN G (H )-module.

SinceT(H ) is a kN G (H )-submodule of M (H ), it su�ces to prove that T(H ) 6= 0. For simplicit y,

we write Inf instead of Inf N G (H )

N G (H )
.

By adjointnessproperties (Propositions 4.2, 5.1 and 6.1) we have

HomMac k( G) (T; M ) �= HomMac k(N G (H )) (T #G
N G (H ) ; Inf F PV )

�= HomMac k(N G (H ))

�
(T #G

N G (H ) )
+ ; F PV

�

�= HomkN G (H )

�
(T #G

N G (H ) )
+ (1) ; V

�

= HomkN G (H )

�
(T #G

N G (H ) ) (H
� X

J � H
J 6� H

tH
J T(J )) ; V

�

= HomkN G (H ) (T(H ); V)

the last equality coming from the fact that M and hence T vanish on proper subgroups of H .

The inclusion of T in M being a non-zero morphism of the left-hand side, there is a non-zero

homomorphism from T(H ) to V and this forcesT(H ) 6= 0.

We now turn to the secondclaim in part (i). Since both in
ation and induction are exact

functors (cf Proposition 4.4), we may regard (Inf SN G (H )
1;V ) " G

N G (H ) as a subfunctor of the functor



M = (Inf F PV ) " G
N G (H ) . Thus it su�ces to show that it is generatedby M (H ). By Proposition 4.3,

for any subgroup K we have the formula

(8:2) (Inf SN G (H )
1;V ) " G

N G (H ) (K ) =
M

g2 [K nG=N G (H )]

(Inf SN G (H )
1;V )(NG (H ) \ K g):

The only non-zerosummandssatisfy K g � H . Fix such a g and consider the value of the functor

at gH . By a similar computation (or by Proposition 5.2) we have

(Inf SN G (H )
1;V ) " G

N G (H ) (gH ) = (Inf SN G (H )
1;V )(NG (H ) \ (gH )g) = (Inf SN G (H )

1;V )(H )

= V = M (H ):

Proposition 4.3 tells us that the transfer tK
gH is equal to tN G (H ) \ K g

H having codomain the sum-

mand corresponding to g in (8.2). This map is surjective since tN G (H ) \ K g

H in the Mackey functor

Inf SN G (H )
1;V is the transfer tN K g (H )

1 in the Mackey functor SN G (H )
1;V which is surjectiveby Lemma 7.1.

It follows from the above analysis that the sum of the transfer maps
P

g 2 G
gH � K

tK
gH is surjective

onto (Inf SN G (H )
1;V ) " G

N G (H ) (K ), which completesthe proof that the subfunctor (Inf SN G (H )
1;V ) " G

N G (H )

is generatedby M (H ) = V .

(ii) is proved by a dual argument.

Now we can prove the main result of this paper. Recall from Section 2 that 
 is the set of

pairs (H ; V) where H is a subgroup of G and V a simple kN G (H )-module (up to isomorphism).

Also G acts by conjugation on 
 and we have a map

� : Irr k (Mack(G)) � ! 
 =G

which associates to a simple Mackey functor S the G-conjugacy class of (H ; V) where H is a

minimal subgroup of S and V = S(H ).

(8.3) THEOREM. The map � is a bijection. Its inversemaps a pair (H ; V) to the simple

functor SH ;V constructed in Lemma 8.1. In other words the Mackey functors SH ;V form a complete

list of non-isomorphic simple Mackey functors (for (H ; V) 2 
 =G).

Proof. By Lemma 8.1, the Mackey functors SH ;V = SG
H ;V = (Inf N G (H )

N G (H )
SN G (H )

1;V ) " G
N G (H ) are

simple. Also by construction H is a minimal subgroup of SH ;V and V = SH ;V (H ). Therefore we

haveconstructeda right inverseof the map � and it su�ces to provethat any simpleMackey functor

S is isomorphic to SH ;V for H a minimal subgroup of S and V = S(H ). For simplicit y, we write

again Inf instead of Inf N G (H )

N G (H )
. SinceSH ;V is the unique minimal subfunctor of (Inf F PV ) " G

N G (H ) ,

we only needto establishthe existenceof a non-zeromorphism � : S ! (Inf F PV ) " G
N G (H ) . Indeed

by simplicit y of S, the kernel of � (which is obviously a subfunctor of S) is zero and therefore �



gives an isomorphism from S to the unique simple subfunctor SH ;V of (Inf F PV ) " G
N G (H ) . The

existenceof � follows from a sequenceof adjunctions which we have already encountered in the

proof of Lemma 8.1.

HomMac k(G) (S ; (Inf F PV ) " G
N G (H ) ) �= HomMac k( N G (H )) (S#G

N G (H ) ; Inf F PV )

�= HomMac k( N G (H ))

�
(S#G

N G (H ) )
+ ; F PV

�

�= HomkN G (H )

�
(S#G

N G (H ) )
+ (1) ; V

�

= HomkN G (H )

�
(S#G

N G (H ) ) (H
� X

J � H
J 6� H

tH
J S(J )) ; V

�

= HomkN G (H ) (S(H ); V) :

The last homomorphism group is non-zerobecauseS(H ) = V and so the proof is complete.

9. In vertible group order

In this section we assumethat our base�eld k has characteristic zero or prime to the order

of the group G. In other words we assumethat jGj is invertible in k. Then we have the following

semi-simplicity result, analogousto Maschke's theorem.

(9.1) THEOREM. Assume that jGj is invertible in k. Then every Mackey functor for G

over k is a direct sum of simple Mackey functors.

As in the caseof modules, the statement is equivalent to the claim that every subfunctor of

M is a direct summand of M (as a Mackey functor), or also that every short exact sequenceof

Mackey functors splits.

(9.2) LEMMA. Assumethat jGj is invertible in k. Then the simple Mackey functor SH ;V is

equal to (Inf N G (H )

N G (H )
F PV ) " G

N G (H ) .

Proof. By Lemma 8.1, we know that SH ;V = (Inf N G (H )

N G (H )
SN G (H )

1;V ) " G
N G (H ) where SN G (H )

1;V

is the unique simple subfunctor of F PV for the group N G (H ). Thus it su�ces to prove that

SN G (H )
1;V = F PV and so we may assumethat H = 1. By Lemma 7.1, we have

S1;V (K ) = Im( tK
1 : V ! V K ) � V K = F PV (K )

for every subgroup K . Therefore it su�ces to prove that tK
1 is surjective onto V K . But this is

clear sincefor x 2 V K , we have x = jK j � 1 tK
1 (x).



First proof of (9.1). This proof is basedon one of the main results of [T 1]. For a Mackey

functor M and for each subgroup H , we de�ne

M (H ) = M (H )
� X

K <H

tH
K (M (K ))

and we let P(M ) denotethe set of subgroupsH such that M (H ) 6= 0 (called primordial subgroups

in [T 1]). The group G acts by conjugation on P(M ). Now recall that the twin functor TM of M

is de�ned by

TM (H ) =
� M

K � H

M (K )
� H

where the exponent H denotesthe set of H -�xed points in the direct sum with respect to the con-

jugation action which is part of the de�nition of a Mackey functor. If we let R(M ) =
L

K � G M (K )

with its natural conjugation action, then TM (H ) � R(M )H , by taking zero for the components

indexed by a subgroup K not contained in H . It is easy to seethat TM is a subfunctor of the

�xed-p oint functor F PR(M ) .

The result of [T 1] which we needassertsthat when jGj is invertible, every Mackey functor M

is isomorphic to its twin functor TM . This is Corollary 4.4 in [T 1] for Mackey functors endowed

with a multiplicativ e structure (called G-functors in [T 1]), but as mentioned in Theorem 12.3 of

that paper, the result alsoholds for arbitrary Mackey functors (called module G-functors in [T 1]).

Thus it su�ces to prove our theorem for TM instead of M .

Now we claim that

(9:3) TM �=
M

H 2 [P (M )=G]

�
Inf N G (H )

N G (H )
(F PM (H ) )

�
" G

N G (H ) :

The proof is exactly the sameas that of Proposition 11.4 in [T 2]. Let K be a subgroup of G.

Then

TM (K ) =
� M

P � K

M (P)
� K

=
M

P 2 [P (M )=G]

� M

g2 [G=N G (P )]
gP � K

M (gP)
� K

:

It is clear that this givesa decomposition of TM as a direct sum, so we now �x someP 2 P(M ).

We have
� M

g2 [G=N G (P )]
gP � K

M (gP)
� K

�=
M

g2 [K nG=N G (P )]
gP � K

M (gP)N K (gP )

�=
M

g2 [K nG=N G (P )]
P � K g

M (P)N K g (P )

=
M

g2 [K nG=N G (P )]

�
Inf N G (P )

N G (P )
(F PM (P ) )

�
(NG (P) \ K g)

=
�
Inf N G (P )

N G (P )
(F PM (P ) )

�
" G

N G (P ) (K ) :



The proof that these isomorphismscommute with restriction, transfer and conjugation is left to

the reader.

We have now to prove that each summand in (9.3) is a direct sum of simple Mackey functors.

By Maschke's theorem for the group N G (H ), the kN G (H )-module M (H ) is a direct sum of simple

submodules Vi . Therefore F PM (H )
�=

L
i F PVi and since both in
ation and induction commute

with direct sums,weseethat the summandindexedby H in (9.3) is a direct sumof Mackey functors

of the form
�
Inf N G (H )

N G (H )
(F PV )

�
" G

N G (H ) whereV is a simple kN G (H )-module. By Lemma 9.2, every

such Mackey functor is simple.

Second proof of (9.1). This proof is based on the following well-known result which is a

consequenceof the analysis of the action of the Burnside ring functor on an arbitrary Mackey

functor M (using the semi-simplicity of the Burnside algebraover a �eld in which jGj is invertible).

(9.4) LEMMA. AssumejGj is invertible in k and let M be a Mackey functor for G. Let X

be a family of subgroupsof G closedunder subconjugation. Then

M = Im tX � Ker r X :

As in Section 3, we write Im tX and Ker r X for the subfunctors of M de�ned by

(Im tX )(K ) =
X

X 2X
X � K

Im tK
X and (Ker r X )(K ) =

\

X 2X
X � K

Ker r K
X :

The lemma is a very special caseof Dress'sinduction theorem [Dr, Theorem 4]. For a direct proof,

see[T 1, Proposition 8.5] together with the remarks made in Section 12 of that paper.

For convenience,we shall say that M is X -reduced if either M = Im tX (and so Ker r X = 0)

or M = Ker r X (and so Im tX = 0). Also we shall call M reduced if it is X -reduced for every

subconjugacy closedfamily of subgroupsX .

(9.5) LEMMA. AssumejGj is invertible in k and let M be a Mackey functor for G. Then M

decomposesas a direct sum of reducedsubfunctors.

Proof. From the de�nition of Im tX and Ker r X , it is immediate that any direct summand of

an X -reduced Mackey functor is again X -reduced. Order arbitrarily the set of all subconjugacy

closed families X , say f X1 ; : : : ; Xn g. By induction, consider a decomposition of M into direct

summands which are X i -reduced for all i � k � 1 and let N be one of the summands. By

Lemma 9.4, N = Im tX � Ker r X . Both Im tX and Ker r X are now X i -reduced for all i � k.

The result follows by induction.



Now we can �nish the proof of (9.1). Let M be a non-zero Mackey functor over k. By

Lemma 9.5, we can assumethat M is reduced. For a subgroup H of G, let X (H ) be the set of

conjugatesof subgroupsof H . SinceM 6= 0, we have M = Im tX (G) , and therefore there exists a

minimal subgroup H such that M = Im tX (H ) . Then for any K < H , we have Im tX (K ) = 0 and

M = Ker r X (K ) becauseM is reduced. In particular M (K ) = 0 and it follows that

(9:6) M #X (H ) (K ) =
�

M (K ) if K = G H ,
0 if K < G H .

Choose a decomposition of M (H ) as a direct sum of simple kN G (H )-modules (which exists by

Maschke's theorem). This induces a corresponding decomposition of M (gH ) for all g 2 G, and

hencea decomposition of M #X (H ) as a Mackey functor de�ned on X (H ) (becauseby (9.6), all

restriction and transfer maps are zero). Since M is X (H )-reduced, Proposition 3.2 applies and

therefore M decomposesas a direct sum of subfunctors N i such that N i (H ) is a simple kN G (H )-

module. Each N i is again X (H )-reduced. Thus the three conditions of Theorem 3.1 are satis�ed,

proving that N i is a simple Mackey functor.

The primitiv e idempotents of the Burnside algebraof G (over a �eld k in which jGj is invertible)

are indexed by the conjugacy classesof subgroupsof G. If eH is the idempotent corresponding to

the conjugacy classof H , then for an arbitrary Mackey functor M over k, we have a subfunctor

M H of M de�ned by M H (K ) = r G
K (eH ) � M (K ) where the dot denotesthe natural action of the

Burnside algebraof K on M (K ), see[t D, Proposition 6.2.3]or [T 1, Section12]. It is not di�cult

to show that M H is reducedand that M =
L

H M H is the unique decomposition of M into reduced

summands. Moreover M H vanisheson subgroupsnot containing a conjugate of H (but not on H ,

as in (9.6)) and decomposesas a direct sum of simple functors with minimal subgroup H . This

provides a more explicit way of decomposing an arbitrary Mackey functor.

Both proofs of (9.1) rely on two ingredients. The �rst is the semi-simplicity of the Burnside

algebra over k. This result implies (9.4) (secondproof), while in the �rst proof, the fact that any

Mackey functor is isomorphic to its twin functor is a result of a very similar nature (which actually

implies the semi-simplicity of the Burnside algebra, see[T 1, Section 6]). The secondingredient

is the semi-simplicity of the group algebra kN G (H ) which in both proofs allows to decomposea

functor with minimal subgroup H .

The �rst proof has the merit of making clear which simple functors SH ;V appear in a decom-

position of M ; namely V must be one of the direct summand of the semi-simplekN G (H )-module

M (H ) = M (H )
� P

K <H tH
K (M (K )) . The secondproof has the advantage of being independent of

the classi�cation of simple functors, since it only usesthe simplicit y criterion of Theorem 3.1.



References

[Dr] A.W.M. Dress,Contributions to the theory of induced representations,

Algebraic K-theory I I, Lecture Notes in Mathematics 342, Springer-Verlag (1973), 183-240.

[t D] T. tom Dieck, Transformation groups and representation theory ,

Lecture Notes in Mathematics 766, Springer-Verlag (1979).

[Sa] H. Sasaki,Green correspondence and transfer theorems of Wielandt type for G-functors,

J. Algebra 79 (1982), 98-120.

[T 1] J. Th�evenaz,Someremarks on G-functors and the Brauer morphism,

J. reine angew. Math. (Crelle) 384 (1988), 24-56.

[T 2] J. Th�evenaz,Defect theory for maximal ideals and simple functors,

to appear in J. Algebra.

[T-W] J. Th�evenaz,P.J. Webb, A Mackey functor version of a conjecture of Alperin,

to appear in Ast�erisque.


