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9. Changing the ground ring: splitting fields and the decomposition map

Suppose that A is an algebra A over a commutative ring R and that U is an A-module.
If R — S is a homomorphism to another commutative ring S we may form the S-algebra
S®gr A, and now S ®g U becomes an S ® g A-module in an evident way. In this section
we study the relationship between U and S ® p U. When we specialize to a group algebra
A = RG we will identify S ® g RG with SG.

We will pay special attention to two particular cases of this construction, the first
being when R is a subring of S. If U is an A-module, we say that the module V = S®grU
is obtained from U by extending the scalars from R to S; and if an S ® g A-module V' has
the form S ®r U we say it can be written in R. In this situation, when U is free as an
R-module we may identify U with the subset 1¢ ® g U of S ®g U, and an R-basis of U
becomes an S-basis of S ®g U under this identification. In case A = RG is a group ring,
with respect to such a basis of V = S ®g U the matrices which represent the action of
elements g € G on V have entries in R, and are the same as the matrices representating
the action of these elements on U (with respect to the basis of U). Equally, if we can find
a basis for an SG-module V so that each g € G acts by a matrix with elements in R then
RG preserves the R-linear span of this basis, and this R-linear span is an RG-module U
for which V = S®g U. Thus an S-free module V' can be written in R if and only if V has

an S-basis with respect to which G acts via matrices with entries in R.

The second situation to which we will pay particular attention arises when S = R/I
for some ideal I in R. In this case applying S®pr__ to a module U is the same as reducing
U modulo I. If V is an S ® g A-module of the form S ®r U for some A-module U we
say that V can be lifted to U, and that U is a lift of V. Most often we will perform this

construction when R is a local ring and [ is the maximal ideal of R.

We start by considering the behaviour of representations over a field. It is often a

help to know that a representation can be written in a small field.

(9.1) PROPOSITION. Let F' C E be fields where E is algebraic over F' and let A be
a finite-dimensional F-algebra. Let V be a finite-dimensional F @ p A-module. Then there
exists a field K with FF C K C F, of finite degree over F, so that V' can be written in K.

Proof. Let a',...,a" be a basis for A and let a' act on V with matrix (a};) with
respect to some basis of V. Let K = F[aﬁj, 1<t<mn, 1<4i,j<d]. Then [K : F] is finite
since K is an extension of F' by finitely many algebraic elements, and A acts by matrices

with entries in K. O
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Let A be a finite-dimensional F-algebra, where F' is a field. A simple A-module U
is said to be absolutely simple if and only if F ®r U is a simple E ®p A-module for all
extension fields E of F. We say that F is a splitting field for A if and only if every simple
E ®pr A-module is absolutely simple. If A is a group algebra, we say that F is a splitting
field for GG, by extension of the terminology.

The kind of phenomenon which these definitions are designed to address is exemplified
by cyclic groups. If G = (g) is cyclic of order n then g acts on CG as a direct sum of
1-dimensional eigenspaces with eigenvalues e % . Since these lie outside Q (if n > 3), the
regular representation of QG is a direct sum of simple modules but some of them have
27

dimension greater than 1. On extending scalars to a field containing e * these simple
modules decompose as direct sums of 1-dimensional modules. Thus Q is not a splitting
field for G, but any field containing Q(e%) is a splitting field since the simple modules
are now 1-dimensional and remain simple on extension of scalars.

We will use several times the fact that if we let F' be any field, then F'is a splitting field
for the matrix algebra M, (F). In fact, if E O F is a field extension then F ®p M, (F) =
M, (E), an isomorphism which is most easily seen by observing that M, (F') has a basis
consisting of the matrices E;; which are non-zero only in position (4, j), where the entry is
1. Thus E®p M, (F) has a basis consisting of the elements 1 ® p E;;. Since these multiply
together in the same fashion as the corresponding basis elements of M, (F) we obtain the
claimed isomorphism. Every simple M, (F')-module is isomorphic to the module of column
vectors of length n over F', and on extending the scalars to E we obtain column vectors of
length n over E, which is a simple module for £ @ M, (F).

As another example, the prime field F), is a splitting field for every p-group, since the
only simple F,G-module here is F},, which is absolutely simple.

(9.2) PROPOSITION. Let U be a simple module for a finite-dimensional algebra A
over a field F. The following are equivalent.
(1) U is absolutely simple.
(2) Enda(U) =F.
(3) The matrix algebra summand of A/ Rad A corresponding to U is M,,(F'), where n =
dimU.

Proof. (2) = (3): If the matrix summand of A/ Rad A corresponding to U is M, (D)
for some division ring D then D = Enda(U). The hypothesis is that D = F so the
matrix summand is M, (F') and since U identifies as column vectors of length n we have
n=dmU.

(3) = (1): The hypothesis is that A acts on U via a surjective ring homomorphism
A — M, (F) where U is identified as F'". Now if E D F is an extension field then £ ® A
acts on £ ® U = E" via the homomorphism £ ® A — E® M,(F) = M,(F), which is
also surjective. Since E™ is a simple M, (F)-module it follows that £ ®@p U is a simple
F ®fr A-module.
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(1) = (2): We prove this implication here only in the situation where F is a perfect
field, so that all irreducible polynomials with coefficients in F' are separable. The result is
true in general and is not difficult but requires some technicality which we wish to avoid
(see [CR]). This implication will not be needed for our application of the result.

Suppose that End 4 (U) is larger than F', so there exists an endomorphism ¢ : U — U
which is not scalar multiplication by an element of F. Let o be a root of the characteristic
polynomial of ¢ in some field extension £ O F: in other words, « is an eigenvalue of ¢.
Then 1 ® ¢ : E®p U — E®p U is not scalar multiplication by «, because if it were the
minimal polynomial of o over F' would be a factor of (X — a)™ where n = dimp U and by
separability of the minimal polynomial we would deduce o € F. Now lp ® ¢ —a® 1y €
Endgga(E ®p U) is a non-zero endomorphism with non-zero kernel, and since F @ U is
simple this cannot happen, by Schur’s lemma. O

(9.3) COROLLARY. Let A be a finite-dimensional algebra over a field F. Then A
has a splitting field of finite degree over F'.

Proof. The algebraic closure F of F is a splitting field for A, since by Schur’s lemma,
condition (2) of Proposition 9.2 is satisfied for each simple F'®r A-module. By Proposition
9.1 there is a finite extension F O F' so that every simple F ®@p A-module can be written
in £. The simple F ®p A-modules U which arise like this are absolutely simple, because
if K O F is an extension field for which K ®z U is not simple then K @ U is not simple,
where K is an algebraic closure of K, and since K contains a copy of F, F ® U cannot
be simple since F is a splitting field for A, a contradiction.

Finally, every simple E ® p A-module is isomorphic to one of the simple modules U
which arise in this way. For, if V is a simple F ®r A-module let e? = e € F ®p A be
an idempotent with the property that eV # 0 but eV’ = 0 for all simple modules V' not
isomorphic to V. Let W be a simple F' ® A-module which is not annihilated by e. We
must have W = F @ V since V is the only possible simple module which would give a
result not annihilated by e. O

In the case of group algebras there is a finer result which was first conjectured by
Schur and later proved by Brauer as a deduction from Brauer’s induction theorem. We
state the result, but will not use it and do not prove it. The ezponent of a group G is the
least common multiple of the orders of its elements.

(9.4) THEOREM (Brauer). Let G be a finite group, F' a field, and suppose that F
contains a primitive mth root of unity, where m is the exponent of G. Then F' is a splitting
field for G.

27i

This theorem tells us that Q(e™ ) and [F,,(¢) are splitting fields for G, where ( is a
primitive mth root of unity in an extension of F,,. Often smaller splitting fields than these
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can be found, and the determination of minimal splitting fields must be done on a case-
by-case basis. For example, we may see as a result of the calculations we have performed
earlier in this text that in every characteristic the prime field is a splitting field for S5 —
the same is in fact true for all the symmetric groups. However, if we require that a field be
a splitting field not only for G but also for all of its subgroups, then Q(e%) and IF),(¢) are
the smallest possibilities, since as we have seen earlier a cyclic group of order n requires
the presence of a primitive nth root of 1 in a splitting field.

The reason for working with a splitting field is to get a complete picture of the compo-
sition factors of each module. When working with group representations in characteristic
zero, if we did not take a splitting field the character table would not be square. When
we do have a splitting field in characteristic zero, semisimplicity implies that knowing the
behaviour of the simple modules tells us about all modules. In positive characteristic the
situation is not so straightforward. Knowing that the simple modules do not break up
further under extension of scalars implies the same thing for the indecomposable projec-
tive modules, and the Cartan matrix does not change. More specifically, if F' is a splitting
field for an algebra A and P is an indecomposable projective A-module then for every field
extension E DO F the E ®r A-module ' ® g P remains indecomposable and projective, and
if S is the simple quotient of P then F ®p S is the simple quotient of ¥ ®p P. These
statements appear in the exercises to this section.

An indecomposable A-module U which remains indecomposable under all field exten-
sions F DO F is termed absolutely indecomposable. In general if the ground field F' is not
algebraically closed we can expect that there will be indecomposable A-modules which are
not absolutely indecomposable, even though F' may be a splitting field.

We will not use it, but it is important to know that the statement of the following
theorem is true. For a proof see [CRI, p. 139].

(9.5) THEOREM (Noether-Deuring). Let A be a finite-dimensional algebra over a
field F and let E O F be a field extension. Suppose that U and V' are A-modules for which
ErU=2FE®rV as E®p A-modules. Then U =2V as A-modules.

Our next aim is to show that over a splitting field of characteristic p, the number
of non-isomorphic simple representations of a group G equals the number of conjugacy
classes of p-regular elements. Several proofs of this result are available, the first appearing
in a paper of Brauer from 1932. The proof we shall present is also due to Brauer, coming
from 1956. This proof is appealing because it is technically elementary, and could have
appeared earlier in this text once we knew that the radical of a finite-dimensional algebra
is nilpotent.

We start with some lemmas. These have to do with a finite-dimensional algebra A
over a field of characteristic p, and we will write

S = linear span in A of {ab—ba | a,b € A}
T:{TEA‘TanSfOI‘SOIIlen>O}.
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(9.6) LEMMA. T is a linear subspace of A containing S.

Proof. Since ab = ba (mod S) we have
(a+b)P =a? +pa’ b+ + b =a” + b (mod S)
and so if a?" € S, " € S with m > n then
(Aa + pb)?” = AP a?" + P b = 0 (mod S).
To show that S C T we show that (ab — ba)P € S. Now
(ab —ba)? = (ab)? — (ba)? = aPb? — bPaP =0 (mod 9).
O

(9.7) LEMMA. If A = M,(F) is a matrix algebra where I is a field then S =T =
matrices of trace zero.

Proof. Since tr(ab — ba) = 0 we see that S is a subset of the matrices of trace
zero. On the other hand when ¢ # j every matrix F;; (zero everywhere except for a 1
in position (4,j)) can be written as a commutator: E;; = E;;Ey; — EyjE;, and also
E;; — Ej; = E;jE;; — Ej;FE;;. Since these matrices span the matrices of trace zero we
deduce that S consists exactly of the matrices of trace 0. Now S C T C A and S has
codimension 1 so either 7' =S or T' = A. The matrix F1; is idempotent and does not lie
inT soT=2S5. O

(9.8) PROPOSITION. Let A be a finite-dimensional algebra over a field of character-
istic p which is a splitting field for A. The number of non-isomorphic simple representations
of A equals the codimension of T in A.

Proof. Let us write T'(A), S(A), T(A/Rad(A)), S(A/Rad(A)) for the constructions
S, T applied to A and A/ Rad(A). Since Rad(A) is nilpotent it is contained in 7'(A). Also

(S(A) + Rad(A))/Rad(A) = S(A/Rad(A))

is easily verified. We claim that T(A)/Rad(A) = T(A/Rad(A)). For, if a?" € S then
(a +Rad(A))?" € S + Rad(A) and this shows that the left-hand side is contained in the
right. Conversely, if (a + Rad(A))?" € S(A/Rad(A)) then a?” € S(A) + Rad(A) C T(A)
so T(A/Rad(A)) € T(A)/Rad(A4).

Now A/Rad(A) is a direct sum of matrix algebras. It is apparent that both S and
T preserve direct sums, so the codimension of T(A/Rad(A4)) in A/Rad(A) equals the
number of simple A-modules, and this equals the codimension of T'(A) in A. O
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Let p be a prime. An element in a finite group is said to be p-regular if it has order
prime to p, and p-singular if it has order a power of p. The only element which is both
p-regular and p-singular is the identity.

(9.9) LEMMA. Let G be a finite group and p a prime. Each element x € G can be
uniquely written x = st where s is p-regular, t is p-singular and st = ts. If x1 = syty is
such a decomposition of an element x, which is conjugate to x then s is conjugate to s,
and t is conjugate to t;.

Proof. If x has order n = a3 where « is a power of p and 3 is prime to p then we may
take s = 2™ and t = 2. If x = st = s1t; is a second such decomposition then s; commutes
with x and hence commutes with s and ¢ which are powers of . Similarly £; commutes
with s and t. Thus 31_13 = t1¢t~! and now 31_13 is p-regular and t ¢t~ ! is p-singular, so
1

these products equal 1, and s; = s, t; = t. If 1 = grg~' then z; = gsg 'gtg~' is a

decomposition of x; as a product of commuting p-regular and p-singular elements. Hence
s1 = ¢gsg~ ' and t; = gtg~! by uniqueness of the decomposition. O

(9.10) LEMMA. Let F be a field and G a group. Then S is the set of elements of
FG with the property that the sum of coefficients from each conjugacy class of G is zero.

Proof. S is spanned by elements ab — ba with a,b € G. Now ab — ba = a(ba)a™t — ba
is the difference of an element and its conjugate. Such elements exactly span the elements
of F'G which have coefficient sum zero on conjugacy classes. O

We come now to the result which is the goal of these lemmas.

(9.11) THEOREM. Let F be a splitting field of characteristic p for a finite group G.
The number of non-isomorphic simple F'G modules equals the number of conjugacy classes
of p-regular elements of G.

Proof. We know that the number of simple F'G modules equals the codimension of
T in FFG. We show this equals the number of p-regular conjugacy classes by showing that
if z1,...,x, is a set of representatives of the conjugacy classes of p-regular elements of GG
then 1 +T,...,z, + T is a basis of FG/T.

If we write x = st where s is p-regular and t is p-singular, s and ¢ commute, then
(st — s)P" = sP"tP" — sP" = sP" — sP" = 0 for sufficiently large n, so that s + T = st + T
The elements g + T, g € G do span FG/T, and now it follows from the last observation
that we may throw out all except the p-regular elements and still have a spanning set. We

show that the set which remains is linearly independent.
Suppose that 3> A;z; € T. Then (3 \x;)?" = S\ 2P € S for sufficiently high

7
p™, and there is always a sufficently large n so that ¥ = xz; for all i, since the x; are
p-regular. Now Y A z; € S. But z1,...,2, are independent modulo S by Lemma 9.10
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SO )\fn = 0 for all 7, and hence \; = 0 for all <. This shows that z1 +T,..., 2, + T are
linearly independent. O

Reduction modulo p and the decomposition map

We turn now to the theory of reducing modules from characteristic zero to charac-
teristic p, for some prime p, a theory developed principally by Richard Brauer. There is
inherent interest in studying the relationships between representations in different char-
acteristics, but apart from this we will obtain a remarkable way to compute the Cartan
matrix of a group algebra, as well as a second proof of its symmetry. After that we use it
in a study of characters whose degree is divisible by the order of a Sylow p-subgroup of G,
and in the next section it will be used in a proof that the Cartan matrix is non-singular.

There will be three rings in the set-up for reducing modules to characteristic p, and
we list them as a triple (F, R, k). Here F is a field of characteristic zero equipped with a
discrete valuation, R is the valuation ring in F' with maximal ideal (7), and k = R/(~) is
the residue field of R, which is required to have characteristic p. Such a triple is called a
p-modular system. Given a finite group G, if both F' and k are splitting fields for G we
say that the triple is a splitting p-modular system for GG. If we require that F' contains
a primitive mth root of unity (where m is the exponent of G) then necessarily R and k
also contain primitive mth roots of unity and according to Brauer’s theorem both F and
k are splitting fields. Without using Brauer’s theorem we may still deduce from 9.3 the
existence of splitting p-modular systems where F' is a number field (a finite extension of
Q), and k is a finite field.

We investigate some basic properties of representations of a finite group over a discrete
valuation ring R. We comment that in this result and the next few results nothing specific
to group representations is used, except that the group algebra of GG is semisimple over a
field of characteristic zero. The theory can be developed in the context of representations
of an order in a finite-dimensional algebra, but this is a generality we do not pursue here.

(9.12) PROPOSITION. Let R be a discrete valuation ring with maximal ideal ()
and residue field k = R/(w). Let G be a finite group.
(1) If S is a simple RG-module then S = 0.
(2) The simple RG-modules are exactly the simple kG-modules made into RG-modules
via the surjection RG — kG.
(3) For each RG-module U, nU C Rad(U), and in particular (7)G C Rad(RG).
(4) For each RG-module U we have (RadU)/nU = Rad(U/7U).

Proof. (1) wS is an RG-submodule of S, so 7S = S or 0. Since Rad R = () the
R-module homomorphism S — S/7S is essential by Nakayama’s lemma, so that 75 # S.
Therefore 7.5 = 0.
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(2) This follows from (1) since kG = RG/(7)G and (7)G annihilates the simple RG-
modules.

(3) This again follows from (1) since if V' is a maximal submodule of U then U/V
is simple so that 7U C V, and it follows that wU is contained in all of the maximal
submodules of U and hence in their intersection.

(4) Rad U is the intersection of kernels of all the homomorphisms from U to simple
modules. These homomorphisms all factor through the quotient homomorphism U —
U/nU, and so Rad U is the preimage in U of the radical of U/xU, which is the statement
we have to prove. O

(9.13) COROLLARY. Let R be a discrete valuation ring with maximal ideal (7) and
residue field k = R/(m). Let G be a finite group. Let P and Q) be projective RG-modules.
Then P = @) as RG-modules if and only if P/7P = Q/nQ as kG-modules.

Proof. If P/nP = Q/7Q as kG-modules then by 9.12 the radical quotients of P and
Q@ are isomorphic, P/Rad P =2 @/Rad@. Now P and @ are projective covers of their
radical quotients, by Nakayama’s lemma, so P = () by uniqueness of projective covers.
The converse implication is trivial. O

In the next pair of results we see that some important properties of idempotents and
projective modules which we have already studied in the case of representations over a
field, continue to hold when we work over a complete discrete valuation ring. It is a crucial
hypothesis that the discrete valuation ring be complete. The idea of the proofs is the same
as for the corresponding results over a field.

(9.14) PROPOSITION. Let R be a complete discrete valuation ring with maximal
ideal (m) and residue field k = R/(w). Let G be a finite group. Every expression 1 =
e1+ -+ e, as a sum of orthogonal idempotents in kG can be lifted to an expression 1 =
é1+---+é, in RG, where the é; € RG are orthogonal idempotents with é; + (7)- RG = e;.
Each idempotent e; is primitive if and only if its lift é; is primitive.

Proof. The proof is very like the proofs of 7.10, 7.11 and 7.12. We start by showing
simply that each idempotent e € kG can be lifted to an idempotent é € RG. Con-
sider the surjections of group rings (R/(7n"))G — (R/(7"1))G for each n > 2. Here
(7"~ 1)G/(7™)G is a nilpotent ideal in (R/(7™))G and so by Theorem 7.9, any idempotent
en_1+ ("G € (R/(7"71))G can be lifted to an idempotent e, + (7™)G € (R/(7"))G.
Starting with an element e; € RG for which e; + (7)G = e we obtain a sequence eq, es, . ..
of elements of RG which successively lift each other modulo increasing powers of (), and
so is a Cauchy sequence in RG. (The metric on RG comes from the valuation on R by
taking the distance between two elements to be the maximum of the distances in the coor-
dinate places.) This Cauchy sequence represents an element é € RG, since R is complete.
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Evidently é is idempotent, because it is determined by its images modulo the powers of
(m) and these are idempotent. It also lifts e.

The argument that sums of orthogonal idempotents can be lifted now proceeds by
analogy with the proof of 7.11, and the assertion that e is primitive if and only if é is
primitive is proved as in 7.12. O

(9.15) PROPOSITION. Let R be a complete discrete valuation ring with maximal
ideal (7) and residue field k = R/(w). Let G be a finite group.

(1) For each simple RG-module S there is an indecomposable projective RG-module Py =
RGég with the property that ]55/(7r . ]53) >~ Pg is the projective cover of S as a kG-
module. Here ég is a primitive idempotent in RG for which ég - S # 0.

(2) The composite homomorphism Ps — Ps — S is a projective cover of S as an RG-
module. Furthermore, S is the unique simple quotient of Ps. Thus Ps = Pr if and
only if S=T.

(3) Every finitely-generated RG module has a projective cover.

(4) Every finitely-generated indecomposable projective RG-module is isomorphic to Pg
for some simple module S.

Proof. (1) Let es € kG be a primitive idempotent for which eg - S # 0 and let
és € RG be an idempotent which lifts eg, so that ég - S =e+ 5 -5 # 0. We define Py =
RGég. Then Pg is projective, and it is indecomposable since €g is primitive. Furthermore
Ps/(w . ]55) = kGeg, and defining this module to be Pg it is a projective cover of S as a
kG-module.

(2) Now Pg/Rad(Ps) = Pg/Rad(Ps) by part (4) of 9.12, and this is isomorphic to S.
Thus the composite epimorphism Py — Pg — S'is essential, by Nakayama’s lemma, and it
is a projective cover. Since S is the radical quotient of ]55 it is the unique simple quotient
of this module. This quotient determines the isomorphism type of Pg by the uniqueness
of projective covers.

(3) Let U be a finitely-generated RG-module. Then U/ Rad U is a kG-module by 9.12,
and it is semisimple, so U/ RadU = S; @ - - - S; for various simple modules S;. Consider

the diagram . .
Ps, @ @ Ps,

l

U —  U/RadU

where the vertical arrow is the projective cover of S; @ ---S; as an RG-module. By
projectivity we obtain a homomorphism ]551 SEERRC Pst — U which completes the triangle
and it is an essential epimorphism by Proposition 7.7. Thus it is a projective cover.

(4) Let P be a finitely-generated projective RG-module. By part (3) it has a projective
cover, of the form « : lf’sl S RERNCS) Pst — P. Since P is projective a must split, and there
is a monomorphism 3 : P — ]551 oD Pst with a3 = 1p. Since « is an essential
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epimorphism § must be an epimorphism also, so it is an isomorphism. If we suppose that
P is indecomposable, then ¢ =1 and P = Pg,. O

Working over a principal ideal domain R, an RG-module L is called an RG-lattice if
it is finitely-generated and free as an R-module. In more general contexts an RG-lattice
is merely supposed to be projective as an R-module, but since projective modules are free
over a principal ideal domain we do not need to phrase the definition that way here. We
see, for example, that projective RG-modules are always lattices.

Given an RG-lattice L (where R is a principal ideal domain with field of fractions
F) we may regard L as a subset of F'®@r L. Conversely, if U is an FG-module, a full
RG-lattice L in U is an RG-lattice L C U which has an R basis which is also an F-basis
of U. In this situation U = FL = F @ L. We say also that L is an R-form of U. We will
show, after an intermediate lemma, that every finitely-generated F'G-module contains a
full RG-lattice, or in other words that every finitely-generated F'G-module has an R-form.

(9.16) LEMMA. Let R be a principal ideal domain with field of fractions F, and let
U be a finite-dimensional F'-vector space. Any finitely-generated R-submodule of U which
contains an F-basis of U is a full lattice in U.

Proof. Let L be a finitely-generated R-submodule of U which contains an F-basis of
U. Since L is a finitely-generated torsion-free R-module, L = R™ for some n, and it has an
R-basis x1,...,x,. Since L contains an F-basis of U it follows that z1, ..., z, span U over
F. We show that z1,...,x, are independent over F. Suppose that \jx1 +---A\,z,, =0
for certain A\; € F. We may write \; = ‘;—z where a;, b; € R, since F' is the field of fractions
of R. Now clearing denominators we have ([[b;)(A1z1 + - - - Apzy,) = 0 which implies that
(ITbi)Ai = 0 for each i since x1,...,z, is an R-basis. This implies that A\; = 0 for all ¢
and hence that n = d and xq,...,x, is an F-basis of U. O

The kind of phenomenon which the last result is designed to exclude is exemplified by
considering subgroups of R generated by elements which are independent over Q, such as
the subgroup (1,+/2) = Z2. This is a free abelian group, but its basis is not an R-basis for
R. According to the last lemma, such a phenomenon would not occur if R were the field
of fractions of Z; indeed, the finitely-generated subgroups of Q are all cyclic.

(9.17) PROPOSITION. Let (F, R, k) be a p-modular system and U a finite-dimensionall}
FG-module. Then U may be written in R.

Proof. Let uq,...,u, be any basis for U and let Uy be the R-submodule of U spanned
by {gu; ‘ i=1,...,n, g € G}. This is a finitely-generated R-submodule of U which
contains an F-basis of U. Since R is a principal ideal domain with field of fractions F', by
the last result Uy is a full RG-lattice in U, which is what we need to prove. O
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The reason we introduce lattices here is that we can reduce them modulo ideals of R.
Given an ideal I of R and an RG lattice L evidently V' = L/(I-L)is an (R/I)G-module. We
say that V' is the reduction modulo I of the lattice L, and also that L is a lift from R/I to R
of V. Not every (R/I)G-module need be liftable from R/I to R. For example, taking R = 7Z
and I = (p) with p > 3, the group GL(2, p) has a faithful 2-dimensional representation over
IF, which cannot be lifted to Z, because such a representation would have to be faithful also,
and on extending the scalars from Z to R would provide a 2-dimensional representation
over R. The only finite subgroups of 2 x 2 real matrices are cyclic and dihedral. On the
other hand the 2-dimensional faithful representation of GL(2,2) over Fy does lift to Z.

The following result is crucial to the definition of the decomposition map, which will

be given afterwards.

(9.18) THEOREM (Brauer-Nesbitt). Let (F, R, k) be a p-modular system, G a finite
group, and U a finitely-generated F'G-module. Let Ly, Ly be full RG-lattices in U. Then
Ly/mLy and Lo/mLy have the same composition factors with the same multiplicities, as
kG-modules.

Proof. We observe first that L + Lo is also a full RG-lattice in U, by Lemma 9.16,
so by proving the result first for the pair of lattices Ly and L + Lo and then for L, and
L1 + Lo we see that it suffices to consider the case of a pair of lattices, one contained in
the other. We now assume that L1 C L.

As R-modules, L; and Lo are free of the same rank, and so Lo/ L4 is a torsion module.
Hence Ly/L; has a composition series as an R-module, and hence also as an RG-module,
because every series of RG-modules can be extended to give a composition series of R-
modules. By working down the terms in a composition series, we see that it suffices to
assume that L; is a maximal RG-submodule of Lo, and we now make this assumption.

Since Lo/L; is a simple RG-module we have mLs C Ly, by 9.12, and we consider the
chain of sublattices Ly O L1 O mLy O wLy. We must show that Lo /7Ly and Ly /7Ly have
the same composition factors. The composition factors of L;/mLs are common to both
Lo/mLy and Ly /7Ly, and we will complete the proof by showing that Lo/Lq & wLlo/mL.
In fact, the map

Ly — mlo/ml4

T — x4+ 7wl

is a surjection with kernel L. O
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We should expect that much of the time when p | |G| an FG-module U will contain
non-isomorphic full sublattices. For example, if P is an indecomposable projective kG-
module, F ®p P is very often not a simple module. Writing F @z P = S @- - - S; as a sum
of simple modules and taking a full RG-lattice in each 5;, the direct sum of these lattices
is not isomorphic to ]5, since P is indecomposable.

More concretely, consider a cyclic group G = (g) of order 2 and let (F, R, k) be a 2-
modular system. The regular representation F'G contains the full lattice R-1+ R- g which
is indecomposable since its reduction kG is indecomosable. It also contains the full lattice
R(1+ g) + R(1 — g), which is a direct sum of RG-mouldes and hence is decomposable.

We now define the decomposition matrix for a group G in characteristic p. Suppose
that (F, R, k) is a splitting p-modular system for G. The decomposition matriz D is the
matrix with rows indexed by the simple F'G-modules and columns indexed by the simple
kG-modules whose entries are the numbers

drs = multiplicity of S as a composition factor of L/7L

where S is a simple kG-module, T is a simple F'G-module and L is a full RG-lattice in T.
We note that it is possible to make the definition of a decomposition matrix without the
assumption that the p-modular system should be splitting, but this is not usual.
Examples. 1. The decomposition matrices for S3 in characteristic 2 and characteristic
3 are:
1 0
1 0
0 1

and

[ e
— = o

2. When G is a p-group and k has characteristic p, the decomposition matrix has a
single column and an entry for each ordinary simple character, that entry being the degree
of the character.

3. The third example is sufficiently important that we state is a separate result. This
is the situation where both F'G-modules and kG-modules are semisimple.

(9.19) THEOREM. Let G be a group of order prime to p and let (F,R,k) be a
p-modular system with R complete. With suitable ordering of the simple modules, the
decomposition matrix is the identity matrix. In particular, FG and kG have the same
number of simple modules, with the same dimensions.

In fact more is true than this. Since the reduction modulo (7) of a tensor product
is the tensor product of the reductions modulo (7), the tensor products of FG-modules
and of kG-modules decompose in the same way, as do the inductions and restrictions of
modules.

Proof. Let T be a simple FG-module with full RG-lattice Ty. Then Ty /7Ty = S1 &
-+ -@® .S, for various simple kG-modules S;. Since these are projective, they lift to projective
RG-lattices Si,. .., S, which are the projective covers of Si,...S,. Thus the projective
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cover of Ty is a homomorphism 5’1 ®---D Sn — Tp, and this is an isomorphism since the
R-ranks of the two modules are the same. We deduce that "= F' ®g 5’1 G- DFRp S’n,
and so n = 1 since T is simple. Thus every reduction of a simple module is simple.
Equally, every simple kG-module is a composition factor of the reduction of some simple
FG-module, since it is a composition factor of the reduction of F'G, and so every simple
kG-module does appear as the reduction of a simple F'G-module. O

We state without proof at this point a particularly fine result about the decomposition
map in the case of p-solvable groups. A group G is said to be p-solvable if it has a chain
of subgroups

IZGnQGnQ--'QGlﬂGQZG

so that each factor G;/G;41 is either a p-group or a group of order prime to p.

(9.20) THEOREM (Fong, Swan, Rukolaine). Let (F, R, k) be a splitting p-modular
system for a p-solvable group G. Then every simple kG-module is the reduction modulo
(m) of an RG-lattice.

The cde triangle

In order to express the decomposition matrix as the matrix of a linear map, we intro-
duce three groups, which are instances of Grothendieck groups. Let (F, R, k) be a splitting
p-modular system for a finite group G, and suppose that F' and R are complete with
respect to the valuation. We define

Go(FG) = free abelian group with the isomorphism types

of simple FFG-modules as a basis,

Go(kG) =free abelian group with the isomorphism types
of simple kG-modules as a basis,
Ko(kG) = free abelian group with the isomorphism types

of indecomposable projective kG-modules as a basis.

Thus Go(F'G) has rank equal to the number of conjugacy classes of GG, and both G((kG)
and K((kG) have rank equal to the number of p-regular conjugacy classes of G. If S is a
simple F'G-module we write [S] for the corresponding basis element of Go(F'G), similarly
if S is a simple kG-module we write [S] for the corrsponding basis element of G (kG), and
if P is an indecomposable projective kG-module we write [P] for the corresponding basis
element of Ky(kG). Extending this notation, if U is any kG-module with composition
factors Si, ..., .5, occurring with multiplicities nq,...,n,, we write

U] = n1[S1] + - - + 10 [S,] € Go(kG).
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There is a similar interpretation of [U] € Go(F'G) if U happens to be an F'G-module, and
if P=P" @---@® P where the P; are indecomposable projective kG-modules we put

[P] = nl[Pl] + - +nr[Pr] S KO(kG)

Since simple F'G-modules biject with their characters, we may identify Go(F'G) with the
subset of the space of class functions C¢“(%) consisting of the Z-linear combinations of the
characters of the simple modules. Such Z-linear combinations of characters are termed
virtual characters of G, so Go(F'G) is the group of virtual characters of F'G.

We now define the homomorphisms of the cde triangle, which are as follows:

Go(FG)
e d

/ \
Ko(kG) — Go(kG)

The definition of the homomorphism e on the basis elements of Ky(kG) is that if Pg
is an indecomposable projective kG-module then e([Ps]) = [F ®r Ps]. As observed in
9.13 and 9.15 the lift Pg is unique up to isomorphism, and so this map is well-defined.
The decomposition map d is defined thus on basis elements: if U is a simple F'G-module
containing a full RG-lattice L, we put d([U]) = [L/wL]. By Theorem 9.18 this is well-
defined, and in fact the formula works for arbitrary finite-dimensional F'G-modules U,
not just the simple ones. This definition means that the matrix of d is the transpose
of the decomposition matrix. The homomorphism c is called the Cartan map and is
defined by ¢([Ps]) = [Ps], where on the left the symbol [Ps] means the basis element of
Ky(kG) corresponding to the indecomposable projective Ps, and on the right [Ps] is an
element of Go(kG). From the definitions we see that the matrix of ¢ is the Cartan matrix:
[Pr] =3 Gmple s ¢s7]S] for each simple kG-module T'.

(9.21) PROPOSITION. ¢ = de.

Proof. Tt is simply a question of following through the definitions of these homomor-
phisms. If Pg is an indecomposable projective kG-module then e[Ps] = [F ®z Ps]. To
compute d[F Qg ]55] we choose any full RG-sublattice of F' ®g Pg and reduce it modulo
(). Taking Ps to be that lattice, its reduction is Ps and so de([Ps]) = [Ps] = ¢([Ps]). O

To investigate the properties of the cde triangle we study the relationship between

homomorphisms between lattices and between their reductions modulo (7).



Printed Aug. 6, 2005 Finite Group Representations 116

(9.22) PROPOSITION. Let (F,R,k) be a p-modular system. Let U,V be FG-
modules containing full RG-lattices Uy and Vj.
(1) Hompga (U, Vo) is a full R-lattice in Hompq (U, V).
(2) m-Hompgg (U, Vo) = Hompa (U, 7 - Vi) as a subset of Hompa (Up, V)
(3) Suppose that Uy is a projective RG-lattice. Then

Hompge (U, Vo)/m - Hompge (U, Vo) = Hompge (Uo, Vo/7V0)
> Homkg(Uo/ﬂ'UO, VO/WVO)'

Proof. (1) We should explain how it is that Hompqg(Up, Vo) may be regarded as a
subset of Hompg(U, V). The most elementary approach is to take R-bases uq,...,u, for
Up and vq,...,vs for Vy. These are also F-bases for U and V. Any RG-hmomorphism
Uy — Vp can be represented with respect to these bases by a matrix with entries in R.
Regarding it as a matrix with entries in F', it represents an F'G-module homomorphism
U—-V.

To see that Hompg (U, V) is in fact a sublattice of Hompg(U, V'), we observe that
Hompa(Ug, Vo) € Hompg(Uy, Vo) = R where r = dimU, s = dim V. The latter is a free
R-module, so Hompgg(Up, V) is an R-lattice since R is a principal ideal domain. We show
it is full in Hompg(U, V). Using the bases for Uy, Vp, let ¢ : U — V be an FG-module
homomorphism. Then ¢(u;) = > Aj;v; with A\j;; € F. Choose a € R so that a\j; € R
for all 4, j. Then a¢ : Uy — Vp, showing that ¢ belongs to F' - Hompgg(Uy, Vp). Therefore
Hompgg (U, Vo) spans Hompg (U, V') over F.

(2) The map Vy — 7 -V given by = +— mzx is an RG-isomorphism so the morphisms
Uy — -V are precisely those which arise as composites Uy — Vp—nVp, which are in turn
the elements of 7 - Hompga (Ug, Vo).

(3) Consider Hom(Up, V) — Hom(Uy, Vo/mVy). Its kernel is Hom(Uy, 7Vp), which
equals m Hom(Uy, Vy). Since Uy is projective, the map is surjective, and it gives rise to
the first isomorphism. For the second, all homomorphisms « : Uy — Vy/7Vy contain wUy
in the kernel, and so factor as Uy — Up/ 7TU()£>V0 /mVy. The correspondence of o and

provides the isomorphism. O

(9.23) COROLLARY. Suppose Uy and Vy are full RG-lattices in U and V', and Uy

is projective. Then
dimp Hompg(U, V) = dimg Homye (Up /Uy, Vo /7V0).

Proof. Both sides equal rank p Hompga (Up, Vi) by parts (1) and (3) of the last result. O
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(9.24) THEOREM. Let (F, R, k) be a splitting p-modular system for G and suppose
that R is complete with respect to its valuation. Let S be a simple kG-module and let T
be a simple F'G-module containing a full RG-lattice Ty. The multiplicity of T in F ®p Pg
equals the multiplicity of S as a composition factor of Ty /7 Tp.

Proof. Applying the last corollary to the full RG-lattice Pg of F ®@p Pg we obtain
dimp Homgg(F®g Ps,T) = dimg, Homyg(Ps, To/7Ty), which shows that the multiplicities
are equal. O

We comment that this equality of dimensions gives a second proof of the Brauer-
Nesbitt theorem that the decomposition numbers drs = dim Homyg(Ps, To/7Ty) are de-
fined independently of the choice of lattice Ty, since the left-hand side in the equality does
not depend on this choice.

(9.25) COROLLARY .Let (F, R, k) be a splitting p-modular system for G and suppose
that R is complete with respect to its valuation. With respect to the bases of Go(FG),
Go(kG) and Ko(kG) by which these groups were defined (namely the bases whose elements
are the symbols [T'], [S] and [Ps| where T' is a simple FG-module and S is a simple kG-
module) the matrix of e is D and the matrix of d is DT, where D is the decomposition
matrix.

Proof. We have already observed that the matrix of d is DT. The entries erg in the
matrix of e are defined by

e([Ps]) = [F ®r Ps] = ZQTST

so that epg is the multiplicity of T'in F' ®p lf’s. By the last result, ers = drgs. O

Example. This result allows us to compute the characters of the indecomposable
projective RG-modules Pg (or more properly the characters of the F'G-modules F ® g ]53)
Using the decomposition matrices for S3 which were previously computed we see that in
characteristic 2,

Xp, = X1 T Xe
Xp, = X2

and in characteristic 3
Xp, = X1t X2
Xp, = Xe T Xa-

We now have a second proof of the symmetry of the Cartan matrix, but perhaps more
importantly an extremely good way to calculate it. The effectiveness of this approach will
be increased once we know about Brauer characters, which are treated in the next section.
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(9.26) COROLLARY. Let (F, R, k) be a splitting p-modular system for G. Then the
Cartan matrix C = DT D. Thus C is symmetric.

Example. When GG = S3 the Cartan matrices in characteristic 2 and in characteristic

110}8_20 q (ron
00101_01a 01 1

as we have seen already.

3 are

The equality of dimensions which played the key role in the proof of Theorem 9.24 can
be nicely expressed in terms of certain bilinear pairings between the various Grothendieck
groups. On the vector space of class functions on GG we already have defined a Hermitian
form and on the subgroup Go(F'G) it restricts to give a bilinear form

( , ):Go(FG) xGoy(FG) —Z

specified by ([U], [V]) = dim Hompg(U, V) when U and V' are FG-modules. We also have
a pairing
( , ):Ko(FGQ) xGy(kG) —Z

specified by ([P], [V]) = dim Homyg (P, V) when P is a projective kG-module and V is a
kG-module. By Proposition 7.17 this quantity depends only on the composition factors of
V', not on the actual module V', and so this pairing is well-defined. We readily see that each
of these bilinear pairings is non-degenerate, in that in each case the free abelian groups
have bases which are dual to each other. Thus if U and V are simple F'G-modules we have
([U],[V]) = 0jun,;v), and if S and T are simple kG-modules we have ([Ps], [T]) = d(s),[v]-
The equality of dimensions which appeared in the proof of 9.25 can now be expressed as
follows. If x € Ko(kG) and y € Go(FG) then (e(x),y) = (z,d(y)). This formalism is an
expression of the fact that e and d are the transpose of each other.
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Blocks of defect zero

We will use the relationship between representations in characteristic zero and in
characteristic p to show that simple representations in characteristic zero whose degree is
divisible by the order of a Sylow p-subgroup of G biject with simple representations in
characteristic p which are projective. We study blocks more fully in a later section, and
it turns out that representations with the special properties just described correspond to
blocks of defect zero. We will deduce that each character of degree divisible by the order
of a Sylow p-subgroup vanishes on elements of order divisible by p.

(9.27) PROPOSITION. Let (F, R, k) be a p-modular system and G a finite group.
Let P be a projective RG-module and x the character of F Qg P. Then x(1) is divisible by
the order of a Sylow p-subgroup of G, and if g € G has order divisible by p then x(g) = 0.

Proof. Since P / 7P is a projective kG-module it has dimension divisible by the order
of a Sylow p-subgroup of G, and this dimension equals the rank of P and also dim F ®g ]5,
which equals x(1).

Consider now an element g € G of order divisible by p. To show that x(g) = 0 it
suffices to consider P as an R(g)-module, and as such it is still projective. We may suppose
that P is an indecomposable projective R({g)-module.

Let us write g = st where s is p-regular, ¢ is p-singular and st = ts, as in Lemma 9.9, so
(g) = (s) x (t). As in Example 8.6 we can write P/mP = S ®k(t) where S is a simple k(s)-
module. Since k(s) is semisimple and S is projective as a k(s)-module, we can lift S to a

projective R(s)-module S for which S/7S = S. Now P/nP = S®k(t) = S®k Tég;: S Téi;'

This lifts to S ng;, which is a projective R(g)-module. It is the projective cover of ]5/7T15,
so by uniqueness of projective covers pP~s Tg)) . We deduce that x = x4 Tg)) . It follows
that x(¢g) = 0 from the formula for an induced character, since no conjugate of g lies in
(s). O

(9.28) THEOREM. Let (F, R, k) be a splitting p-modular system in which R is com-
plete, and let G be a group of order p®q where q is prime to p. Let T be an FG-module of
dimension n, containing a full RG-sublattice Ty. The following are equivalent.

(1) p* | n and T is a simple FG-module.
(2) The homomorphism RG — Endg(Ty) which gives the action of RG on Ty identifies

Endg(Th) = M,,(R) with a ring direct summand of RG.

(3) T is a simple FG-module and Ty is a projective RG-module.
(4) The homomorphism kG — Endy(Ty/7Ty) identifies Endy (Ty/7Ty) = M, (k) with a
ring direct summand of kG.
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(5) As a kG-module, Ty /7Ty is simple and projective.

Proof. (1) = (2) Suppose that (1) holds. We will use the formula obtained in Theorem
3.23 for the primitive central idempotent e associated to T, namely

= L

geqG

where yr is the character of 7. The homomorphism p : FFG — Endz(T) which expresses
the action of G on T identifies eF'G with the matrix algebra End(7), and has kernel
(1—-e)FG.

Because p? } n and the values of xy1 are sums of roots of unity we have e € RG so that
RG = eRG @ (1 —e)RG as a sum of rings. Consider the homomorphism RG — End (7o)
which expresses the action of RG on Tj. It is the restriction of p to RG, which takes
values in Endg(7)), so has kernel (1 —e)FG N RG = (1 — e)RG. We will show that this
homomorphism is surjective. From this it will follow that eRG = Endg(Ty) = M, (R), a
direct summand of RG.

As an extension of the formula in Theorem 3.23 for the primitive central idempotent
corresponding to T, we claim that if ¢ € Endr(T") then

|G| Ztr p(g).

geG

To demonstrate this it suffices to consider the case ¢ = p(h) where h € G, since these
elements span End (7). In this case

Ztr h))p(g) Ztr p(h™'g)

gGG geG

using the previously obtained formula for e. Now if ¢ € Endg(7p), which we regard as
a subset of Endp(T), we have a1 Sgeat r(p(g71)¢)g € RG, which shows that RG —
Endg(Tp) is surjective. This completes the proof of this implication.

(2) = (3) Certainly Ty is projective as a module for Endg (7)) since it identifies with
the module of column vectors for this matrix algebra. Assuming (2), we have that T} is
a projective RG-module, since RG acts via its summand eRG which identifies with the
matrix algebra. Furthermore, F'G acts on T = F ®r T as column vectors for a matrix
algebra over F', so T is a simple F'G-module.

(2) = (4) The decomposition RG = eRG& (1 —e)RG with eRG = M,,(R) is preserved
on reducing modulo (7), and we obtain kG = ekG @ (1 — €)kG where € is the image e in
kG. Here ekG = M, (k) and the action of kG on Ty /7T} is via projection onto ekG.
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(3) = (5) Since Tp is a direct summand of a free RG-module it follows that Ty /7Tj
is a direct summand of a free kG-module, and hence is projective. Furthermore, we claim
that Ty /7Ty is indecomposable. For writing Ty /7Ty = Ps, & - - - & Ps, where the Ps, are
indecomposable projectives we have that Tj /7Ty is the projective cover of S1 @ ---® Sy as
an RG-module. It follows that Ty =2 ﬁ’sl DD Pst and T'= F ®pg lf’sl D---DFRR ﬁ’st,
so t = 1 since T is simple. By Theorem 9.24 the column of the decomposition matrix
corresponding to S; consists of zeros except for an entry 1 in the row of T'. Since C' = DT D,
the multiplicity of S; as a composition factor of Pg, is 1. We know from Theorem 8.15
that Soc Pg, = S; and also Ps, / Rad Pg, = Sy, so that S; occurs as a composition factor
of Ps, with multiplicity at least 2 unless Ps, = S;. This shows that Ty /7T is simple.

(4) = (5) This is analogous to the proof (2) = (3).

(5) = (1) Since Typ/n Ty is projective its dimension is divisible by p¢ by Corollary 8.3,
and this dimension equals rankg Ty = dim 7. If T" were not simple as an F'G-module we
would be able to write T' = U @& V, and taking full RG-lattices Uy, V the composition
factors of Ty/mTy are the same as those of Uy/7nUy @ Vo/mVy. Since Ty /7Ty is in fact
simple, this situation cannot occur, and T is simple. O

Statement (5) of Theorem 9.28 appears to depend on the F'G-module T', but this is
not really the case. If P is any simple projective kG-module, it can be lifted to an RG-
module P and taking T'= F ®pg P we have a module with a full RG-lattice T, for which
To/mTy = P. Thus every simple projective kG-module is acted on by kG via projection
onto a matrix algebra direct summand of kG, and the module T just constructed is always
simple.

Notice in the statement of Theorem 9.28 that since the full RG-sublattice Tj is ar-
bitrary, every full RG-sublattice of T is projective. Since such a full lattice Ty is the
projective cover of Ty /mTy, which is a simple module defined independently of the choice
of Tp, all such lattices Ty are isomorphic as RG-modules.

Looking at the various equivalent statements of Theorem 9.28, one might be led to
suspect that if £ is a field of characteristic p and S is a simple kG-module of dimension
divisible by the largest power of p which divides |G| then S is necessarily projective, but
in fact this conclusion does not always hold.

(9.29) COROLLARY. Let T be a simple FG-module, where F' is a splitting field for
G of characteristic 0, and let x7 be the character of T. Let p be a prime, and suppose
that the highest power of p which divides |G| also divides the degree xr(1). Then if g is
any element of G of order divisible by p we have xr(g) = 0.

Proof. This combines Proposition 9.27 with Theorem 9.28. If F' does not initially
appear as part of a p-modular system, we may replace F' by a subfield which is a splitting
field and which is a finite extension of Q, since QG has a splitting field of this form and
by the argument of 9.3 it may be chosen to be a subfield of F'. We may write T in this
subfield without changing its character x and the hypothesis about the power of p which
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divides (1) remains the same. Take the valuation on F' determined by a maximal ideal p
of the ring of integers for which pNZ = (p), and complete F' with respect to this valuation
to get a splitting, complete, p-modular system. We may now apply Theorem 9.28. O

The above corollary is a significant piece of information about the character table of a
group, which can be observed in many examples. Thus the simple character of degree 2 of
the symmetric group Ss is zero except on the 2-regular elements, and the simple characters
of S4 of degree 3 are zero except on the 3-regular elements. It is notable that in order
to prove this result, which is stated within a characteristic zero framework, we have used
technical machinery from characteristic p.

Exercises for Section 9.

1. Let E =TF,(t) be a transcendental extension of the field with p elements and let F
be the subfield F,(tP). Write a = tP € F, so that t» —a = 0. Let A = E, regarded as an
F-algebra.

(a) Show that A has a simple module which is not absolutely simple.

(b) Show that F is a splitting field for A, and that the regular representation of E® g A
is a uniserial module. Show that Rad(F ®p A) # F ®p Rad(A).

[Notice that E ®p Rad(A) is always contained in the radical of F ® p A when A is a
finite-dimensional algebra, being a nilpotent ideal.|

(c) Show that A is not isomorphic to F'G for any group G.

2. Let G be a cyclic group, F' a field and S a simple FG-module. Show that F =
Endpg(9) is a field with the property that F ®p S is a direct sum of modules which are
all absolutely simple.

3. Let A be a finite-dimensional algebra over a field F' and suppose that I is a splitting
field for A. Let E D F be a field extension. Prove that Rad(F ®r A) = E @ Rad(A).
[The observation at the end of question 1 may help here.]

4. Let A be an F-algebra where F is a splitting field for A, and let £ O F be a field
extension. Show that every simple F ®p A-module can be written in F.

[Bear in mind the result of question 3.]

5. Let A be a finite-dimensional F-algebra and let ¥ O F be a field extension where
is a splitting field for A. Suppose that every simple A-module remains simple on extending
scalars to . Show that F' is a splitting field for A.

6. Let A be a finite-dimensional F-algebra and E DO F a field extension.

(a) Show that if U — V is an essential epimorphism of A-modules then ¥ @p U —
E ®p V is an essential epimorphism of ¥ ® p A-modules.

(b) Show that if P — U is a projective cover then sois ¥ ®p P — E®p U.

7. Let A be a finite-dimensional F-algebra where F' is a splitting field for A. Let P be
an indecomposable projective A-module. Show that if £ D F is any field extension then
E ®p P is indecomposable and projective as an F ® p A-module. Show further that every
indecomposable projective F ® p A-module can be written in F'.
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8. Let G = (3 x (s be generated by elements a and b, and let E be a field of
characteristic 2. Let t € I be any element, which may be algebraic or transcendental over
Fy. Let p: G — GL(E?) be the representation with

=y 1) em=(5 1)

Show that this representation is absolutely indecomposable, and that it cannot be written
in any proper subfield of Fa(t).

9. Let (F,R,k) be a p-modular system and suppose that R is complete. Let L and
M be RG-lattices, where G is a finite group.

(a) Show that L is a projective RG-module if and only if L/7wL is a projective kG-
module.

[Consider the projective cover of L.]

(b) Deduce that if L/wL = M /mM as kG-modules and that L/7L is a projective kG-
module then L &2 M as RG-modules. In other words, projective kG-modules lift uniquely
to RG-lattices.

10. Let (F, R, k) be a p-modular system and G a finite group. Show that if U = U;®U,
is a finite-dimensional F'G-module and L is a full RG-lattice in U then LNU;, LN U, are
full RG-lattices in U; and Us, but that it need not be true that L = (LNU;y) & (LN Us).
[Consider the regular representation when G = Cj.]

11. Let U be the 2-dimensional representation of S3 over Q which is defined by
requiring that with respect to a basis u1, us the elements (1,2, 3) and (1, 2) act by matrices

0 -1 1 -1
(1 _1) and (0 _1) .

Let Uy be the ZSs-lattice which is the Z-span of u; and ug in U. Show that Uy /3Uj has just
3 submodules as a module for (Z/37)S3, namely 0, the whole space, and a 1-dimensional
submodule. Deduce that Uy/3Uj is not semisimple.
Now let U; be the Z-span of the vectors 2u; +us and —ug +us in U. Show (for example, by
drawing a picture in which the angle between u; and usy is 120°, or else algebraically) that
U, is a ZSs-lattice in U, and that it has index 3 in Uy. Write down matrices which give the
action of (1,2,3) and (1,2) on U; with respect to the new basis. Show that U;/3U; also
has just 3 submodules as a (Z/37Z)Ss-module, but that it is not isomorphic to Uy/3Uj.
Identify Uy /U, as a (Z/3Z)Ss-module.
Prove that U; is the unique ZSs-sublattice of Uy of index 3.
Show that Zs ®s Uy is a uniserial Z3Ss-lattice, where Z3 denotes the 3-adic integers.

12. Let (F, R, k) be a splitting p-modular system and G a finite group. Let T be an
FG-module with the property that every full RG-sublattice of T is indecomposable and
projective. Show that T is simple of degree divisible by p™, where p" ‘ |G|, p"t! X |G|
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10. Brauer characters

To define Brauer characters for a finite group GG we start with a p-modular system
(F, R, k) and assume that both F' and k contain a primitive ath root of unity, where a is
the l.c.m. of the orders of the p-regular elements of G. If we wish to define the Brauer
character of a kG-module U where k or F' do not contain a primitive ath root of unity, we
first extend the scalars so that the p-modular system does have this property. Let us put

pur = {ath roots of 1 in F'}
pr = {ath roots of 1 in k.}

The polynomial X — 1 is separable both in F[X] and k[X] since its formal derivative
4 (X*—1) = aX ! is not zero and has no factors in common with X — 1, so both
pr and py are cyclic groups of order a. Also urp C R since roots of unity have value 1
under the valuation. We claim that the quotient homomorphism R — R/(w) = k gives
an isomorphism i — ju,, which we write A — A. This is because X — 1 reduces to the
polynomial which is written the same way, and so its linear factors over F' must map to
the complete set of linear factors over k. These linear factors have the form X — A over F
and X — X over k, so we obtain a bijection between the two groups of roots of unity.

Let g € G be a p-regular element (an element of order prime to p), and let p : G —
GL(U) be a representation over k. Then p(g) is diagonalizable, since k(g) is semisimple
and all eigenvalues of p(g) lie in k, being ath roots of unity. If the eigenvalues of p(g) are
A1, ..., A\, We put

Su(9) = A+ + A,

and this is the Brauer character of U. It is a function which is only defined on the p-regular
elements of G, and takes values in a field of characteristic zero, which we may always take
to be C.

Example. Working over Fq, the specification p(g) = provides a 2-dimensional

0 1
1 1
representation U of the cyclic group (g) of order 3. The characteristic polynomial of this
matrix is 2 +t + 1 and its eigenvalues are the primitive cube roots of unity in 4. These
lift to primitive cube roots of unity in C, and so ¢y (g) = €2™/3 4 e*™/3 = —1. Tt is very
tempting in this situation to observe that the trace of p(g) is 1, which can be lifted to
1 € C, and to deduce that ¢y (g) = 1; however, this deduction is incorrect.

We list the immediate properties of Brauer characters.

(10.1) PROPOSITION. Let (F, R, k) be a p-modular system, let G be a finite group,
and let U, V, S be finite-dimensional kG-modules.
(2) ¢u is a class function on p-regular conjugacy classes.

(3) du(g™") = dulg) = du-(9).
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(4) dvev = du - dv.

(5) If0 - U — V — W — 0 is a short exact sequence of kG-modules then ¢y = ¢y +dw .
In particular, ¢y depends only on the isomorphism type of U. Furthermore, if U has
composition factors S, each occuring with multiplicity ng, then ¢y = Y g ngds.

(6) If U is liftable to an RG-lattice U (so U = U /nU) and the ordinary character of U is
X, then ¢y (g) = xp(g) on p-regular elements g € G.

Proof. (1) In its action on U the identity has dimy U eigenvalues all equal to 1. They
all lift to 1 and the sum of the lifts is dimy U.
(2) This follows because g and xgz~! have the same eigenvalues.

(3) The eigenvalues of g~*

on U are the inverses of the eigenvalues of g on U, as are
the eigenvlues of g on U* (since here g acts by the inverse transpose matrix). The lifting
of roots of unity is a group homomorphism, so the result follows since if A lifts A then A1
lifts A1

(4) If g is a p-regular element then U and V have bases uq,...,u, and vy,..., vy
consisting of eigenvectors of g with eigenvalues A1, ..., A, and p,, . .., us, respectively. Now
the tensors u; @ uj form a basis of eigenvectors of U ® V with eivenvalues A\;u;. Their lifts
are )\Zuj — \ifi; since lifting is a group homomorphism, and > Aifl; = >, Ai ) (X2 )
so that puev (9) = du(g)ov(9)-

(5) If g is a p-regular element then k(g) is semisimple so that V =2 U & W as k(g)-
modules. It follows that the eigenvalues of g on V' are the union of the eigenvalues on V'
and on W (taken with multiplicity), and from this ¢v(g9) = ¢u(g) + ¢w(g) follows. If
U = U, we may consider the sequence 0 — U; — U — 0 — 0 to see that ¢y = ¢y,. The
final sentence follows by an inductive argument.

(6) If g is p-regular and acts with eigenvalues 1, ..., 1, on U then gactson U = U/WU
with eigenvalues py + (7), ...,y + (7). Since ¢y (g) is the sum of the lifts of these last

quantities we have ¢(g) = p11 + - - pin = X5 (9)- =

We may use these elementary properties to construct tables of Brauer characters.
There are two significant tables which we might construct: the table of values of Brauer
characters of simple modules, and the table of values of Brauer characters of indecompos-
able projective modules. By Theorem 7 both these tables are square. We will eventually
establish that they satisfy orthogonality relations which generalize those for ordinary char-
acters, but we first present some examples.

Examples. 1. Let G = S35. We have seen that in both characteristic 2 and char-
acteristic 3 the simple representations of S3 lift to characteristic zero, and so the Brauer
characters of the simple modules form tables which are part of the ordinary character table
of S3. The indecomposable projective modules for a group always lift to characteristic zero,
but if we do not have some information such as the Cartan matrix or the decomposition
matrix it is hard to know a priori what their characters might be. In the case of S35 we have
already computed this information, and we now present the tables of Brauer characters of
the simple and indecomposable projective modules.
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0 (12) (123) 0 (123) 0 (123)
T 1 1 T 1 2 2
1 -1 1 2 1 2 1
2 0 -1

TABLE: The character tables of S3, ordinary and in characteristic 2.

() (12) 0 (12)

1 3 1

1 -1 3 -1
TABLE: The character tables of S5 in characteristic 3.

2. When G = S, the ordinary character table is

2

WWN | =
I
== O

as seen in Example 3.11. In characterstic 2, S4 has two simple modules, namely the trivial
module and the 2-dimensional module of S3, made into a module for S; via the quotient
homomorphism S; — S3. Both of these lift to characteristic zero, and so the Brauer
characters of the 2-modular representations are

0 (123)

1 1
2 -1

which is the same as for S3. The Brauer characters of the reductions modulo 2 of the
ordinary characters of S; are

and we see from this that the sign representation reduces to the trivial representation, and
reductions of the two 3-dimensional representations each have the 2-dimensional represen-
tation and the trivial representation as composition factors with multiplicity 1. This is
because there is a unique way to express their Brauer characters as linear combinations of
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the simple Brauer characters, and this determines the composition factors. It follows that
the decomposition and Cartan matrices for Sy at the prime 2 are

o) =63

In characteristic 3 the trivial representation and the sign representation are distinct

110 1 1
Emdc_<00111

I
— = O = =
= )
— = O =
= )

1-dimensional representations, and we also have two non-isomorphic 3-dimensional repre-
sentations which are the reductions modulo 3 of the two 3-dimensional ordinary represen-
tations. This is because these 3-dimensional representations are blocks of defect zero by
7, and they remain simple on reduction modulo 3. This constructs four simple representa-
tions in characteristic 3, and this is the complete list by ? because S4 has four 3-regular
conjugacy classes. Thus the table of Brauer characters of simple modules in characteristic
3 1is

1 (12) (12)(34) (1234)
I 1 1 1
1 -1 1 -1
3 -1 ~1 1
31 -1 -1

and each is the reduction of a simple module from characteristic zero. The remaining 2-
dimensional ordinary representation has Brauer character values 2,0,2,0 and since this
Brauer character is uniquely expressible as a linear combination of simple characters,
namely the trivial Brauer character plus the sign Brauer character, these two 1-dimensional
modules are the composition factors of any reduction modulo 3 of the 2-dimensional rep-
resentation. We see that the decomposition and Cartan matrices for Sy in characteristic 3
are

and C=DTD=

S

Il
cCorR oM
cCorR~O
orRr oo O
—_—o o oo
o~ o O
—_ o oo

OO~ N
OO N =

In these examples we have exploited the fact that the Brauer characters of the simple
representations are independent to obtain the composition factors of the reductions of other
modules, since there was a unique linear combination of the simple Brauer characters equal
to the reduction of each ordinary simple character. As far as the examples were concerned
it was possible to observe that the Brauer characters were independent after computing
them, but it is reassuring to know that this is always the case. We prove this now, deducing
it as a consequence of orthogonality relations for Brauer characters.
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(10.2) PROPOSITION. Let (F, R, k) be a p-modular system in which R is complete,
and let G be a finite groups. Suppose that P and U are finite-dimensional kG-modules
and that P is projective. Then

dim Homyg (P, U) = é Z CbP(Q_l)CbU(Q)-

p—regular geG

Proof. We make use of the isomorphism Homy (U, V) = Homyg(U®,V*, k) whenever
U and V are finite-dimensional kG-modules, which holds since boths sides are isomorphic
to (U* ®; V)Y, using results 3.3 and 3.4. Now Homyg(P,U) = Homyq(P ® U*, k) and
P ® U~ is a projective kG-module by 8.4. Thus it lifts to a projective RG-lattice P @\U*

and we have
dim Homg (P, U) = dim Homgg (P ®@ U™, k)

= rank Hompg (P (}gk\U*, R)
= dim Hompg(F @ P @5, U*, F)

1 .
= 1G] 2= Xronraro- (0 Nxrl9):

geG
1 —1
ge

We claim that

op(g~)ou(g) if g is p-regular,
0

—1 _
XF®p P&y U (977) = { otherwise,

and from this the result follows. If g is not p-regular it has order divisible by p and the
character value is zero by Proposition 9.27, since P @Tk\ U* is projective. When g is p-regular
we calculate the character value by using the fact that it depends only on the structure
of P and U as k(g)-modules. Since k(g) is a semisimple algebra both P and U* are now
projective, and they lift to R(g)-lattices whose tensor product PorU* is isomorphic to
P & U* as R(g)-modules, since both of these are projective covers as R(g)-modules of
P ®; U*. From this we see that

Z1y 1
XF®RP@* (9 ) = X(F@P)@(F@U*)(Q )
= Xrep (0 NXpeu-(97")
= ¢p(g " )bu(g)

as required. O
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There is a similarity between the last result and Corollary ? in the last section,
which related the dimensions of homomorphisms between modules in characteristic 0 and
in characteristic p. The subtlety here is that the kG-module U might not be liftable to
characterstic 0, whereas in 7 this was an assumption.

It is convenient to interpret the formula of the last proposition in terms of an inner
product on a space of functions, in a similar way to what we did with ordinary characters.
Let p—reg(G) denote the set of conjugacy classes of p-regular elements of G, so that
p—reg(G) C cc(G) where the latter denotes the set of all conjugacy classes of G. We may
regard Brauer characters as elements of the vector space CP~*8(%) of functions

p—reg(G) — C.

We define a Hermitian bilinear form on this vector space by

<¢,w>=ﬁ S W)

p—regular geG

and just as with the similarly-defined bilinear form on C°(%) we note that

(00,1) = (6,07¢)

where 6*(g) = 6(g), the complex conjugate. With the notation of this bilinear form the
last result now states that if P and U are finite-dimensional £G-modules with P projective
then

dim Homyq (P, U) = (¢p, dvu).

(10.3) THEOREM (Row orthogonality relations). Let G be a finite group and k a
splitting field for G' of characteristic p. Let Sy, ...,S, be a complete list of non-isomorphic
simple kG-modules, with projective covers Ps,,...,Ps_ . Then the Brauer characters
#s,,...,0s, of the simple modules form a basis for CP~*8(%) as do also the Brauer
characters ¢pg. ..., dps, of the indecomposable projective modules. These two bases are
dual to each other with respect to the bilinear form, in that

<¢Psi 5 ¢Sj> = 527.7

The bilinear form on CP~"°8(%) s non-degenerate.

Proof. Everything follows from the formula (¢pg ,¢s;) = d;; and the fact that the
number of non-isomorphic simple modules equals the number of p-regular conjugacy classes
of G. Thus if 331" | N\jds; = 0 we have 0 = (dps , Y iy Aj¢ps;) = Aj, which shows that the
¢s; are independent, and hence form a basis. By a similar argument the ¢p; also form a
basis. The matrix of the bilinear form with respect to these bases is the identity matrix
and it is non-degenerate. O
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This result implies, of course, that the Brauer characters of the simple kG-modules are
linearly independent as functions on the set of p-regular conjugacy classes of GG, a fact we
observed and used in the earlier examples. It means that they are sufficient to distinguish
the composition factors of a module.

(10.4) COROLLARY. Let U and V' be finite-dimensional kG-modules, where k is a
field of characteristic p. Then U and V' have the same composition factors if and only if
their Brauer characters ¢y and ¢y are equal.

As an application we may deduce, for example, that if S is a simple kG-module then
S = S* if and only if ¢g takes real values, since this is the condition that ¢g = ¢g = ¢g-.

It is also true from the theorem that the Brauer characters of the indecomposable pro-
jective modules are independent functions on p—reg(G), and so Brauer characters enable
us to distinguish between projective modules. Since the Brauer characters of a module are
determined by its composition factors we have the following consequence.

(10.5) COROLLARY. Let P and @ be projective kG-modules, where k is a splitting
field of characteristic p. Then P and () are isomorphic if and only if they have the same
composition factors. The Cartan matrix is invertible. The decomposition matrix has
maximum rank.

Proof. Write P = Pg' @---® Pg" and Q = Pgi D-- -@sz so that gp = >0 | aipps,
and ¢g = >, bi¢ps,. Then P = @ if and only if a; = b; for all 4, if and only if
D i1 @ips, = y iy bigps. since the ¢pg  are linearly independent, if and only if gp = ¢q.
By the last corollary this happens if and only if P and () have the same composition factors.

We claim that the kernel of the Cartan homomorphism ¢ : Ko(kG) — Go(kG) is zero.
Any element of Ky(kG) can be written [P| — [Q] where P and @ are projective modules,
and such an element lies in the kernel if and only if P and @) have the same composition
factors. This forces P =2 @), so that the kernel is zero. It now follows that the Cartan
homomorphism is an isomorphism.

For the final statement about the decomposition matrix we use the fact that C' =
DT D. Thus rank C' < rank D. The number of columns of D equals the number of columns
of C, and this number must be the rank of D. O

We may write the row orthogonality relations in various ways. The most rudimentary
way is the statement that if S and T are simple kG-modules then

1 1 1 ST,
|G| Z prl9™)0s(9) = {O otherwise.
p—regular geG
We can also express this as a matrix product. Let ® be the table of Brauer character

values of simple kG-modules, 1I the table of Brauer character values of indecomposable
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projective modules, and let B be the diagonal matrix whose entries are | CG1(9)| as g ranges

through the p-regular classes. The row orthogonality relations are
oBeT = 1.
From this we obtain the column orthogonality relations.

(10.6) PROPOSITION (Column orthogonality relations). With the above notation,

|Cq(z1)] 0 e 0
T Q Ca (x2)]
0 - |Colan)]
where x1,...,x, are representatives of the p-regular conjugacy classes of elements of G.

Thus . .
Z bs(g~ Vb (h) = { |ICa(g)| ifg anc? h are conjugate,
0 otherwise.

simple S

The orthogonality relations can be used to determine the composition factors of a
representation in a similar way to the procedure with ordinary characters. However this
possibility is less useful than in characteristic zero because we need to know the Brauer
characters of the indecomposable projectives to make it work. Usually we would only
have this information once we have fairly complete information about the simple modules,
whereas in characteristic zero we can test for simplicity of a character and subtract known
character summands without complete character table information.

The orthogonality relations do allow us to deduce important theoretical information
about the Cartan and decomposition matrices.

(10.7) COROLLARY. Let k be a splitting field of characteristic p for the finite group
G. Let ® be the table of values of Brauer characters of the simple kG-modules, 11 the
table of values of Brauer characters of the indecomposable projective kG-modules, C' the
Cartan matrix of G and D the decomposition matrix of G. Then
(1) 11 = C®, and
(2) ®, II and C are invertible matrices.
(3) D has maximum rank.

A finer result than this is true. The determinant of the Cartan matrix over a splitting
field of characteristic p is known to be a power of p, and the decomposition map d :
Go(FG) — Go(kG) is a surjective homomorphism of abelian groups. Knowing that its
matrix has maximum rank implies only that the cokernel is finite. These results may be
proved by a line of argument which originates with the induction theorem of Brauer, a
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result which we have skipped over. The surjectivity of d is in turn implied by the Fong-
Swan theorem in the case of p-solvable groups.

We may interpret the cde triangle in terms of Brauer characters. As before, we let
cc(G) denote the set of conjugacy classes of G and p—reg(G) the set of p-regular conjugacy
classes of GG. There are group homomorphisms

Ko(kG) — Cr—res(G)
Go(kG) — CPresl@)
Go(FG) — C&)

defined on the basis elements [P] € Ko (kG), [S] € Go(kG) and [T] € Go(FG), by
[P] — ¢p, [S]—¢s, and [T]— x7.

In fact these same formulas hold whenever P is an arbitrary finitely-generated pronective
module and S, T" are arbitrary finitely-generated modules. We may regard each of Ky(kG),
Go(kG) and Go(FG) as lattices in complex vector spaces obtained by extending the scalars
from 7Z to C. Because each of the above assignments is a correspondence of basis elements,
the resulting linear maps they define are isomorphisms of vector spaces

C @y Ko(kG) = Cr—res(G)
C @z Go(kG) = Cp—res(G)
C ®z Go(FQG) = C),

Thus the cde triangle, on extending scalars to C, yields a triangle of vector spaces

CCC(G)

e d

/ \

Cr—res(G) N Cr—res(G)
where, as before, the maps ¢, d, e have matrices C', DT and D, respectively.

(10.8) PROPOSITION. Let (F, R, k) be a splitting p-modular system for G. With
this interpretation of the cde triangle, if ¢ € CP~"8(G) then e(¢) is the function which is
the same as ¢ on p-regular conjugacy classes and is zero on the other conjugacy classes.
If x € C°°©) then d(x) is the restriction of x to the p-regular conjugacy classes. The
Cartan homomorphism c is an isomorphism, the decomposition map d is surjective, and
e is injective. The image of e is the space of class functions which are non-zero only on
p-regular classes.

Proof. The description of e(¢) follows from Proposition 9.27 and the definition of
e, whereas the description of d comes from part (6) of Proposition 10.1. The Cartan
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homomorphism is an isomorphism because the Cartan matrix is non-singular, and because
the decomposition matrix D has maximal rank d is surjective and e is injective. The image
of e is a space whose dimension is the number of p-regular conjugacy classes of GG, and it
is contained in the space of maps whose support is the set of p-regular conjugacy classes,
so we must have equality. O

Exercises for Section 10.

1. If § € cP—ree(H) ig a function defined on the set of p-regular conjugacy classes we
may define an induced function § 1% by means of the same formula in Proposition 4.10
which was used to define induction of ordinary class functions. Let H be a subgroup of
G and let U be a finite-dimensional kH-module with Brauer character ¢y, where k is a
field of characteristic p. Prove that ¢UT§ = ¢y 1%, and that e(6 1%) = e() 7§ and
d(x T%) = d(x) 1% if x is a class function.

Similarly define the restriction ¢ |§ where 1 € CP—ree(@) and show that similar formulas
hold.
Show that (6 T4, ) = (0, |%) always holds.

2. Let (F,R,k) be a splitting p-modular system for G. Let P and @ be finitely-
generated projective RG-modules such that F®@r P = F ®p Q as FFG-modules. Show that
P>=qQ.

3. The simple group GL(3,2) has order 168 = 8 - 3 - 7. The following is part of its
ordinary character table (the first two rows list the orders of centralizers of elements, and
then underneath the orders of elements in the conjugacy classes):

168 8 4 3 7 7
1 2 4 3 TA 7B
1 1 1 1 1 1
3 -1 1 o' o
6 2 0 -1 -1
7 -1 -1 1
8 -1 1 1

Here o = 7 + 7% + 7* where 7 = €2™/7. Note that a? = @ — 1 and aa@ = 2.

(a) Obtain the complete character table of GL(3,2).

(b) Compute the table of Brauer characters of simple Fo[GL(3,2)]-modules.

(c) Find the decomposition matrix and Cartan matrix of GL(3,2) at the prime 2.

(d) Write down the table of Brauer characters of projective Fo[G'L(3,2)]-modules.

(e) Determine the direct sum decomposition of the module 8 ®3 (where 8 and 3 denote
Fo[GL(3,2)]-modules of those dimensions), as a direct sum of indecomposable modules.

(f) Determine the composition factors of 3®3 and 3® 3*, where 3 denotes the natural
3-dimensional Fo[GL(3,2)]-module.

[On approach is to use the orthogonality relations.]
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4. Let p be an odd prime. The center of SL(2,p) consists of the two scalar matrices
{1} (do not prove this), and the group PSL(2,p) is defined to be SL(2,p)/{£I}. The
simple [F,,[SL(2, p)]-modules thus consist of the simple F,[PSL(2, p)]-modules, together
with those simple modules on which —I acts non-trivially.

The simple F,[SL(2, p)]-modules were constructed in Exercise 21 of Section 6 as the
symmetric powers S”(Uz) of the natural 2-dimensional representation Us where 0 < r <
p — 1. Show that —I acts trivially on such a simple F,[SL(2,p)]-module if and only
if the module has odd dimension. Deduce that the simple F,[PSL(2, p)]-modules have
dimensions 1, 3,5, ..., p, constructed as the even symmetric powers of the 2-dimensional
F,[SL(2, p)]-module.

5. It so happens that GL(3,2) = PSL(2,7).

(a) Construct the table of Brauer characters of simple F7[PSL(2,7)]-modules.

[It will help to observe that an element of order 8 in SL(2,7) represents an element
of order 4 in PSL(2,7), and its square represents an element of order 2.]

(b) Compute the decomposition and Cartan matrices for PSL(2,7) in characteristic
7. Show that the projective cover of the trivial module, P;, has just four submodules,
namely 0, P; and two others.
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11. Indecomposable modules

Until now the indecomposable modules we have considered have mostly been the
simple and projective modules, and for these we have obtained straightforward descriptions
in the case of an algebra which is finite-dimensional over a field, or of finite rank over a
complete discrete valuation ring.

We now consider indecomposable modules in general and we start with some of their
basic properties. We first present an extension of Proposition 7.4, combined with Lemma
2.2.

(11.1) PROPOSITION. Let U be a module for a ring A with a 1. Expressions
v=U,9%---9U,

as a direct sum of submodules biject with expressions 1y = e + --- + e, for the identity
1y € End4(U) as a sum of orthogonal idempotents. Here e; is the composite of projection
and inclusion U — U; — U, and U; = ¢;(U). The summand U; is indecomposable if and
only if e; is primitive.

Proof. We must check several things. Two constructions are indicated in the statement
of the proposition, whereby given a direct sum decomposition of U we obtain an idempotent
decomposition of 17, and vice-versa. It is clear that the idempotents constructed from a
module decomposition are orthogonal and sum to 1y. Conversely, given an expression
ly = e1 + -+ + e, as a sum of orthogonal idempotents, every element u € U can be
written u = eqju + - - - 4+ epu where e;u € e;U = U;. In any expression v = uy + -+ - un,
with u; € e;U we have eju; € eje;U = 0if i # j so e;u = e;u; = u;, and this expression
is uniquely determined. Thus the expression 1y = e + - - - + e, gives rise to a direct sum
decomposition.

We see that U; decomposes as U; = V & W if and only if e; = ey + ey can be
written as a sum of orthogonal idempotents, and so U; is indecomposable if and only if e;
is primitive. O

(11.2) COROLLARY. An A-module U is indecomposable if and only if the only
non-zero idempotent in End 4 (U) is 1y .

Proof. From the proposition, U is indecomposable if and only if 1y is primitive,
and this happens if and only if 1y and 0 are the only idempotents in End4(U). This
last implication in the forward direction follows since any idempotent e gives rise to an
expression 1y = e 4 (1y — e) as a sum of orthogonal idempotents. a
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Our next step is to pin down the structure of the endomorphism ring of an indecom-
posable module.

(11.3) PROPOSITION. Let B be a ring with 1. The following are equivalent.
(1) B has a unique maximal left ideal.
(2) B has a unique maximal right ideal.
(3) B/Rad(B) is a division ring.
(4) The set of elements in B which are not invertible forms a left ideal.
(5) The set of elements in B which are not invertible forms a right ideal.
(6) The set of elements in B which are not invertible forms a 2-sided ideal.

Proof. (1) = (3) Let I be the unique maximal left ideal of B. Since Rad(B) is the
intersection of the maximal left ideals, it follows that I = Rad(B). If a € B — I then
Ba is a left ideal not contained in I, so Ba = B. Thus there exists x € B with za = 1.
Furthermore = ¢ I, so Bx = B also and there exists y € B with yr = 1. Now yza =a =1y
so a and z are 2-sided inverses of one another. This implies that B/I is a division ring.

(1) = (6) The argument just presented shows that the unique maximal left ideal [ is
in fact a 2-sided ideal, and every element not in [ is invertible. This implies that every
non-invertible element is contained in I. Equally, no element of I can be invertible, so I
consists of the non-invertible elements, and they form a 2-sided ideal.

(3) = (1) If I is a maximal left ideal of B then I O Rad(B) and so corresponds to
a left ideal of B/ Rad(B), which is a division ring. It follows that either I = Rad(B) or
I = B, and so Rad(B) is the unique maximal left ideal of B.

(4) = (1) Let J be the set of non-invertible elements of B and I a maximal left ideal.
Then no element of [ is invertible, so I C J. Since J is an ideal, we have equality, and [
is unique.

(6) = (4) This implication is immediate, and so we have established the equivalence
of conditions (1), (3), (4) and (6).

Since conditions (3) and (6) are left-right symmetric, it follows that they are also
equivalent to conditions (2) and (5), by analogy with the equivalence with (1) and (4). O

We will call a ring B satisfying any of the equivalent conditions of the last proposition
a local ring. Any commutative ring which is local in the usual sense (i.e. it has a unique
maximal ideal) is evidently local in the non-commutative sense. We see also that if G is
a p-group and k is a field of characteristic p then the group algebra kG is a local ring,
because its radical is the augmentation ideal and the quotient by the radical is k, which is
a division ring.

In our application of 11.3 to the proof of the Krull-Schmidt theorem we will want to
know that in a local ring every element outside the radical is invertible. We point out also
that if B is a ring with a 2-sided ideal I which is nilpotent and for which B/I is a division
ring, then necessarily B is local. This will, at one point, be a useful way of showing that
a ring is local. We also see that in a local ring B, the only idempotents are 0 and 1. (Any
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other idempotent would give a direct sum decomposition of B, and hence more than one
maximal left ideal.) Combining this with Corollary 11.2, any module which has a local
endomorphism ring must necessarily be indecomposable, without restriction on the ring for
which this is a module. In special circumstances we obtain also the converse implication,
as will now be shown.

(11.4) PROPOSITION. Suppose that B is an R-algebra which is finitely generated
as an R-module, where R is a complete discrete valuation ring or a field. Then B is a local
ring if and only if the only non-zero idempotent in B is 1.

Proof. We have just observed that if B is a local ring then the only idempotents are
0 and 1. Conversely, suppose that 0 and 1 are the only idempotents in B, and let (7) be
the maximal ideal of R. Just as in the proof of part (1) of Proposition 9.12 we see that m
annihilates every simple B-module, and so 7B C Rad(B). This implies that B/ Rad(B) is
a finite-dimensional R/(7)-algebra. If e € B/ Rad(B) is idempotent then by the argument
of Proposition 9.14 it lifts to an idempotent of B, which must be 0 or 1. Since e is the
image of this lifting, it must also be 0 or 1. Now B/ Rad(B) = M,,, (A1) @ --- ® M, (A¢)
for certain division rings A;, since this is a semisimple algebra, and the only way this
algebra would have just one non-zero idempotent is if t = 1 and n; = 1. This shows that
condition (3) of the last proposition is satisfied. O

(11.5) COROLLARY. Let U be a finitely-generated RG-module where R is a com-
plete discrete valuation ring or a field and G is a finite group. Then U is indecomposable
if and only if Endra(U) is a local ring.

Proof. Putting together the last results, all we need to do is to show that End e (U)
is finitely-generated as an R-module. Let R™ — U be a surjection of R-modules. Compo-
sition with this surjection gives a homomorphism Endrg(U) — Hompg(R™,U), and it is
an injection since R™ — U is surjective. Thus Endrg(U) is realized as an R-submodule
of Homg(R™,U) = U™, which is a finitely generated R-module. Since R is Noetherian,
the submodule is also finitely-generated. O

(11.6) THEOREM (Krull-Schmidt). Let A be a ring with a 1, and suppose that U
is an A-module which has two A-module decompositions

U=U:0---0U,=V1®---dV;s

where for each i, End 4 (U;) and End 4(V;) are local rings. Then r = s and the summands
U; and V; are isomorphic in pairs when taken in a suitable order.

Proof. The proof is by induction on max{r,s}. When this number is 1 we have
U = U; = Vi, and this starts the induction.
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Now suppose max{r,s} > 1 and the result is true for smaller values of max{r,s}.
For each j let m; : U — V; be projection onto the jth summand with respect to the
decomposition U = Vi @ --- @ Vy, and let ¢; : V; < U be inclusion. Then ijl v = 1y.
Now let 8 : U — Uy be projection with respect to the decomposition U = U; & --- @ U,
and « : U; — U be inclusion so that Sa = 1r;,. We have

S

1U1 = ﬂ(z Ljﬂ'j)()é = Zﬁbﬂr]a
J=1

j=1

and since End4(U;) is a local ring it follows that at least one term [ijmja must be
invertible. By renumbering the Vj if necessary we may suppose that j = 1, and we
write ¢ = Buymia. Now (¢~ 1Bu1)(ma) = 1y, and so ma : Uy — Vi is split mono and
¢~ By : Vi — Uy is split epi. It follows that m1a(Uy) is a direct summand of V;. Since
End 4 (V1) is local, V; is indecomposable and so mya(Uy) = Vi. Thus mya : Uy — V; is an
isomorphism.

We now show that U = U; & Vo @ --- @ V5. Because m« is an isomorphism, 7
is one-to-one on the elements of U;. Also 7 is zero on Vo @ --- @ V, and it follows
that Uy N (Vo @ --- @ Vi) = 0, since any element of the intersection is detected by its
image under 7y, and this must be zero. The submodule Uy + V5 + .-+ + Vi contains
Vo4 -4+ Vy, = Kerm; and so corresponds via the first isomorphism theorem for modules
to a submodule of 7 (U) = V4. In fact m is surjective and so Uy + Vo +-- -+ Vy =U. It
follows that U =U; Vo & --- & V.

We now deduce that U/Uy 2 Us @ --- @ U, Z Vo @ --- @ Vs. It follows by induction
that » = s and the summands are isomorphic in pairs, which completes the proof. O

(11.7) COROLLARY. Let R be a complete discrete valuation ring or a field and G
a finite group. Suppose that U is a finitely-generated RG-module which has two decom-
positions
U=Ui®--0U,=V1&- -V

where the U; and V; are indecomposable RG-modules. Then r = s and the summands U;
and Vj are isomorphic in pairs when taken in a suitable order.
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Relative projectivity

Let H be a subgroup of G and R a commutative ring with 1. An RG-module is said to
be H-free if it has the form V' Tfl for some RH-module V. It is H-projective, or projective
relative to H, if it is a direct summand of a module of the form V' 1% for some RH-module
V.

For example, the regular representation RG = R 1§ is 1-free, and projective modules
are 1-projective. If R is a field then every 1-projective module is projective, but if R is not
a field and V is an R-module which is not projective as an R-module, then V 1§ is 1-free
but not projective as an RG-module. Every RG-module is G-projective.

In order to investigate relative projectivity we first deal with some technicalities. We
have seen the pervasive importance of the group ring element » gec 9 at every stage of the
development of representation theory. As an operator on any representation of G it has
image contained in the G-fixed points. We now consider something more general, and for
a subgroup H of G and an RG-module U we define the relative trace map trfl UH - UC.
To define this we choose a set of representatives g1, ..., g; of the left cosets of H in G, so
G=gHU---UgH. If u € U? we define tr§ (u) = Z:zl gill.

(11.8) LEMMA. The homomorphism trg is well-defined, and if K < H < G are
subgroups then tr$ tril = tr§.

(11.9) LEMMA. Suppose that o : U — V and v : W — X are homomorphisms
of RG-modules and that 3 : V |%— W |% is an RH-module homomorphism. Then

(trg B)oa= trfl(ﬁ o) and 7y o (trg B) = trfl('y o 3).

Proof. Let g1,...,9, be a set of left coset representatives for H in G and u € U.
Then (tr f)a(u) = Y0, giBlg; ‘au) = Y0, giba(g; 'u) = trf(Ba)(u). Similarly
Yt B)(u) = 7300 9iBlg; 'w) = 20, 9B(g; u) = e (v8) (u). O

(11.10) COROLLARY. The image of tr$ : Endpy (U) — Endrg(U) is an ideal.

It will help us to consider the adjoint properties of induction and restriction of modules
in detail. We have seen in result 4.12 that when U is an RH-module and V is an RG-
module, where H < G, we have Homgg(U 1%,V) = Homgg(U,V |$§). There may be
many such isomorphisms, but there is a choice which is natural in U and V. This means
that whenever U; — U, is an RG-module homomorphism the resulting square

Hompe(Uy 1%,V) — Homgy (Ui, V %)

T I

Hompa(U2 19,V) — Hompgp (U2, V |H)
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commutes, as does the square

Hompge (U 1%,V1) — Homgg (U, Vi |§)

! !

Hompe (U 1%,V2) — Hompgg (U, V2 |§)

whenever V; — V5 is a homomorhism of RG-modules. In this situation we say that
the operation 1§: RH-modules — RG-modules is left adjoint to |§: RG-modules —
RH-modules. (These ‘operations’ are in fact functors.) We say also that lg is right
adjoint to 1%.

We now describe explicitly a natural isomorphism between these groups of homomor-
phisms. For convenience we take a set of left coset representatives of H in G with g; = 1.
For each RH-module U let p : U — U 14|59 = @, 9; ® U be the inclusion into the
summand 1 ® U, so p(u) = 1 ®@u, and let v : U Tglgﬁ U be projection onto this sum-
mand. If V is an RG-module we define RG-module homomorphisms 7: V — V | %1% and
eV IG1G—Vbyn) =31 ,g®g 'vand €3 \pz®@u) = 3 Apzu. In fact, regarding
tr& : Hompy (V,V |%1%) — Hompge(V,V [41%) we have n = tr$ u where p has domain
V regarded as an RH-module. Similarly ¢ = trg v, and this shows that n and € are defined
independently of the choice of coset representatives. We see that 1 is a monomorphism, €
is an epimorphism and their composite is multiplication by |G : H]|.

Given an RG-module homomorphism U T§—> V we obtain an RG-module homo-
morphsim U-"5U 1¢1% N 14 1%, and given an RH-module homomorphism 3 : U —
V 1% we obtain an RG-module homomorphism U 1% m—%V 161% —5V. We may check
that these two constructions are mutually inverse, and are natural in U and V.

Group rings of finite groups have the special property that not only is induction left
adjoint to restriction, it is also right adjoint. This coincidence of the left and right adjoint of
restriction is related to other phenomena we have studied, such as the fact that over a field
projective and injective modules are the same thing. We construct a natural isomorphism

Hompqg(V,U Tg) = Hompg (V l% U)

whenever U is an RH-module and V is an RG-module. Given an RG-module homomor-
phism « : V — U 1% we obtain an RH-module homomorphism

V19 -SU19lG LU

and given an RH-module homomorphism 5 : V lgﬁ U we obtain an RG-module homo-
morphism

n a.q BTH G
V—V Iglg —UTq .

Again we check that these operations are natural and mutually inverse.
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(11.11) PROPOSITION. Let G be a finite group with a subgroup H. The following
are equivalent for an RG-module U.
(1) U is H-projective.
(2) Whenever we have homomorphisms

U
lw
v ow

where ¢ is an epimorphism and for which there exists an RH-module homomorphism
U Lgﬁ \%4 lg making the diagram commute, then there exists an RG-module homo-
morphism U — V making the diagram commute.

(3) Whenever ¢ : V. — U is a homomorphism of RG-modules such that ¢ lg: \%4 ¢§—>
U lg is a split epimorphism of RH-modules, then ¢ is a split epimorphism of RG-
modules.

(4) The surjective homomorphism of RG-modules

U 1%1%= RGopry U — U
rQ@Uu— U
is split.

(5) U is a direct summand of U |$15,.
(6) (Higman’s criterion) 1y lies in the image of tr% : Endrg (U) — Endge(U).

Proof. (1) = (2) We first prove this implication in the special case when U is an
induced module T Tg. Suppose we have a diagram of RG-modules

71§
Jw
v 2 ow

and a homomorphism of RH-modules o : T Tglflﬁ \%4 Lfl so that ¥ = ¢a. Under the

adjoint correspondence ¢ corresponds to the composite T—-5T Tglg w Lg and we
have a commutative triangle of RH-module homomorphisms

T

Cy qu.

vig 24w g
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By the adjoint correspondence (and its naturality) this corresponds to a commutative
triangle of RG-module homomorphisms

E(a?)Tﬁ ld’

v o2 W

which proves this implication for the module 7 1%.

Now consider a module U which is a summand of T’ Tg, and let U—T Tg ~5U be
inclusion and projection. We suppose there is a homomorphism o : U lg—> 1% lg so that
$a = 7). The homomorphism ¢ : T 1% — W has the property that 17 = ¢(an) and so by
what we proved there is a homomorphism of RG-modules 3: T 1% — V so that ¢3 = .
Now ¢ft = yYme = 1 so that B : U — V is an RG-module homomorphism which makes
the triangle commute.

(2) = (3) This follows immediately on applying (2) to the diagram

U

J/l.U
Vv — U
(3) = (4) We know that ¢ : U |%1%— U is split as an RH-module homomorphism
by u:U —-U l%Tg. Applying condition (3) it splits as an RG-module homomorphism.
(4) = (5) and (5) = (1) are immediate.
(5) = (6) We may prove that lyjare = tr& (uv) by direct computation. Writing
U lnglz Vi @ V5 where Vi = U, we can represent uv as a matrix

_ ([ f21)
H <f12 fa2
where f;; : Vi — Vj. Then

trf (uv) = (trg i trgfm) _ ((1) (1))

trs fia  tr$ foo

and from this we see that for every summand of U lng (and in particular for U) the
identity map on that summand is in the image of trg.
(6) = (5) Write 17 = tr% a for some morphism « : U |G — U |§. Now « corresponds
by the adjoint correspondence to the composite homomorphism
n a6 i aqa
U—U |gltg —U lgT5 -
We claim that a 1% 7 splits e: for

ea 15 0 =t (V)a 15 n = trf(va 15 1) = trf () = 1y,
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Condition (6) is in fact equivalent to the statement that tr% : Endgg (U) — Endge(U)
is surjective. This is because the image of tr$ is an ideal in Endzg(U), and so it equals
Endre(U) if and only if it contains 1y. Conditions (2), (3) and (4) are modeled on
conditions associated with the notion of projectivity. There are dual conditions associated
with the notion of an injective module, obtained by reversing the arrows and interchanging
the words ‘epimorphism’ and ‘monomorphism’. These conditions are also equivalent to the
ones stated in this result. In fact, the notion of relative projectivity in the context of group
algebras of finite groups might have been termed relative injectivity with equal validity.

(11.12) PROPOSITION. Suppose that H is a subgroup of G and that |G : H| is
invertible in the ring R. Then every RG-module is H-projective.

Proof. For any RG-module U we may write 1y = | G:1H| trg 1y, thus verifying condi-

tion (6) of the last result. O

(11.13) COROLLARY. Suppose that H is a subgroup of G for which |G : H| is
invertible in the ring R, and let U be an RG-module. Then U is projective as an RG-
module if and only if U |$ is projective as an RG-module.

Proof. We already know that if U is projective then U lg is projective, no matter
what subgroup H is. conversely, if U |§ is projective it is a summand of a free module
RH"™. Since U is H-projective it is a summand of U lgT%, which is a summand of
RH™ Tg% RG™. Therefore U is projective. O

This criterion for projectivity would have simplified matters when we were considering
the projective modules for groups of the form G = H x K in Section 8. In this situation
we saw that RG becomes an RG-module where H acts by left multiplication and K acts
by conjugation. If K has order prime to p and R is a field of characteristic p (or a discrete
valuation ring with residue field of characteristic p) it follows from the corollary that RH
is projective as an RG-module, because on restriction to H it is projective and the index
of H in G is invertible. On the other hand, we may also regard RK as an RG-module via
the homomorphism G — K, and if now H has order prime to p then RK is a projective
RG-module, because it is projective on restriction to RK and the index of K in G is prime
to p.

In the exercises to Section 6 the simple F,SLy(p)-modules were considered. The goal
of Exercise 21 of Section 6 was to show that the symmetric powers S”(Usz) are all simple
[F,SLa(p)-modules when 0 < r < p — 1, where U; is the 2-dimensional space on which
SLs(p) acts as invertible transformations of determinant 1. The order of SLy(p) is p(p*>—1)
and so a Sylow p-subgroup of this group is cyclic of order p. In Exercise 20 of Section 6
one shows that on restriction to a certain Sylow p-subgroup, S”(Usz) is indecomposable of
dimension r + 1 when 0 < r < p — 1. From the classification of indecomposable modules
for a cyclic group of order p we deduce that SP~1(U,) is projective as a module for the
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Sylow p-subgroup. It follows from the last corollary that SP~!(U;) is projective as an
F,SLs(p)-module. This module is thus a simple projective F,SL2(p)-module, or in other

words a block of defect zero.

Representation type of algebras

In trying to understand the representation theory of a ring one hopes, where possible,
to be able to describe all the indecomposable modules. The possibility of such a descrip-
tion depends on there being in some sense sufficiently few indecomposable modules for a
classification to be a reasonable goal, or for a description of the indecomposable modules
to make any sense or have any utility. Unfortunately for the majority of rings one en-
counters both a classification of the indecomposable modules and a way of organizing the
classification so that it can be understood seem to be unreasonable expectations.

On the other hand, in special cases the indecomposable modules can indeed be clas-
sified. With this in mind, we say that a ring A has finite representation type if and only if
there are only finitely many isomorphism classes of indecomposable A-modules, and oth-
erwise we say that R has infinite representation type. We have seen in Theorem 6.2 that if

G is a cyclic p-group and k is a field of characteristic p, then kG has finite representation

type.

(11.14) PROPOSITION. Let R be a discrete valuation ring with residue field of
characteristic p or a field of characteristic p, and let P be a Sylow p-subgroup of a finite

group G. Then RG has finite representation type if and only if RP has finite representation
type.

Proof. Since |G : P| is invertible in R, by Proposition ? every indecomposable RG-
module is a summand of some module T’ Tg, and we may assume that 7" is indecomposable,
since if T'=T; & Ty then T TIGDZ Ty Tlc_i ®Ts TIG;, and by the Krull-Schmidt theorem the
indecomposable summands of T' Tlc_i are the indecomposable summands of T} Tlc_i together
with the indecomposable summands of T5 Tg. If RP has finite representation type then
there are only finitely many modules T 1% with T indecomosable, and these have only
finitely many summands by the Krull-Schmidt theorem. Conversely, every RP-module U
is a direct summad of U Tglg and hence is a direct summand of some module V' lg. IfU is
indecomposable, we may assume V' is indecomposable. Now if RG has finite representation
type there are only finitely many isomorphism types of summands of modules V' lIG;:, by
the Krull-Schmidt theorem, and hence RP has finite representation type. O
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In preparation for a characterization of group algebras of finite representation type we
now show that k[C, x C,] has infinitely many non-isomorphic indecomposable modules,
where k is a field of characteristic p. We will first describe infinitely many modules, and
after that we will prove that they are indecomosable. Let G = C), x C), = (a) x (b) and let
k be a field of characteristic p. We define a module Ms,, 1 of dimension 2n + 1 with basis
ULy« Up, Vg, .., U, and an action of G given as follows:

a(u;) = u; +vi—1, blu;) =u; +v; where 1 <i<n
a(vi) = v, b(vi) = v; where 0 < i < n.

It is perhaps easier to write this as

(a—Du; =v;—1, (b—1u; =v; wherel1 <i<n
(a—1)v; =0, (b—1v; =0 where0<i<n

and to describe My, 1 diagrammatically

Uy U2 Unp,
a—1 b—1

a—1 b—1 a—1
/ N\ / e/
Vo U1 Un
We may check that this is indeed a representation of G by verifying that
(a—1)b-1)z=(b-1)(a—1x=0
and
(a—1)Px=(b—-1)Pz=0

for all x € Ms,, 11, which is immediate.
Let us now show that Mas,, 1 is indecomposable. We will do this by showing that
Endgg(Ma,41)/1 has dimension 1 for a certain nilpotent ideal I. Observe that

Soc(May41) = Rad(Map11) = kvg + - - - kvy,.

The ideal I in question is Homyg(May+1, Soc(May,11)), and this squares to zero since if
¢ Mapy1 — Soc(Mayy1) then Rad(Msy,41) C Ker ¢ and so ¢ Soc(May,11) = 0.

If ¢ is any endomorphism of Ms,, 11 then ¢(Soc(May,11)) € Soc May, 41 so ¢ induces an
endomorphism ¢ of My, 11/ Soc(Ma,11). We show that ¢ is necessarily a scalar multiple
of the identity. To establish this we will exploint the equations

(a—Du;=(b—1)u;—; when2<i<n
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and also the fact that (a — 1) and (b — 1) both map ku; + --- + ku,, injectively into
Soc(Map+1). We have

¢((a —us) = (@ = 1)p(ui) = ¢((b — Dui—1) = (b = 1)P(ui-1)

and it follows from this that ¢ is completely determined once we know ¢(u1), since then
(@ — 1)¢(uz) = (b — 1)¢(u1) determines ¢(uz), (a — 1)d(us) = (b — 1)¢(uz) determines

¢(us), and so on.
Suppose that

d(ur) = Mug + - + Aruy (mod Soc(Mapi1))
where the \; are scalars and A, # 0. The equations imply that
d(ug) = Mug + -+ + AMptpr1 (mod Soc(Mayy1))
and inductively
d(Up—r11) = MUp—rs1 + -+ Aty (mod Soc(Mapiq)).

If it were the case that » > 1 then the equation

(b - 1)¢(un—r—|—1) — (CL - 1)¢(un—r+2) — >\1Un—T—|—1 + -+ )\rvn

would have no solution, since no such vector where the coeffiecient of v,, is non-zero lies in
the image of a — 1.

We conclude that » = 1 and ¢(u;) = Aju;(mod Soc(Ma,41)) for some scalar \q, for
all 7 with 1 <4 <mn. Thus

(ZS — )‘11M2n+1 . M2n+1 — SOC(M2n+1)

and so Endgg(May+1)/ Homyga(May11, Soc(May,11)) has dimension 1.
We have proved

(11.15) PROPOSITION. The quotient Endgg(Map+1)/ Rad Endgg(Ma,11) has di-
mension 1. Thus Endgg(Ma,+1) is a local ring and Ms,, 11 is indecomposable.

(11.16) THEOREM (D.G. Higman). Let k be a field of charactersitic p. Then kG
has finite representation type if and only if Sylow p-subgroups of G are cyclic.

Proof. By Proposition 11.14 it suffices to show that if P is a p-group then kP has
finite representation type if and only if P is cyclic. We have seen in 7 that kP has finite
representation type when P is cyclic. If P is not cyclic then P has the group C), x C,, as
a homomorphic image. (This may be proved using the fact that if ®(P) is the Frattini
subgroup of P then P/®(P) = (C,)? for some d and that P can be generated by d
elements. Since P cannot be generated by a single element, d > 2 and so (C},)? is an image
of P.) The infinitely-many non-isomorphic indecomposable k[C), x Cp]-modules become
non-isomorphic indecomposable kP-modules via the quotient homomorphism, and this
establishes the result. O
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Even when the representation type is infinite, the arguments that we have been using

still yield the following result.

(11.17) THEOREM. Let k be a field of charactersitic p. For any finite group G, the
number of isomorphism classes of indecomposable modules which are projective relative

to a cyclic subgroup is finite.

We now consider the kinds of phenomena that can occur with indecomposable kG-
modules. We will indicate for which groups we can expect a reasonable classification
of indecomposable modules and point out some of the techniques which are available to

describe them.

An understanding of the indecomposable modules for a finite group in characteristic
p is very much connected with an understanding of the modules for a Sylow p-subgroup.
We generally expect there to be more modules for G than for its Sylow p-subgroup, and a

description of modules for the Sylow p-subgroup tends to be easier than for G.

We start with the easiest example of a description of indecomposable modules for a
group algebra of infinite representation type, which is the modules for k[Cy x C3] where k
is a field of characteristic 2. In constructing infinitely many indecomposable modules for
C), x Cp, we already constructed some of the indecomposable k[Cy x Cz]-modules, but now
we complete the picture. As before we let G = Cy x Cy = (a) X (b) and exhibit the modules
diagrammatically by the action of a —1 and b—1 on a basis. Here are the indecomposable

modules:
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VAN
kG = o °

NS
Wonr1= . .  \ /
W1 - M1 =e
Mop1= N\ N\
Ern= L/ N\ VAN
Eon= L N\ /
Eoo,n — \: / \4 o \4

In these diagrams each node represents a basis element of a vector space, a southwest
arrow , emanating from a node indicates that a — 1 sends that basis element to the basis
element at its tip, and similarly a southeast arrow *\, indicates the action of b — 1 on a
basis element. Where no arrow in some direction emanates from a node, the corresponding
element a — 1 or b — 1 acts as zero.

The even-dimensional indecomposable representations Ey , require some further ex-
planation. They are parametrized by pairs (f,n) where f € k[X] is an irreducible monic
polynomial and n > 1 is an integer. Let the top row of nodes in the diagram correspond
to basis elements uq,...,u,, and the bottom row to basis elements vq,...,v,. Let

O = X™ 4 @y r X™ 4+ ag.

The right-most arrow \ starting at u,,, which has no terminal node is supposed to indicate
that (b — 1)U = Umny1 Where

Umn+1 = —Omn—1Umn—-1 — *** — Q1V2 — GV,
so that with respect to the given bases b — 1 has matrix

—ao T —Omn-—1
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which is an indecomposable matrix in rational canonical form with characteristic polyno-
mial f".

(11.18) THEOREM. Let k be a field of characteristic 2. The k[Cy x C3]-modules
shown are a complete list of indecomposable modules.

Proof. We describe only the strategy of the proof, and refer to the exercises at the end
of this section and [Ben| for more details. The first step is to use the fact that the regular
representation is injective, with simple socle spanned by > geG 9- If U is an indecomposable
module for which (3°, .5 9)U # 0 then there is a vector u € U with (3° .5 g)u # 0. The
homomorphism kG — U specified by x — xu is a monomorphism, since if its kernel were
non-zero it would contain > - g, but this element does not lie in the kernel. Since kG
is injective, the sumodule kGu is a direct summand of U, and hence U = kG since U is
indecomposable. From this we deduce that apart from the regular representation, every
indecomposable module is annihilated by > 9ec 9> and hence is a module for the ring
kG/(3_,ec 9), which has dimension 3 and is isomorphic to k[, 8]/ (a2, a3, 3%), where a
corresponds toa —1 € kG and B tob—1 € kG.

Representations of this ring are the same thing as the specification of a vector space U
with a pair of linear endomorphisms «, 3 : U — U which annihilate each other and square
to zero. The classification of such pairs of matrices up to simultaneous conjugacy of the
matrices (which is the same as isomorphism of the module) was achieved by Kronecker in
the 19th century, and he obtained the indecomposable forms which we have listed. O

The modules Ms, 1 and Wy, 41 have become known as string modules and the Ey ,,
as band modules, in view of the form taken by the diagrams which describe them. More
complicated classifications, but with a similar flavor, have been achieved for representations
of the dihedral, semidihedral and generalized quaternion 2-groups in characteristic 2. For
dihedral 2-groups, all the modules apart from the regular representation are string modules
or band modules (see 7).

Provided the field k is infinite, k[Cy x C3] has infinitely many isomorphism types
of indecomposable modules in each dimension larger than 1. They can nevertheless be
grouped into finitely many families, as we have seen intuitively in their diagrammatic
description. As a more precise version of this idea, consider the infinite-dimensional k[C5 x
Cs]-module M with diagram

M= / N/ N\ /o

and basis uy,ug,...,u1,ve,... This module has an endomorphism 7 which shifts each of
the two rows one place to the right, specified by n(u;) = u;4+1 and n(v;) = v;11, so that
M becomes a (k[Cy x Cs], k[X])-bimodule, where the indeterminate X acts via n. As
k[X]-modules we have M = k[X] & k[X]. Given an irreducible polynomial f € k[X] and
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an integer n > 1 we may construct the k[Cy x Cs]-module M ®yx] k[X]/(f"), which is a
module isomorphic to (k[X]/(f™))? as a k[X]-module, and which is acted on by k[Cy x C3]
as a module isomorphic to E f,n. This construction accounts for all but finitely many of
the indecomposable k[Cy x C3]-modules in each dimension.

With our understanding improved by the last example, we now divide infinite rep-
resentation type into two kinds: tame and wild. Let A be a finite-dimensional algebra
over an infinite field k. We say A has tame representation type if it has infinite type and
for each dimension d there are finitely many (A, k[X])-bimodules M; which are free as
k[X]-modules so that all but finitely many of the indecomposable A-modules of dimension
d have the form M; ®jx] k[X]/(f") for some irreducible polynomial f and integer n. If
the bimodules M; can be chosen independently of d (as happens with representations of
Cy x Cs) we say that A has domestic representation type, and otherwise it is non-domestic.

We say that the finite-dimensional algebra A has wild representation type if there is
a finitely-generated (A, k(X,Y))-bimodule M which is free as a right k(X,Y))-module,
such that the functor M ®jx yy __ from finite-dimensional k(X,Y)-modules to finite-
dimensional A-modules preserves indecomposability and isomorphism type. Here k(X,Y)
is the free algebra on two non-commuting variables, having as basis the non-commutative
monomials X Y1 X%Yb2 ... where a;,b; > 0.

In view of the following theorem it would have been possible, over an algebraically
closed field, to define wild to be everything which is not finite or tame.

(11.19) THEOREM (Drozd [Dro]; Crawley-Boevey [CB]). Let A be a finite-dimensionall]
algebra over an algebraically-closed field. Then A has either finite, tame or wild represen-
tation type.

When A has wild representation type, the idea is that phenomena which occur with
representations of £(X,Y) also appear with A-modules. Thus A has at least as many iso-
morphism types indecomposable modules as k(X,Y) does. The indecomposable k(X,Y)-
modules are quite diverse, and in some sense it is a hopeless task to try to classify them.
Thus, it is known that the theory of finite-dimensional k(X,Y)-modules is undecidable,
meaning that there exists a sentence in the language of finite-dimensional k(X Y)-modules
which cannot be decided by any Turing machine (an account of this result can be found in
[Prest]). It is also the case in a heuristic sense that the £(X,Y)-modules are as badly be-
haved as those of any algebra: it is possible to embed the category of A-modules and their
homomorphisms, for any algebra A, into the category of k(X,Y)-modules (see [Brenner,
Gabriel)).

In the context of group algebras the division into finite, tame and wild representation
type is given by the following theorem, in which we include the result of D.G. Higman
already proven.
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(11.20) THEOREM (Bondarenko, Brenner, Drozd, Higman, Ringel). Let k be an
infinite field of characteristic p and let G be a finite group with Sylow p-subgroup P. Then
kG has finite representation type if and only if P is cyclic, tame representation type if and
only if p =2 and P is dihedral, semidihedral or generalized quaternion. In all other cases

kG has wild representation type.

We include C5 x C5 as a dihedral group in the statement of this theorem

The first step in the proof of this theorem we have already seen, and it is to identify the
group algebras of finite representation type. Next, certain group algebras were established
as being wild. This is implied ? by the following result, which also serves as an example

of the kind of phenomenon we may expect with wild algebras.

(11.21) THEOREM (Brenner [Brel]). Let P be a finite p-group having either C), x C,,
(p odd), Cy x Cy or Cy x Cy x Cy as a homomorphic image, let k be a field of characteristic
p, and let E be a finite-dimensional algebra over k. Then there exists a finite-dimesnional
kP-module M such that Endgp (M) has a nilpotent ideal J and a subalgebra E' isomorphic
to E, with the property that the quotient map sends E’ isomorphically to Endgp(M)/J.

A theorem of Blackburn implies that if P is a 2-group which is not cyclic and does not
have Cy x Cy or Cy x Cy x Cy as a homomorphic image, then P is dihedral, semidihedral
or generalized quaternion. Groups with these as Sylow 2-subgroups were the only groups
whose representation type was in question at this point. It was decided by classifying
explicitly the indecomposable modules in these cases, and it was done by Bondarenko,

Drozd and Ringel. A later approach can be found in the work of Crawley-Boevey [CB].



Printed Aug. 6, 2005 Finite Group Representations 152

Vertices, sources and Green correspondence

Having just given an impression of the difficult of classifying indecomposable modules,
we now explain some positive techniques which are available for understanding them better.

(11.22) THEOREM. Let R be a field or a complete discrete valuation ring, and let

U be an indecomposable RG-module.

(1) There is a unique conjugacy class of subgroups @) of G which are minimal subject to
the property that U is Q-projective.

(2) Let QQ be a minimal subgroup of G such that U is Q)-projective. There is an indecom-
posable RQ-module T'" which is unique up to conjugacy by elements of Ng(Q) such
that U is a summand of T Tg.

Proof. (1) We offer two proofs of this result, one employing module-theoretic tech-
niques, and the other a ring-theoretic approach. Both proofs exploit similar ideas, in which
the Mackey formula is a key ingredient.

First proof: we start by supposing that U is both H-projective and K-projective where
H and K are subgroups of G. Then U is a summand of U |%7% and also of U |$1%, so
it is also a summand of

Ulgtalétd = @ (AU 1% Linm) Tinm) T5
gEIK\G/H]

= @ (9(U l.?(gﬂH)) T.?mgH

ge[K\G/H]

using transitivity of restriction and induction, and now U must be a summand of some
module induced from one of the groups K N 9H. If both H and K happen to be minimal
subject to the condition that U is projective relative to these groups, we deduce that
KNY9H = K, so K C 9H. Similarly H C 9K for some ¢’ and so H and K are conjugate.

Second proof: we start the same way and suppose that U is both H-projective and
K-projective. We may write 1y = tr% a = tr$ 8 for certain a € Endgry(U) and 8 €
EndRK(U). Now

Ly = (1§ @) (0 B) = uf (0 0)B) = e (G (aB) = Y 6uFroml(cgal).
ge[K\G/H]

Since U is indecomposable its endomorphism ring is local and so some term tr%m o (Cg03)
must lie outside the unique maximal ideal of End g (U) and must be an automorphism.
This implies that tr§ .5 : Endggnsm)(U) — Endrg(U) is surjective, since the image of
tr& .5 is an ideal, and so U is K N 9H-projective.

We now deduce as in the first proof that if K and H are minimal subgroups relative
to which U is projective, then H and K are conjugate.
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(2) Let @ be a minimal subgroup relative to which U is projective. We know that U
is a summand of U lng and hence it is a summand of T Tg for some indecomposable
summand T of U lg. Suppose that 7" is another indecomposable module for which U is a
summand of 7’ Tg. Now T is a summand of 7" Tglgz Dcio\c/0 (1" Lgone)) TgmgQ
and hence a summand of some (917" |gsng)) TgmgQ. For this element g we deduce that
U is QN 9Q-projective and by minimality of Q we have Q@ = QN 9Q and g € Ng(Q). Now
T is a summand of 977, and since both modules are indecomposable we have T' = 97". O

A minimal subgroup @ of G relative to which the indecomposable module U is pro-
jective is called a wverter of U, and it is defined up to conjugacy in G. An RQ-module T
for which U is a summand of T' Tg is called a source of U, and given the vertex @) it is
defined up to conjugacy by elements of Ng(T'). We write vtx(U) to denote some vertex
of U.

(11.23) COROLLARY. Let R be a field or a complete discrete valuation ring, and
let U be an indecomposable RG-module. If T is an indecomposable module for which U
is a summand of T Tg where () is a vertex of U, then T is a summand of U lg.

We record some immediate properties of the vertex of a module.

(11.24) PROPOSITION. Let R be a field of characteristic p or a complete discrete
valuation ring with residue field of characteristic p.
(1) The vertex of every indecomposable module is a p-group.
(2) An indecomposable module is projective if and only if its vertex is 1.

(3) A vertex of the trivial module R is a Sylow p-subgroup of G.

Proof. (1) We know from ? that every module is projective relative to a Sylow
p-subgroup, and so vertices must be p-groups.

(2) A module is projective if and only if it is projective relative to 1, which is the case
for an indecomposable module if and only if 1 is a vertex.

(3) Let @Q be a vertex of R and P a Sylow p-subgroup of G containing ). Then R is
a summand of R Tg, so R LIGD is a summand of R Tglg: @ge[
is a summand of R 15, ag for some g € G. We claim that for every subgroup H < P,
R 1E is an indecomposable RP-module. From this it will follow that R = R T}I;m g and
that @ = P. The only simple RP-module is the residue field & with the trivial action
(in case R is a field already, R = k), and Homgp(R 15,k) = Hompgy (R, k) & k is a
space of dimension 1. This means that R 1% has a unique simple quotient, and hence is

ra/o B (5 s and hence

indecomposable. O
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(11.25) LEMMA. Let @ be a subgroup of G and L a subgroup with L O Ng(Q). Let
g € G— L. Then LN 9Q) is not conjugate in L to Q).

Proof. Suppose that *(L N 9Q) = @ for some z € L. Then #9Q = (@ so that
xg € Ng(Q) C L. Since z € L it follows that g € L. O

(11.26) THEOREM (Green correspondence). Let R be a field of characteristic p

or a complete discrete valuation ring with residue field of characteristic p. Let Q be a

p-subgroup of G and L a subgroup of G which contains the normalizer Ng(Q).

(1) Let U be an indecomposable RG-module with vertex (). Then in any decomposition
of U lf as a direct sum of indecomposable modules there is a unique indecomposable
summand f(U) with vertex Q. Writing U |¥= f(U) @ X, each summand of X is
projective relative to a subgroup of the form L N 9¢Q) where g € G — L.

(2) Let V' be an indecomposable RL-module with vertex (). Then in any decomposition
of V Tg as a direct sum of indecomposable modules there is a unique indecomposable
summand g(V) with vertex Q. Writing V 1¢= ¢(V) @ Y, each summand of Y is
projective relative to a subgroup of the form ) N 9¢Q) where g € G — L.

(3) In the notation of parts (1) and (2) we have gf(U) = U and fg(V) = V.

Proof. We will prove statement (2) before statement (1). Let V' be an indecomposable
RL-module with vertex Q).

Step 1. We show that in any decomposition as a direct sum of indecomposable mod-
ules, V Tg f has a unique summand with vertex ), the other summands being projective
relative to subgroups of the form L N 9Q) with g ¢ L. To show this, let T be a source for
V, so that T Té% V & Z for some RL-module Z. Put

Vi€l =vaeVv,
Z1¢E =207

for certain RL-modules V/ and Z’. Then

T151¢ =V 1¢1¢ 02 1¢1¢
=VeVaezoez

= @ ()T lonq)) T%ﬂgQ .
9e[I\G/Q]

There is one summand in the last direct sum with g € L and it is isomorphic to T’ Té:
V @& Z. The remaining summands are all induced from subgroups L N 9Q) with g ¢ L, and
it follows that all indecomposable summands of V'’ and Z’ are projective relative to these
subgroups. This in particular implies the assertion we have to prove in this step.

Step 2. We show that in any decomposition as a direct sum of indecomposable mod-
ules, V T% has a unique indecomposable summand with vertex ) and that the remaining



Printed Aug. 6, 2005 Peter Webb 155

summands are projective relative to subgroups of the form L N 9Q) where g ¢ L. To show
this, write V Tg as a direct sum of indecomposable modules and pick an indecomposable
summand U for which U lf has V' as a summand. This summand U must have vertex Q;
for it is projective relative to @), since V is, and if U were projective relative to a smaller
group then V would be also, contradicting the fact that @ is a vertex of V. This shows
that the direct sum decomposition of V' Tf has at least one summand with vertex Q).

Let U’ be another summand of V 1¢. Then U’ |¢ must be a summand of V', in the
notation of Step 1, and every indecomposable summand of U’ lg is projective relative to
a subgroup L N ¥Q with y ¢ L. Since U’ is a summand of T Tg it is projective relative
to @, and hence has a vertex @’ which is a subgroup of ). Since L D @’ it follows that
U’ g has an indecomposable summand which on restriction to Q' has a source of U’ as a
summand, and so Q' is a vertex of this summand. It follows that some L-conjugate of @’
must be contained in one of the subgroups LNYQ with y € L. In other words *Q’ C LNYQ
for some x € L. Thus Q' C mflyQ where g = 7'y € L. This shows that Q' C Q N 9Q and
completes the proof of assertion (2) of this theorem.

Step 3. We establish assertion (1). Suppose that U is an indecomposable RG-module
with vertex (). Letting T be a source of U, there is an indecomposable summand V of
T Té for which U is a summand of V Tf. This is because U is a summand of T Tg:
(T Té) Tg. This RG-module V must have vertex (), since it is projective relative to @,
and if it were projective relative to a smaller subgroup then so would U be. Now U lf is
a direct summand of V' Tglg, and by Step 1 this has just one direct summand with vertex
@, namely V. In fact U lg must have an indecomposable summand which on further
restriction to Q has T as a summand, and this summand has vertex (). It follows that
this summand must be isomorphic to V', and in any expression for U 1% as a direct sum
of indecomposable modules, one summand is isomorphic to V' and the rest are projective
relative to subgroups of the form LN 9Q) with g ¢ L. This completes the proof of assertion
(1) of the theorem.

Step 4. The final assertion of the theorem follows from the first two and the fact that
U is isomorphic to a summand of U Lfo and V is isomorphic to a summand of V' Tflf.
O

THEOREM (Burry-Carlson-Puig).
THEOREM. Maps.

Reiten’s construction of the indecomposable modules. Green Peacock.

Examples of Green correspondence in action.

Green’s indecomposability theorem.

Green correspondence is one of the main tools available to us in understanding the
indecomosable representations of a group algebra. It shows that to some degree these
representations are determined by the representations of the normalizers of p-subgroups.
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This approach has been the principal area of development in modular representation theory
of finite groups in recent times. We will see it in action in the next chapter, which has to
do with blocks.

We mention also another technique which has been used to give positive information
about indecomposable representations of finite-dimesnional algebras, namely the theory
of almost split sequences. This has its context in the representation theory of finite-
dimensional algebras in general, not just group algebras, and is described in [Ben], and in
more detail in [ARS]. In the context of group algebras this approach was used by Erdmann
[Erd] in classifying the structure of (blocks of) group algebras of tame representation type.

Exercises for Section 11.

We will assume throughout these exercises that the ground ring R is either a complete
discrete valuation ring, or a field k, so that the Krull-Schmidt theorem holds.

1. Write out proofs of the following assertions. They refer to RG-modules U and W,
subgroups H < K < G and J < G, and a RK-module V.
(a) If U is H-projective then U is K-projective.
(b) If U is H-projective and W is an indecomposable summand of U l? then Wis JN9H-
projective for some element g € GG. Deduce that there is a vertex of W which is contained
in a subgroup J N 9H.
(c) If U is a summand of V T}G( and V is H-projective then U is H-projective.
(d) For any g € G, U is H-projective if and only if 9U is 9H-projective.
(e) If U is H-projective and W is any RG-module then U ® W is H-projective.

2. Consider an even-dimensional indecomposable k[Cy x Cs]-module Ey ,, where k is
a field of characteristic 2, and suppose that f # 0,00. Define umni1 = —Gmn—1%mn—1 —
- —ajug — apuy and let n : Ey, — Ey, be the linear map specified by n(u;) = uit1,
n(v;) = v;41 where 1 <i < mn.

(1) Show that n € Endyc, xcy)(Efn)-

(2) Show that the subalgebra k(n) of Endyjc,xc,](Ef,n) generated by 7 is isomorphic
to k[X]/(f").

(3) Show that

k(n) + Homyc, x o] (Efn, Soc(Ey.n)) = Endiie, x o) (Efn)-

(4) Deduce that Ey , is an indecomposable k[C2 x Cs]-module.

3. Let G = (a) x (b) = Cy x Cy and let U be an even-dimensional indecomposable
kG-module where k is a field of characteristic 2.

(1) Prove that if U 2 kG and G % k then Rad(U) = Soc(U).

Throughout the rest of this question, suppose that multiplication by a — 1 induces an
isomorphism U/ Rad(U) — Soc(U).

(2) Show that there is an action of the polynomial ring k[ X] on U so that X (a—1)u =
(b—1)u= (a—1)Xufor all u € U. Show that U = k(a) ®x (U/Rad(U)) as k(a) @ K[X]-

modules.
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(3) Show that invariant subspaces of U as a k(a) ®j K[X]-module are also invariant
subspaces of U as a kG-module. Show that U/ Rad(U) is an indecomposable k[X]-module
and deduce that U/ Rad(U) = k[X]/(f™) as k[X]-modules for some irreducible polynomial
f and integer n.

(4) Prove that U = Ey , as kG-modules.

4. Let k be a field of characteristic p and suppose that U is a kG-module with the
property that for every proper subgroup H < G, U lg is a projective kH-module.

(1) Show that if G is a cyclic p-group then U must be a projective kG-module.

(2) Show by example that if G = Cy x Cy is the Klein four-group and p = 2 then U
need not be a projective kG-module.

5. Suppose that U is an RG-module which is @-projective and that U lg has a
summand which is not projective relative to any proper subgroup of (). Show that @ is a
vertex of U.

6. Let H be a subgroup of G and U an indecomposable RG-module which is a direct
summand of R1%. Show that the source of U is the trivial module (for the subgroup which
is the vertex of U).

[Because of this, the indecomposable summands of permutation modules (over a field) are
sometimes called trivial source modules.]

7. Suppose that @ is a vertex of an indecomposable RG-module U and that H is a
subgroup of G which contains Q).

(a) For each subgroup Q' C H which is conjugate in G to @, show that U |% has an
indecomposable summand with vertex ). Deduce that if U lg is indecomposable then
subgroups of H which are conjugate in G to Q are all conjugate in H.

(b) Show that there is an indecomposable RH module V with vertex @ so that U is
a direct summand of V 1%.

8. Suppose that H is a subgroup of G and that V is an indecomposable RH-module
with vertex @, where Q < H. Show that V 1% has an indecomposable direct summand
with vertex ). Show that for every p-subgroup ) of GG there is an indecomposable RG-
module with vertex Q.
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12. Blocks

Let (F, R, k) be a p-modular system and G a finite group. Thus R is a discrete valua-
tion ring with field of fractions F' of characteristic zero and residue field &k of characteristic
p. We will define a p-block of G in a moment, but whatever it is, it determines and is
determined by any of the following data:

e an equivalence class of kG-modules,
an equivalence class of indecomposable kG-modules,
an equivalence class of simple kG-modules,
an equivalence class of RG-modules,
a primitive central idempotent in kG or RG,
an equivalence class of primitive idempotents in kG or RG,
an equivalence class of F'G-modules,
an indecomposable 2-sided direct summand of kG,
an indecomposable 2-sided direct summand of RG,
a division of the Cartan matrix of kG into block diagonal form obtained by permuting

rows and permuting columns, with as many diagonal blocks as possible.
In view of this, a block can be defined by specifying any of these data, and there are many
possible definitions of a block. People who work with blocks often seem to have many of
these definitions in mind at the same time.

To fix things, we will define a block of a ring A with identity to be a primitive idempo-
tent in the center Z(A). We start by exploring some of the equivalent properties of blocks.
First we recall without proof the statement of Proposition 3.22.

(12.1) PROPOSITION. Let A be a ring with identity. Decompositions
A=4,0---dA,
as direct sums of 2-sided ideals A; biject with expressions
l=e +- - +e,

as a sum of orthogonal central idempotent elements, where e; is the identity element of
A; and A; = Ae;. The A; are indecomposable as rings if and only if the e; are primitive
central idempotent elements. If every A; is indecomposable as a ring then the A;, and also
the primitive central idempotents e;, are uniquely determined as subsets of A, and every
central idempotent can be written as a sum of certain of the e;.

It makes sense to consider blocks for arbitrary algebras with identity, but the notion
is particularly relevant for group algebras because here we are naturally presented with an
algebra which may not be indecomposable. In a more abstract study of algebras in general
we would probably make the assumption at the start that the algebra we are studying is
indecomposable, and if we were to do this the notion of a block would be irrelevant.
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(12.2) PROPOSITION. Let A be a ring with identity, let 1 = e; +---+ e, be a sum
of orthogonal idempotents of Z(A) and let U be an A-module. Then U = e U & ---® e, U
as A-modules. Thus if U is indecomposable we have e;U = U for precisely one i, and
e;U =0 for j # i. These summands of U satisfy Hom 4 (e;U,e;U) =0 if i # j.

This result means that each indecomposable A-module U belongs to a unique block, or
lies in a unique block, namely the unique primitive central idempotent e for which eU # 0,
and this e acts as the identity on U. More generally, we say that an A-module U belongs
to e if each of its indecomposable summands belongs to e, and this is the same as requiring
that eU = U. The modules which belong to a block determine that block, since in any
expression for A as a direct sum of indecomposable modules the sum of the summands
belonging to e is necessarily the 2-sided ideal eA. When A = RG is a group algebra, the
block to which the trivial module R belongs is called the principal block.

(12.3) PROPOSITION. Let G be a finite group and (F, R, k) a p-modular system in
which R is complete.
(1) Reduction modulo () gives a surjective ring homomorphism Z(RG) — Z(kG).
(2) Each idempotent of Z(kG) lifts uniquely to an idempotent of Z(RG), with primitive
idempotents corresponding to primitive idempotents under the lifting process.

Proof. (1) The conjugacy class sums » gz J (i.e. the sum of all elements g conjugate
to ) form a basis for Z(RG) over R, and over k they form a basis for Z(kG). Reduction
modulo (7) sends one basis to the other, which proves surjectivity.

(2) We have seen the lifting argument before. Since 7"~ 1Z(RG) /7" Z(RG) is a nilpo-
tent ideal in Z(RG)/7"Z(RG) we may lift any idempotent e, 1 + " 1Z(RG) to an
idempotent e,, + 7" Z(RG), thereby obtaining from any idempotent e; +7Z(RG) € Z(kQ)
a Cauchy sequence €1, eg, . .. of elements of Z(RG) whose limit is the required lift. We have
also seen before that primitive idempotents correspond to primitive idempotents. In the
present situation the lift of each primitive idempotent is unique since the primitive central
idempotents of RG themselves are unique, so that there is only one primitive idempotent
of Z(RG) which reduces to each primitive idempotent of Z(kG). O

Because of this, it is the same thing to study the blocks of RG and of kG since they
correspond to each other under reduction modulo 7. If U is a kG-module we may regard
it also as an RG-module via the surjection RG — kG and if e is a block of RG with image
the block € € Z(kG) there is no difference between the statements that U belongs to e
or that U belongs e. We may also partition the simple F'G-modules into blocks in a way
consistent with the blocks for RG and kG. Regarding RG as a subset of F'GG, a primitive
central idempotent e of RG is also a central idempotent of F'G. We say that an F'G module
U belongs to e if eU = U. Evidently each simple F'G-module belongs to a unique block.
We see that if U is an RG-module and Uy C U is any R-form of U (i.e. a full RG-lattice
in U) then Uy belongs to e if and only if U belongs to e.
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Examples. 1. When A is a finite-dimensional semisimple algebra over a field, the
blocks correspond to the matrix summands of A, each block being the idempotent which
is the identity element of a matrix summand. Each simple module lies in its own block,
and so there is only one indecomposable module in each block. We saw in Theorem 3.23 a
formula in terms of characters for the primitive central idempotent in CG corresponding
to each simple complex representation.

2. When G is a p-group and k is a field of characteristic p the regular representation
kG is indecomposable and the identity element is a block. There is only one block in this
situation and block theory does nothing for us if we are interested only in representations
of p-groups in characteristic p.

3. We have seen at the end of Section 9 that when we have a block of defect zero for G
over a splitting p-modular system (F, R, k) there is a 2-sided direct summand of RG which
is isomorphic to a matrix algebra M, (R), and also a matrix summand M,, (k) of kG which
is the reduction modulo 7 of the summand of RG. There is a unique simple kG-module in
this block, and it is projective. It lifts to a unique RG-lattice, and all RG-sublattices of it
are isomorphic to it. A key fact which we used in identifying the features of this situation
is that the primitive central idempotent of CG corresponding to the matrix summand in
fact lies in RG. All this explains why we made reference to a ‘block’ in that situation, but
not why we used the term ‘defect zero’. This too will soon be explained.

4. When GG = S5 in characteristic 2 there are two blocks, since the simple module of
degree 2 is a block of defect zero, and the only other simple module is the trivial module,
which lies in the principal block. The projective cover of the trivial module as an RG-
module has character equal to the sum of the characters of the trivial representation and
the sign representation, and so the principal block idempotent in RG acts as the identity
on this, meaning that they are the ordinary characters in the principal block. The other
ordinary character, of degree 2, lies in the other block.

In characteristic 3, S5 has only one block since there are two simple modules (trivial
and sign) and the sign representation appears as a composition factor of the projective
cover of the trivial module. This means that it belongs to the principal block.

(12.4) LEMMA. Let e be a block of a ring A with identity. If0 - U —V — W — 0
is a short exact sequence of A-modules then V' belongs to e if and only if U and W belong
to e.

In other words, every submodule and factor module of a module which belongs to e
also belong to e, and an extension of two modules which belong to e also belongs to e.

Proof. A module belongs to e if and only if multiplication by e is an isomorphism of
that module, and this property holds for V' if and only if it holds for U and W. O
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In what follows we characterize blocks in terms of a relation on the simple modules.
We could work with modules for an algebra over a complete discrete valuation ring R, but
since the simple modules are naturally defined over the residue field k we will assume that
A is a finite-dimensional k-algebra. The next result is an elaboration of the observation
from the last lemma that each indecomposable projective module Pg lies in the same block
as the simple module S, and in fact all of the composition factors of Pg lie in this block.

(12.5) PROPOSITION. Let A be a finite-dimensional algebra over a field k. The
following are equivalent for simple A-modules S and T.
(1) S and T lie in the same block.
(2) There is a list of simple A-modules S = S1,S5s,...,S, = T so that S; and S;+1
are both composition factors of the same indecomposable projective module, for each

1=1,...,n—1.
(3) There is a list of simple A-modules S = S1,S53,...,5, = T so that for each i =
1,...,n—1, S; and S;y1 appear in a non-split short exact sequence of A-modules

0—-U—-V —->W —0with{U, W} ={S;,Si+1}

Proof. The implications (3) = (2) = (1) are straightforward in that all the com-
position factors of any indecomposable module necessarily belong to the same block, and
whenever we have a non-split extension of the kind which appears in condition (3), the
middle module is uniserial and hence indecomposable.

To show that (1) = (2) we will write S ~ T to mean that the simple modules S and
T satisfy the condition of (2), which is an equivalence relation. All the composition factors
of any particular indecomposable projective module are equivalent in this sense. Suppose
that S and T lie in the same block. We need to show that S ~ T. We may write the
regular representation as A = P1 @ -® P, ®Q1D- - - D Qs where the composition factors of
every P; are equivalent to .S, and none of the composition factors of the Q); are equivalent
toS. Let P=P, &---@dP.and Q = Q1D - D Qs so that A = PP Q. In fact every
submodule of A whose composition factors are all equivalent to S is contained in P, for
if U is such a submodule then P + U has the same property, and (P 4+ U) N Q = 0 since
composition factors of the intersection are both equivalent and not equivalent to S. Thus
A= (P+U)@® A, and it follows that P4+ U = P so U C P.

We show that P and @ are 2-sided ideals of A. Since they are already left ideals
we only need to show that they are closed under right multiplication by elements of A.
Each element x € A determines a module endomorphism ¢ : A — A which is ¢(a) = ax.
Now ¢(P) is a submodule of A all of whose composition factors are equivalent to S, so
¢(P) C P. This means that Pz C P, so that P is a right ideal, as we were trying to show.
Similarly @ is a right ideal of A, and hence a 2-sided ideal.

It follows that P is a direct sum of block ideals. The block ideal determined by S is
a direct summand of P, and hence every simple module in this block is equivalent to .S in
the sense of condition (2).

(2) = (3) O
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The effect of this result is that the division of the simple A-modules into blocks can be
achieved in a purely combinatorial fashion, knowing the Cartan matrix of A. The statement
of the next result seems confusing because the term ‘block’ is used in two different ways.
It is probably the origin of the use of the term in representation theory.

(12.6) COROLLARY. Let A be a finite-dimensional algebra over a field k. On listing
the simple A-modules so that modules in each block occur together, the Cartan matrix of
A has a block diagonal form, with one block matrix for each block of the group. Up to
permutation of simple modules within blocks and permutation of the blocks, this is the
unique decomposition of the Cartan matrix into block diagonal form with the maximum
number of block matrices.

Proof. Given any matrix we may define an equivalence relation on the set of rows
and columns of the matrix by requiring that a row be equivalent to a column if and only
if the entry in that row and column is non-zero, and extending this by transitivity to
an equivalence relation. Now if we order the rows and columns so that the rows and
columns in each equivalence class come together, the matrix is in block form, and this is
the unique expression with the maximal number of blocks (up to permutation of the blocks
and permutation of rows and columns within a block). The last result implies that this
equivalence relation coincides with the division of modules into blocks. O

Example. Suppose that G = K x H where K has order prime to p and H is a p-
group. In other words, GG has a normal p-complement and is termed p-nilpotent. We saw in
Theorem 8.10 that this is precisely the situation in which each indecomposable projective
module has only one isomorphism type of composition factor. Another way of expressing
this is to say that the Cartan matrix is diagonal. In view of the last results we see that
we have characterized the groups for which each p-block contains just one simple module
over a field of characteristic p as being the p-nilpotent groups.

We can describe the primitive central idempotents explicitly in this situation.

(12.7) PROPOSITION. Let G = K x H be a p-nilpotent group, where K has order
prime to p and H is a p-group. Let k be a field of characteristic p. Each block of kG lies
in kK, and is the sum of a G-conjugacy class of blocks of kK.

Proof. Observe that if 1 = e; 4+ --- + e, is the sum of blocks of kK then for each
i and ¢ € G the conjugate ge;g—! is also a block of kK. For this we verify that this
element is idempotent, and also that it is central in kK, which is so since if x € K then
xgeigt = g(g7txg)e;g™! = gei(97twg)g™! = ge;g7te. Furthermore ge;g—! is primitive
in Z(kK) since if it were the sum of two orthogonal central idempotents, on conjugating
back by ¢g~! we would be able to deduce that e; is not primitive either.

The blocks of kK are uniquely determined, and it follows that ge;g~

j. Thus G permutes the blocks of kK.

1= e; for some
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For each fixed i the element f = Ze:geig_l e € Z(kK) is idempotent. It is in fact
central in kG since if x € G then zfz~! = Ze:geig,l rex~! = f, the sum again being over
the elements in the G-orbit of e;. We now show that f is primitive in Z(kG). Suppose
instead that f = f; 4+ f2 is a sum of orthogonal idempotents in Z(kG). Then there are
non-isomorphic simple kG-modules U; and Uy with fiU; = Uy and foUs = U,. Since
ffi=fiand ffys = fo we have fU; = U; and fU; = Us.

By Clifford’s theorem Uy lIG(% S{@---® Sy for some integer a, where Sy, ...,S; are G-
conjugate simple kK -modules. Since f € kK we have fS; = 5; for all 7, and this identifies
these modules exactly as the G-orbit of simple kK modules associated to f. By a similar
argument Uy |G SY @ .- @ SP for some integer b, where the S; are the same modules.
Since K consists of the p-regular elements of G it follows that the Brauer characters of
Uy and U, are scalar multiples of one another. Since Brauer characters of non-isomorphic
simple modules are linearly independent we deduce that U; = Us,, a contradiction. This
shows that f is primitive in Z(kG). O

We may see the phenomenon described in the last result in many examples, of which
the smallest non-trivial one is G = S5 = K x H where K = ((1,2,3)) and H = ((1,2)). Let
k = F4. The blocks of kK are e; = () + (1,2,3) + (1,3,2), e2 = () + w(1,2,3) + w?(1,3,2)
and ez = () + w?(1,2,3) + w(1,3,2) where w is a primitive cube root of 1 in F4. In the
action of G on these there are two orbits, namely {e;} and {es, e3}. The blocks of kG are
er and es +e3 = (1,2,3) + (1, 3,2).

The defect of a block

There is more than one approach to the definition of a defect group of a block. We
will start with a module-theoretic approach, and after that relate it to a ring-theoretic
approach.

There are two ways to obtain the regular representation from the group ring RG. One
is to regard RG as a left RG-module via multiplication from the left, but there is another
left action of G in which an element g € G acts by multiplication from the right by ¢—!.
The module we obtain in this way is isomorphic to the regular representation obtained via
left multiplication. Because these two actions commute with each other we may combine

them, and regard kG as a representation of G x G with an action given by
(91,92) = grxgy " where g1, 92 € G, = € kG.

It will be important to consider the diagonal embedding of § : G — G x G specified by

d(g9) = (g,9). Via this embedding we obtain yet another action of G on RG, which is the

action given by conjugation: ¢ -z = grg~'.
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PROPOSITION.

(1) The submodules of RG, regarded as a module for R[G x G], are precisely the 2-sided
ideals of RG'.

(2) Any decomposition of RG as a direct sum of indecomposable R[G x G|-modules is a
decomposition as a direct sum of blocks.

(3) Regarded as a representation of G x G, RG is a permutation module in which the
stabilizer of 1 is §(G). Thus RG = R T(;G(é?.

COROLLARY. Let R be a discrete valuation ring with residue field of characteristic
p (or a field of characteristic p) and let G be a finite group. Let e be a block of RG. Then
regarded as a R|G x GJ]-module the summand eRG has a vertex of the form 6(D) where
D is a p-subgroup of G. Such a subgroup D is defined up to conjugacy in G.

We define a subgroup D of G to be a defect group of the block e if 6(D) is a vertex
of eRG. Tt is defined up to conjugacy in G. If |D| = p? we say that d is the defect of
e, but often we abuse this terminology and say simply that the defect of the block is D.
According to these definitions, a block of defect 0 is one whose defect group is the identity
subgroup. It is not immediately apparent that this definition of a block of defect zero
coincides with the previous one, and this will have to be proved.

The module-theoretic approach to the defect group of a block, which was pioneered
by J.A. Green, allows us to obtain more specific information about the kinds of groups
which can be defect groups.

THEOREM (Green). Let e be a p-block of G with defect group D, and let P be a
Sylow p-subgroup of G which contains D. Then D = PN 9P for some element g € C(D).

Proof. Let P be a Sylow p-subgroup containing D. We consider

GxG _4+GxG | GxG
RG |3%p :T5(é) VBXP

B 5(G) PxP
- @ <y<R l(PXP)ym(S(G))) T(PXxP)myé(G)
yE[PXxP\GxG/8(G)]
PxP
= D R1(pxpnu) -

YyE[PXP\GXG/6(G)]

Now each R ng PXXP PYN15(G) is indecomposable since P x P is a p-group, as shown in the
proof of part (3) of Proposition 11.24. The summand eRG of RG on restriction to P x P
has a summand which on further restriction to (D) has a source of eRG as a summand.
This summand of eRG |$XS also has vertex §(D) (an argument which is familiar from the
proof of the Green correspondence 11.26), and must have the form R ng PXXP P)N¥5(G) for some
y € GxG. Thus §(D) is conjugate in Px P to (P x P)NY(G), so 6(D) = *((Px P)N¥(Q))

for some z € P x P.
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The elements 1 x G = {(1,¢) } t € G} form a set of coset representatives for (G) in
G x G, and so we may assume y = (1,t) for some t € G. Write z = (r, s), where r, s € P.
Now

(P x P)yn U95(@) = {(z, tz) | z € P and ‘z € P}
{(z,'z) |z € PN P}
(1

H§(P N PY)

and 6(D) = (9)1LY§(P N P!). The projection onto the first coordinate here equals D =
"(PNPY) =" PN P =Pn" Psince r € P. At this point it almost looks as
though the proof is complete, apart from the fact that »¢~! might not centralize D. Now
LD ™DS(DY) C §(G), so that 7w =t ¢ 'z forall z € D, and rt~s~1 € Cq(D).
Since s € P we have D = P ™ 's"'P and this completes the proof. O

COROLLARY. Ife is a p-block of G with defect group D then D = O,(Ng(D)) 2
O,(G), where O,(G) denotes the largest normal p-subgroup of G.

Proof. We start by observing that Op((G) is the intersection of the Sylow p-subgroups
of GG; for the intersection of the Sylow p-subgroups is a normal p-subgroup since the Sylow
p-subgroups are closed under conjugation, and on the other hand O,(G) C P for some
Sylow p-subgroup P, and hence 9(O,(G)) = O,(G) C 9P for each element g € G. Since
9P accounts for all Sylow p-subgroups by Sylow’s theorem it follows that O,(G) is contained
in their intersection.

It follows immediately that D O O,(G) since D is the intersection of two Sylow
p-subgroups and hence contains the intersection of all Sylow p-subgroups.

To prove that D = O,(Ng(D)), let P be a Sylow p-subgroup of G which contains a
Sylow p-subgroup of Ng (D). Such a P necessarily has the property that PN Ng(D) is a
Sylow p-subgroup of Ng(D). Now D = PN 9P for some g € C(D) and so in particular
g € Ng(D). Thus 9PN Ng(D) = 9(PNNg(D)) is also a Sylow p-subgroup of Ng(D), and
D = (PNNg(D))N9(PNNg(D)) is the intersection of two Sylow p-subgroups of Ng(D).
Thus D 2 O,(Ng(D)). But on the other hand D is a normal p-subgroup of N (D), and
so is contained in O,(Ng(D)). Thus we have equality. O

The condition on a subgroup D of G that D = O,N¢g(D) is quite restrictive. Such
subgroups have been called p-radical subgroups by some authors in recent years, and they
are also called p-stubborn subgroups. They play an important role in many questions about
groups to do with topology, for example in studying the properties of classifying spaces
and in studying the topological properties of the partially-ordered set of p-subgroups of
G. The terminology p-radical comes from the fact that when G is a finite group of Lie
type in characteristic p the p-radical subgroups are precisely the unipotent radicals of
parabolic subgroups. Thus the definition of p-radical subgroup extends this notion to all
finite groups. The name p-stubborn refers to the fact that in certain calculations with
the partially-ordered set of p-subgroups of G, many subgroups can be ignored, but the
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p-stubborn ones cannot. The reader should be warned that the term ‘p-radical’ has also
been used in some different senses, one of which is described in the book by Feit [Fei].

It is immediate that Sylow p-subgroups of a group are p-radical, as is O,(G). An
exercise in group theory (presented at the end of this section) shows that other p-radical
subgroups must lie between these two extremes. It is always the case that G has a p-block
with defect group a Sylow p-subgroup (the principal block, for example) but it need not
happen that O,(G) is the defect group of any block.

We now describe another context where p-radical subgroups arise, namely Alperin’s
weight conjecture. This conjecture and its refinements due to Dade have been a principal
motivating force behind much research in modular representatin theory of finite groups
in recent years. Let k be a splitting field for G in characteristic p. Alperin defines a
weight to be a pair (H,V) where H is a p-subgroup of G and V is a simple projective
k[Ng(H)/H]-module, that is, a block of defect zero for No(H)/H. We identify two pairs
(H,V), (Hy,V7) if H and H; are conjugate, and after transporting the action on V' via
conjugation, V' and V; are isomorphic. Thus the condition that (H,V) = (Hy, V;) is that
H, =9H, and V; =2 9V.

CONJECTURE (Alperin). For every finite group GG, the number of weights for G in
characteristic p equals the number of simple kG-modules.

This number is also equal to the number of p-regular conjugacy classes of GG, and from
this point of view is easy to determine. What is more mysterious is the number of blocks
of a group, and one of the remarkable things about this conjuecture is that it makes a
connection between two apparently different sets of objects, one of them easy to compute,
the other more difficult.

When (H, V) is a weight the fact that V is a block of defect zero for N(H)/H implies
that O,(Ng(H)/H) = 1. Since O,(Ng(H)/H) = Op(Ng(H))/H this is equivalent to
O,(Ng(H)) = H, and so H must be a p-radical subgroup. This property enables us to
list the weights for various groups. For example, when G = S4; and p = 2 the 2-radical
subgroups are the normal subgroup V = (5 x C5 and the Sylow 2-subgroup Dg only.
Since Ng(V)/V = S5 has a 2-dimensional module which is a block of defect zero and
N¢(Dg)/Ds = 1 has the trivial module as a block of defect zero, there are two weights:
(V,2) and (Dsg,1). There are also two 2-regular conjugacy classes in G, as predicted by
Alperin’s conjecture.

When G = As a Sylow 2-subgroup is Cy x C5 and it is 2-radical, as is the identity
subgroup. There remains one conjugacy class of 2-subgroups, which are cyclic of order
2, but since Ng(C3) = Cy x Cy these are not 2-radical. Since Ng(Cy x C3) = Ay and
Ay /Co x Cy =2 (5 has order prime to 2, there are 3 weights of the form (Cq x Cy, \) where A
is a 1-dimensional representation of C's. The remaining weights must have the form (1, V)
where V is a block of defect zero for G. In fact G has four 2-regular conjugacy classes
and there is indeed a block of defect zero for As, a representation of degree 4: by ? the
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permutation representation with stablizer A4 decomposes as C Tﬁi: C & U where U is a
simple representation of degree 4.

Ring-theoretic methods

The advantage of the module-theoretic approach we have just taken is that it immedi-
ately establishes the notion of a defect group of a block and its uniqueness up to conjugacy,
using the theory of vertices and sources we have already developed. However, it is more
convenient in many situations to adopt a ring-theoretic approach, which is not surprising
in view of the fact that blocks are rings. We make some definitions which are appropriate
to this context.

Let R be a commutative ring with a 1 and G a group. We define an interior G-
algebra over R to be an R-algebra A together with a group homomorphsim u : G — A*
where A* denotes the group of units of A. Several examples of interior G-algebras are
immediately available to us. The group algebra RG is itself an interior G-algebra where u
is the inclusion of G as a subset of RG. Whenever A is an interior G-agebra and ¢ : A — B
is an algebra homomorphism (sending 14 to 15) then B becomes an interior G-algebra via
the homomorphism ¢u : G — B*. Thus if B is a block of G the algebra homomorphism
RG — B makes B into an interior G-algebra. Each RG-module U is determined by an
algebra homomorphism RG — Endgr(U) which expresses the action of RG. In fact, to
specify an action of GG on U is the same as specifying the structure of an interior G-algebra
on Endg(U).

Whenever we have an interior GG-algebra A there arise three module actions of G on
A, namely an element g € G can act as left multiplication by u(g), as right multiplication
by u(g~!), and also g can act as a — 9a = u(g)au(g—!). This last action is particularly
important since the action is via algebra automorphisms, satisfying 9(ab) = 9%a9%. We have
seen this action before when A = Endg(U) is the endomorphism algebra of an RG-module
U, and whenever we have an action of G on an interior G-algebra, this will be the action
we mean. Thus fixed points A¥ where H < G will be taken with respect to this action,
as will the relative trace map tr% (a) = >_geic/m e when a € AR

PROPOSITION. Let A be an interior G-algebra over R in which 14 = tr$ a for
some element a € A®. Let U be an A-module. Then regarded as an RG-module, U is
H-projective.

Proof. The representation of A on U is given by an algebra homomorphism ¢ : A —
Endg(U) and now 1y = ¢(14) = ¢(tr a) = tr% ¢(a). Thus by Higman’s criterion U is
H-projective. O
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LEMMA. Let U be an R|G x G|-module which is §( H)-projective. Then U l?(é?

d(H)-projective.

Proof. U is a summand of some module V 1¢%¢ so U |$X¢ is a summand of
5(H) 5(G)

GXG  GXG__ x 5(H) 3(G)
4 Ta(x l5(2:) - @ (“(V la(c)m&(H))) T&(G)mma(ﬂ) :
z€[§(G)\GXG/5(H))

In this formula we may write each z € G x G as ¢ = (a,b) = (a,a)(1,a~1b) and now

3(G) N *5(H) = @D(6(G) N a7 V5(H))
— (a,a) {(H, a 1bh ‘ h = _1bh}
= (©95(Cr(a~'b)) < @D5(H).

It follows that every summand of the decomposition of V' T?&Cil 5(G) is projective relative

to a 0(G)-conjugate of d(H ), which is the same as being §( H)-projective. Thus U l?(é? is

d(H)-projective. O

PROPOSITION. Let e € Z(RG) be a central idempotent of RG and H < G. Then
eRG is projective relative to 6(H) as an R|G x G]-module if and only if e = trégg)) « for

some element o € (eRG)H

Proof. Suppose first that eRG is 6(H)-projective as an R[G x G]-module. then by
Lemma ? (eRG) l?(é? is 6(H )-projective. By Higman’s criterion there is an endomorphism

a of eRG as a R[0(H)|-module so that the identity morphism 1.rc = trgg H)) a. Now

ezleRG(>

= (tr3 ) @)(e)

= Y “a(e)
9€(G/H]

= > (9:.9(alg g Ye)
9€lG/H]

= Y glalgTeg))g™!
9€(G/H]

= Y gale)g’
9€(G/H]

= trf(a(e)).
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Conversely, suppose e = trggg)) o for some o € (eRG)°). Thus hah™! = o and

e = de[G/H} gag~t. Now ¢ : eRG — eRG specified by ¢(x) = az is an endomorphism
of R[§(H)]=modules, since

#((h,h)x) = ahoch™' = h(h 'ah)zh™ = hazh™' = (h, h)p(z).

We claim that trggg)) ¢ = 1le.pqg. For

(50 @) (@) = > (g.9),6((g7" 97 )

g€lG/H]

= > (9.9)8(g " zg)

g€lG/H]

= Y (9.9)a9 'zg

ge[G/H]

= ) gaglagg™!
6€(G/H]

gelG/H]
= ex

= X.

This shows that eRG |5 (@)% is §(H)-projective, and hence since eRG is §(G)-projective
this implies that eRG is in fact 0(H)-projective. O

Putting the last results together we obtain a proof of the following characterization of
the defect group in terms of the effect of the relative trace map on the interior G algebra
ekG. This characterization could have been used as the definition of the defect group.

THEOREM. Let e be a block of kG and D a p-subgroup of G. Then D is a defect
group of e if and only if D is a minimal subgroup with the property that tr$ : (ekG)P —
(ekG)C is surjective.

COROLLARY. Let e be a block of RG with defect group D. Then every ekG-module
is projective relative to D.

It is a fact (which we will not prove?) that every block has an indecomposable module
with vertex exactly the defect group D, so that the defect group may be characterized as
the unique maximal vertex of modules in the block.



Printed Aug. 6, 2005 Finite Group Representations 170

COROLLARY. The defect groups of the principal block are the Sylow p-subgroups
of G.

Proof. A defect group is a p-subgroup of GG, and it must contain a vertex of the trivial
module, which is a Sylow p-subgroup. O

We are now in a position to show that our previous use of the term ‘block of defect
0’ is consistent with the definitions of this section.

COROLLARY. Assume that k is a splitting field for G. A block of kG has defect
zero in the sense of this section if and only if it has defect zero in the sense of Section 9,
which can be characterized as saying that the block is a matrix algebra over k.

Proof. If the block has defect zero in the sense of this section its defect group is 1 and
every module in the block is 1-projective, or in other words projective. Thus the block
has a simple projective module and from the characterizations of Section 9 the block has
defect zero in the sense of that Section.

Conversely, suppose the block has defect zero in the sense of Section 9, so that ekG
is a matrix algebra over k. We will show that ekG is projective as a k[G x G]-module,
and will make use of the isomorphism k[G x G| = kG ®y kG. Let x : kG — kG be
the algebra anti-isomorphism which sends each group element g to its inverse, so that
(3" Xg9)* = > Ag97 % An element z in the second kG factor in the tensor product acts
on ekG as right multiplication by z*, and it follows that e ® e* acts as the identity on
ekG. Now e ® e* is a central idempotent in kG ®; kG which generates the 2-sided ideal
ekG Ry €*kG = ekG ®j (ekG)*. This is the tensor product of two matrix algebras, since
the image of a matrix algebra under an anti-isomorphism is a matrix algebra. Such a
tensor product is again a matrix algebra, for if F;; and F}; are two matrix algebra bases
(consisting of the matrices which are non-zero in only one place, where the entry is 1),
then the tensors F;; ®j, Fj; are a basis for the tensor product which multiply together in
the manner of a matrix algebra basis. We see that the block ekG ® e*kG of kG @i kG is
semisimple, and so ekG is a projective k[G x GJ-module. O
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The Brauer morphism and correspondence of blocks
In this section we will work over a field k of characteristic p.

LEMMA. Let e be an idempotent in a ring A.

(1) (Rosenberg’s lemma) Suppose that eAe is a local ring and that e € 3 I; where the
I; are members of a family of ideals of A (right, left or 2-sided). Then e € I; for some
3

(2) The idempotent e is primitive in A if and only if e is the only idempotent in eAe.
Thus if A is a finite-dimensional algebra over a field, eAe is a local ring if and only if

e is a primitive idempotent.

Proof. (1) If e ¢ I; for all j then every I; is contained in the maximal ideal of eAe
and so e € > ;1 since e does not lie in the maximal ideal.

(2) If e = €1 + ey is a sum of orthogonal idempotents then ee; = e; for each i and
so e; € eAe. Thus e is not the only idempotent of eAe. Conversely, if ¢/ € eAe then
e =€ + (e —¢') is a sum of orthogonal idempotents, and e is not primitive. The final

statement about the situation for a finite-dimensional algebra is Proposition 11.4. O

When U is a kG-module and K < H are subgroups of G we have the inclusion of
fixed points resf : UH — UK and the relative trace map trif : UX — U#. There is also

amap c, : UH — U’ for each g € G specified by c,(z) = gz.

LEMMA.

(1) Let A be a G-algebra and H a subgroup of G. Let a € A% and x € A¥. Then
(tr& z)a = tr% (za) and a(tr$ ) = t1§ (az). It follows that the image of tr$ : A7 —
A% is a 2-sided ideal.

(2) Let H, K be subgroups of G and U a kG-module. Then

resg tr% = E trgm gk Cg resgng .
9€[H\G/K]

Equivalently, if z € UK then

wf@) = Y trinx(en).
9e[H\G/K]
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Proof. (1)
(trG 2)a = ( Z Ir)a

g€lG/H]

= E 9ra

ge[G/H]

_ E{ 929

ge[G/H]

= Z I(xa)

g€lG/H]
= tr%(za).
The rest of the argument is clear from this.

(2) Writing G = Hpp K U --- U Hg, K as a disjoint union of double cosets, so that
J1,---,gn are double coset representatives, we have G/K = HpnK/KU---U Hg,K/K.
Regarding this as an equality of H-sets, each Hg;K/K is permuted transitively by H,
and Staby(g;K) = HN %K. Thus Hg;, K/K = H/(H N %K) as H-sets, so that as h
ranges through a set of left coset representatives for H N %K in H, so hg; ranges through
a set of left coset representatives for K in Hg; K. Applying the sum of these to x gives
dohelH)(HNoix)) NgiT = trH o, 5 (9s). Summing over the (H, K)-double cosets in G gives
the right side of the equation to be established, and it equals the left side because each
left coset representative of K in G is applied to x just once in this sum. O

We now combine these constructions and define the Brauer quotient

UH)=U"/>" il (U").

K<H

We also define the Brauer morphism Brg : UY — U(H) to be the composite

G
USZEUH L U(H)

where the latter map is the quotient homomorphism. In this generality U¢ is simply a
vector space and U (H) has the structure of a k[Ng(H)]-module. The image of Br% lies
in the fixed points under the action of Ng(H). If U happens also to be a G-algebra then
> e triE(UX) is an ideal of U by the above lemma, the Brauer quotient U(H) is an
N¢(H)-algebra, and the Brauer morphism is a ring homomorphism.

We will eventually apply these constructions to kG regarded as an interior GG-algebra,
in which case we regard kG as a representation of G via the conjugation action.

LEMMA. Let U be an kG-module where k is a field of characteristic p. Let H be a
subgroup of G. If U(H) # 0 then H is a p-group.

Proof. For any group H, if K is a Sylow p-subgroup of H then trfl : UX — U# is
surjective, and if H is not a p-group then K is a proper subgroup of H. This shows that
S ken trp(UR) = UH if H is not a p-group, and U(H) = 0. O



Printed Aug. 6, 2005 Peter Webb 173

LEMMA. Let H and J be subgroups of G, let U be a kG-module and let a € U’. If
Bry (t1§(a)) # 0 then H is conjugate to a subgroup of J.

Proof. Bry(tr$(a)) is the image in U(J) of res$ tr§(a) = > ge[H\G/J] tri .5 (ga).
If this is not zero in U(J) then for some term in the sum, H N 9J must not be a proper
subgroup of H, or in other words H C 9J. O

The next result provides two more characterizations of the defect group of a block.

PROPOSITION. Let e be a block of kG. The following are equivalent.
(1) e has defect group D.
(2) e = tr§(a) for some element a € (kG)P and Br&(e) # 0.
(3) D is up to conjugacy the unique maximal subgroup of G such that Brg (e) #0.

Proof. (1) = (2) If e has defect group D then D is minimal among groups for which
e = tr8(a) for some a € (kG)P. Thus certainly e = tr$(a). Suppose that Brp(e) = 0.
then e € >, p trR (kG)X and we may write e = Y, _p trR(ug) where ug € (kG)¥.
Note that although this expression only suggests that e € (kG)?, in fact e € (kG)¢. Now

€ = ee

= (15 (@) ( Y uR(ux))

K<D

= tr%(a Z trl (ug))

K<D

= tr§ Z tr2 (aug)
K<D

= Z tr% (auk).

K<D

Thus e € Y ;o p tr% (kG)® and since e is a primitive idempotent, e € tr$ (kG)* for some
K < D, by Rosenberg’s lemma. This contradicts the minimal property of D and so the
supposition Brp(e) = 0 was false.

(2) = (3) Suppose that e = tr%(a) for some a € (kG)P and Brp(e) # 0. By the
lemma, if K is any subgroup for which Brg (e) # 0 then K is a subgroup of a conjugate of
D, and this shows that D is up to conjugacy the unique maximal subgroup with Brp(e) # 0.

(3) = (1) Suppose that condition (3) holds and let Dy be a defect group of e. By the
implication (1) = (3) we know that D; is up to conjugacy the unique maximal subgroup
for which Brp, (e) # 0. Since D has this property, D and D; are conjugate, and D is a
defect group. O
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LEMMA. Let ) be an H-set and k2 the corresponding permutation module. Then
(kQ)H has as a basis the elements which are sums of H-orbits on Q. When H is a p-group
S ke i (KQ)) is spanned by the orbit sums where the orbit has size larger than 1.
Thus kQ = k[Q7] & Yy trit ((kQ)F) when H is a p-group and in this case the Brauer
quotient U(H) may be identified with k[Q].

Proof. If © is permuted transitively by H we know that (k)7 =3 _qw, and from
this it follows that in general if 2 = Q; U --- U2, where the §2; are the orbits of H on (2
then (kQ) = (kQ)H @ --- @ (kQ,)" has as a basis the orbit sums.

Suppose H is a p-group. It suffices to assume that H acts transitively on 2, so
Q = H/J for some subgroup J. We have > _qw = trf (wg) for any fixed wo € . Thus
> ken trE(kQ)E contains the orbit sums for orbits of size larger than 1. On the other
hand, if Q = {w} has size 1 and K < H then trf2w = |H : K|w = 0 since |H : K| =0 in
k. O

COROLLARY. Let G act on kG via conjugation and let H be a p-subgroup of
G. Then kG(H) = k[Cg(H)]. With this identification the Brauer morphism is a ring
homomorphism Br$ : Z(kG) — k[Cq(H)|N¢) which truncates a group ring element

deG Agg to deCg(H) Agg-

Proof. In the conjugation action kG is a permutation module and the set of fixed
points of H on G is Cg(H). Thus the Brauer morphism may be identified as projection
onto the first factor in the decomposition kG = k[Cq(H)] & >y trit (kG)¥), which is
what we refer to as truncation to have support on Cq(H). a

It would have been possible to define the Brauer morphism in this context as the map
Z(kG) — k[Ce(H)] which truncates a group ring element to have support on Cg(H ), but
with this direct approach it is less obvious that the Brauer morphism is a ring homomor-
phism. The interpretation of Brg as truncation of the support of a group ring element to
Cq(H) provides a concrete picture of this homomorphism in the context of blocks. No-
tice that, as with Galois correspondence, for each containment of subgroups K < H we
have the reverse containment of fixed points (kG)® D (kG)H and also a containment of
centralizers Cg(K) 2 Cg(H). This means that we obtain a commutative diagram

BrS . (k)¢ =H (k) — kG(H) = kCg(H)
I lg l
Br% : (k)¢ =5 (k)X — EG(K) = kCg(K)

where ¢ is the inclusion of the centralizer group rings, so that BrIG( is the composite LoBrg.
We see from this that if Br% (z) # 0 for some = € (kG) then Br% (z) # 0 for every K <
H, since Br&(z) equals Br% (x) with its support truncated to Cq(H). This observation
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provides a strengthening of part of Proposition 7, that if K is any subgroup of a defect
group D of a block e of kG, then Brg(e) # 0.

We illustrate with G = S3 and k = Fy where we have blocks e; = ()+(1,2,3)+(1,3,2)
and e; = (1,2,3) + (1,3,2). When H = ((1,2)) we have Cq(H) = H and Br%(e;) = (),
Br(es) = 0. We also have Br{(e;) = e; and Br¥(ey) = ey showing that ((1,2)) and
1 are (respectively) the largest subgroups H (up to conjugacy) for which Bry(e;) # 0
and Brg(es) # 0. These subgroups are the defect groups of the blocks, as asserted by
Proposition 7.

COROLLARY. Let e be a block of kG with defect group D, and suppose g € G is
an element which centralizes a p-power element of G which does not lie in any conjugate
of D. Then g does not lie in the support of e.

Proof. Let x be a p-power element of G not in any conjugate of D. Then Br,(e) =0
since () is not contained in any conjugate of D. Since the coefficients of g in e and Br ;) (e)

are the same, the result follows. O

For example, if e is a block of defect zero corresponding to a character y, then x(g) €
(m), the maximal ideal of the discrete valuation ring in a p-modular system (F, R, k), if g
commutes with any element of order p.

We now define the Brauer correspondence of blocks. Since

k[Co(H)NeU) C k[Cq(H)) 9™ = Z(k[Cq(H)))

the Brauer morphism may be regarded as a map Br% : Z(kG) — Z(k[Cq(H)]) which is
a ring homomorphism, and since it is obtained by truncating the support of group ring
elements outside Cg(H) it sends 1 to 1. It follows that if e is any central idempotent
of kG then Br&(e) is a central idempotent of k[Cg(H)] in the center of Ng(H), and
if 1 = ey 4 -+ e, is the sum of blocks of kG then 1 = Br%(e;) + --- + Br&(e,) is
a sum of orthogonal central idempotents of k[Ng(H)]. If J is a subgroup of G with
Ce(H) € J C Ng(H) and b is a block of kJ then there is a unique block e of G so that
b is a summand of Br% (e), in the sense that bBré (e) = b. We write bC for this block e,
and call it the Brauer correspondent of b. Notice that the choice of subgroup H does not
matter in the definition, since the Brauer homomorphism truncates a group ring element
outside C¢(H), and if H; were another subgroup of G with the same centralizer the Brauer
homomorphism with respect to H; would be the same.

PROPOSITION. Suppose that @) is a normal p-subgroup of G. Then every block of
G lies in k[C¢(Q)] and is the sum of a G-orbit of blocks of C(Q).

Proof. We show first that >, tr?((kG)K C Rad((kG)®). This will follow from the
fact that if S is a simple kG-module then ) acts trivially on S (since by Clifford’s theorem
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S lg is semisimple and the trivial module is the only simple £Q-module). Thus if a €
(kG)E and u € S we have tr?((a) U= /K] gag~tu = > geio/x At =|Q : Klau = 0.
Thus > o tr?((k:G)K annihilates every simple kG-module and so is contained in the
radical of kG. It follows that >, <Q tr?{(kG)K is a nilpotent ideal, and so is contained in
Rad((kG)?).

If e is a central idempotent of kG then both e and Brg(e) are idempotents of (kG)%
which map under the quotient homomorphism (kG)? — kG(Q) to Brg(e). Since the kernel
of this homomorphism is nilpotent it follows that e and Brg(e) are conjugate in (kG)%,
by 7. PROVE THIS SOMEWHERE. However e is central and so the only conjugate of e
is e. Thus e = Brg(e), and this lies in £[C¢(Q)].

We can now write e = f; + --- 4+ f, as a sum of primitive central idempotents f; of
k[Cc(Q)], and since e is stable under conjugation by G the f1,..., f, must be a union of
G orbits in the conjugation action on the blocks of k[C(Q)]. However the sum of a single
G orbit of the f; is already a central idempotent of kG and e is the sum of such sums, so
if e is a block it must be the sum of a single G-orbit of the f;. O

COROLLARY. IfQ is a normal p-subgroup of G for which C(Q) is a p-group (for
example, if C;(Q) C Q) then G has only one p-block.

Proof. Any block of kG must lie in k[C¢(Q)]; but this is the group ring of a p-group
which has only one block, so kG also has only one block. O

The above corollary implies, for example, that if K is a subgroup of Aut(Q) where
@ is a p-group then the semidirect product ) x K has only one p-block. Such is the case
with the symmetric group S4 at p = 2 on taking ) to be the normal Klein four-group, and

we have seen also many other examples of this phenomenon.

PROPOSITION. Let H be a p-subgroup of G, J a subgroup of G with HCq(H) C
J C Ng(H) and b a block of kJ. Then b“ has a defect group which contains a defect
group of b.

Proof. If D C J is a defect group of b then D O H since H is a normal p-subgroup of
J,and so Cg(H) 2 Cq(D) = C;(D). Now Brg(b%) = b+b; where b and b; are orthogonal
central idempotents of kJ, and so Br$(b¢) = Br (Br$ (b9)) = Br, (b) + Br (by) is a sum
of orthogonal idempotents. Since Br?,(b) # 0 it follows that Br$(b%) # 0, and hence D is

contained in a defect group of b<. O
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LEMMA. Let H be a subgroup of G and U an kG-module. Then Brg tré =
trgG(H) Bri . UH — U(H)Na(),

Proof. Br tr%(z) is the image in U(H) of res§ tr§(x) = D ge[H\G/H] tri g (97).
The only terms which contribute have H N 9H = H, or in other words g € Ng(H), so the
. . .. Ng(H)
image equals the image of de[Ng(H)/H} gr = try x. O

The following is a basic version of Brauer’s ‘first main theorem’.

THEOREM (Brauer’s first main theorem). Let D be a p-subgroup of G. The Brauer
morphism induces a bijection between blocks of kG with defect group D and blocks of
N¢ (D) with defect group D.

Proof. Let us write N for Ng(D) and let b € Z(kN) have defect D. Then b = tr¥(a)
for some a € (kN)P = k[Cq(D)] &>y p trig (kN)®. Since tr)y preserves both of the two
last summands and b € k[Cq(D)] we may assume a € k[Cs(D)] and so Brp(a) = a. Thus
b= tr¥ Brp(a) = Brp trf(a) by the last lemma.

Let e = b¢ € Z(kG) be the Brauer correspondent of b, so that b is a summand
of Brp(b) and e has a defect group D; O D. We will show that D; = D. Now
Brp(tr5((kG)P)) C tx} (k[C(D)]P) and so Brp(e t13((kG)P))  Brp(e) tr (K[Ca (D))
which contains b. Thus the ideal etr$((kG)?) of eZ(kG) is not nilpotent, since it has an
image under a ring homomorphism which contains a non-zero idempotent. It follows that
etr§((kG)P) = eZ(kG), since eZ(kG) is local. This implies that e lies in the image of
tr&, and so has defect group contained in D. This completes the argument that the defect
group of e equals D.

Next Brp(eZ(kG)) is an image of a local ring and hence is local and contains only one
idempotent. It contains the idempotents b and Brp(e), and so we deduce that b = Brp(e).

We have seen so far that b — b¥ is a one-to-one mapping from blocks of kN with
defect group D to blocks of kG with defect group D. We conclude by observing that this
mapping is surjective. For if e € Z(kG) is a block with defect group D then Brp(e) is a
sum of blocks b of kN for which e = b“, and the blocks b have defect groups which are
subgroups of D, by 7. On the other hand every block of kN has defect group containing
D, since D is a normal p-subgroup of N. O

Examples. 1. When G = S3 and k = Fy we have seen that e; = () +(1,2,3)+ (1, 3,2)
has defect group ((1,2)) and e5 = (1, 2,3)+(1, 3,2) has defect group 1. Here Brgm)}(el) =
() € k((1,2)), so that the Brauer correspondent ()¢ of the only idempotent in k{(1,2)) is
e1, this giving a bijection between the idempotents of S3 and k((1,2)) with defect group
(1,2).

2. Let G = A5 and let k be a splitting field of characteristic 2. A Sylow 2-subgroup
P = Cy x Cy has Ng(P) = A4, and we have seen in Section 7 that kA, has only one
block. Thus there is only one block of kG with defect group P: it is the principal block.
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The subgroups Cs have Sylow p-subgroups P as their normalizers and there are no blocks
of kP with C5 as defect group, since P is a 2-group. Hence there are no blocks of kG with
this defect group. This duplicates information we know from a different source, to the
effect that Cy cannot be a defect group by 7 because it is not O of its normalizer. Finally
there remain the blocks of defect zero of kAs, which have defect group 1. There is in fact
just one of these, as may be seen by inspecting the character table of A5 for characters of
degree divisible by 4.

Exercises for Section 12.

1. Prove that if a module U lies in the principal block then so does U*.

2. Use the results of Section 10 Exercises 3 5 to show that the simple group GL(3, 2)
of order 168 has two blocks in characteristic 2 and two blocks in characteristic 7.

3. Suppose that @); and @2 are subgroups of G which satisfy Q; = O,(Ng(Q;)) for
i =1,2, and let N; = Ng(Q;) for each i. Prove that if N; O Ny then Q; C Q2. Deduce
that Q; 2 O,(G) for each 1.

LEMMA. Let U and V be A-modules which lie in different blocks of an algebra A.
Then
(1) Homa(U,V) =0, and
(2) every short exact sequence of A-modules 0 — U — W — V — 0 is split.

PROPOSITION. Let (F, R, k) be a complete p-modular system and G a finite group.
Let the decomposition number drg be the multiplicity of the simple kG-module S as a
composition factor of the reduction modulo 7 of the simple FG-module T.
(1) The simple FG-modules T for which dpgs # 0 for some simple module S in a fixed
block of kG constitute the simple modules in a p-block of F'G-modules.
(2) The simple kG-modules S for which drs # 0 for some simple module T in a fixed
block of F'G constitute the simple modules in a block of kG-modules.
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Appendix: Discrete valuation rings

Let F be a field. A valuation on F' is a mapping ¢ : F' — R> such that
e ¢(a) =0 if and only if a = 0,
o ¢(ab) = ¢(a)p(b) for all a,b € F, and
e ola+b) < ¢p(a)+ ¢(b) for all a,b € F.
(A.1) Examples. 1. No matter what the field F' is, we always have the valuation

¢(a):{0 ifa=0

1 otherwise.

This valuation is the trivial valuation, and we generally exclude it.
2. If F is any subfield of the complex numbers we may take ¢(a) = |a|, the absolute
value of a.

3. Let F' = Q and pick a prime p. Every rational number a € Q may be written a =
where (r,s) = 1. We set

00 if a =0,
vp(a) = {power to which p divides »  if p ‘ r,
—power to which p divides s otherwise,

so that
/
a = pyp(a) /r._,
s
where (r',p) = 1 = (s',p). Now let A be any real number with 0 < A < 1 and put
$(a) = A\»(@). Often X is taken to be %, but the precise choice of A does not affect the
properties of the valuation. This valuation is called the p-adic valuation on Q.
This last ¢ is an example of a valuation which satisfies the so-called ultrametric in-
equality

¢(a+b) < max{¢(a), p(b)},

which in the case of this example comes down to the fact that if p™ } a and p™ | b
where a,b € Z, then p" } (a + b). We say that ¢ is non-archimedean if it satisfies the
ultrametric inequality. The valuations in the third example are also discrete, meaning that
{¢(a) | a € K, a # 0} is an infinite cyclic group under multiplication. It is the case that
discrete valuations are necessarily non-archimedean.

We deduce from the axioms for a valuation that ¢(1) = ¢(—1) = 1. Using this we
see that every valuation ¢ gives rise to a metric d(a,b) = ¢(a — b) on the field F. We
say that two valuations are equivalent if and only if the metric spaces they determine are
equivalent, i.e. they give rise to the same topologies. In Example 3 above, changing the
value of A\ between 0 and 1 gives an equivalent valuation.
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(A.1) THEOREM (Ostrowski). Up to equivalence, the non-trivial valuations on Q
are the ones just described, namely the usual absolute value and for each prime number a
non-archimedean valuation.

More generally, if R is a ring of algebraic integers (or more generally a Dedekind
domain) with quotient field F', the non-archimedean valuations on R, up to equivalence,
biject with the maximal ideals (which are the same as the non-zero prime ideals) of R.

Let ¢ be a non-archimedean valuation on a field F. We rapidly verify that the set
Ry={aeF ‘ ¢(a) < 1} is a ring, called the valuation ring of ¢. Any ring arising in this
way is called a valuation ring, and if the valuation is discrete the ring is called a discrete
valuation ring. We set Py = {a € F ‘ ¢(a) < 1}, and this is evidently an ideal of Ry. For
example, if FF = Q and ¢ is the non-archimedean valuation corresponding to the prime p
then Ry is the localization of Z at p, and Py is its unique maximal ideal.

(A.2) PROPOSITION. Let ¢ be a discrete valuation on a field F' with valuation ring

Ry and valuation ideal Py.

(1) An element a € R, is invertible if and only if ¢(a) = 1.

(2) P, is the unique maximal ideal of Ry, consisting of the non-invertible elements.

(3) P, = (m) where 7 is any element such that ¢(m) generates the value group of ¢.

(4) Every element of Ry is uniquely expressible a = 7¥a’ where o’ is a unit in Ry4. In this
situation ¢(a) = ¢(m)".

(5) The ideals of R, are precisely the powers P} = (n™). Thus Ry is a principal ideal
domain.

(6) F is the field of fractions of R.

Proof. The proofs are all rather straightforward. If ab = 1 where a,b € R, then
¢(ab) = ¢(a)p(b) = ¢(1) = 1 and since ¢(a) and ¢(b) are real numbers between 0 and 1
it follows that they equal 1. Conversely, if ¢(a) = 1 let b be the inverse of a in F'. Since
¢(b) =1 also it follows that b € R4 and a is invertible in R,. This proves statement (1).

Now P, is seen to consist of the non-invertible elements of R4. It is an ideal, and
it follows that it is the unique maximal ideal. Defining 7 to be an element for which
¢(m) generates the value group of ¢ we see that m € P,;. If a € P, is any element then
#(a) = ¢(m)" for some v and so ¢p(m"a) = 1. Thus 7 "a = o’ for some element a’ € Ry
which is a unit, and so @ = 7¥a’. This proves that P, = (7), and also the first statement
of (4). The uniqueness of the expression in (4) comes from the fact that in any expression
a = m”a’ with a’ a unit, necessarily v is defined by ¢(a) = ¢(m)", and then a’ is forced to
be 77 "a.

To prove (5), if I is any ideal of R, we let n be minimal so that I contains a non-zero
element a with ¢(a) = ¢(m)". Then by (4) we have (a) = (7#™) D I, and it follows that
I=(m").
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As for (6), given any element a € F, either a € Ry or ¢(a) = ¢(m) ™" for some n > 0.
In the second case the element o’ = 7"a has ¢(a’) = 1s0 a’ € Ry and now a = %, showing
that a lies in the field of fractions of R, in both cases. a

When we reduce representations from characteristic zero to positive characteristic we
need to work with algebraic number fields, that is, field extensions of QQ of finite degree. Let
F be an algebraic number field, and R its ring of integers. We quote without proof some
facts about this situation. A full account may be found in [Cas] or [FT]. A fractional ideal
in F is a finitely-generated R-submodule I of F. For any such I we put /=! = {z € F ‘
xI C F'}. With this definition of inverse and with a multiplication defined the same way as
the multiplication of ideals, the fractional ideals form a group, whose identity is R. Every
fractional ideal may be written uniquely as a product I = pJ*---pj* where pq,...,p; are
maximal ideals of R and the a; are non-zero integers (which may be positive or negative).
Let us write vy, (I) = a;, and let 0 < A < 1. Then for each maximal ideal p of R we obtain
a discrete valuation on F' by putting ¢(a) = Ave(Ba) - wwhich is called the p-adic valuation
on F.

(A.3) PROPOSITION. Let F be an algebraic number field with ring of algebraic
integers R, and let ¢ be the discrete valuation on F' associated to a maximal ideal p of R.
Let Ry, be the valuation ring of ¢ with maximal ideal P,. Then R, is the localization of R
at p, and the inclusion R — Ry, induces an isomorphism R/p = R,/ P,.

Proof. We assume the group structure of the set of fractional ideals. The localization
of R at p is a
{E }CL?beR; bgp}

and this is clearly contained in R,. Conversely, if ¢ € R, then v,(a) > v,(b) and if we
choose € p~»(®) — p=e()+1 then 7 = 3o+ Now bz ¢ p, showing that 7 lies in the
localization.

The kernel of the composite R — R, — R,/P, is RN P, = p. We show that this
composite is surjective. We can write any element of R, /P, as ¢ + P, where a,b € R and
b & p. Since p is maximal in R, R/p is a field and so there exists ¢ € R with bc—1 € p. Now
7 —ac= ¢(1—bc) € P, and § + P, = ac+ B, is the image of ac € R. These observations
show that we have an isomorphism R/p = R, /P,. O

Given a valuation ¢ on F' we may form the completion F as a metric space, which
contains F' in a canonical way. The completion F acquires a ring structure extending that
of F, and in fact F' is a field. The valuation ¢ extends uniquely to a valuation qb on F
and F is complete in the metric given by ¢ If ¢ is non-archimedean then so is ¢, and
if ¢ is discrete then so is <;5, with the same value group. Thus in the case of a discrete
valuation we have a valuation ring Ry = {a € F ‘ #(a) < 1} with unique maximal ideal
Py={acF | dla) < 1}, and P, = Rg(n) since ¢(r) = ¢(7) generates the value group.
(We should properly write R 4 ete, but this seems excessive.) The ideals of R, are exactly
the powers Pg
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(A.4) LEMMA. Let ¢ be a discrete valuation on a field F' with valuation ring R.
The inclusion Ry — Ry induces an isomorphism R/ Py =Ry / Py for all n.

Proof. Consider the composite homomorphism R, — R¢ — R¢ / ]5;; Its kernel is
Pg and the desired isomorphism will follow if we can show that this homomorphism is
surjective. To show this, given a € R, we know from the constructiqn of the completion
that there exists b € Ry with ¢(b —a) < ¢(m)", that is, b —a € PJ. Now b maps to
a+ Pg. O

The completion ]-cid, is by definition the set of equivalence classes of Cauchy sequences
in Ry. We comment that a sequence (a;) of elements of Ry is a Cauchy sequence if and
only if for every n there exists a number N so that whenever 7, j > N we have a; —a; € P},
that is, a; = a; (mod Py).

(A.5) LEMMA. Let ¢ be a discrete valuation on a field F' with valuation ring R,
maximal ideal Py and completion Rg. Any element of R is uniquely expressible as a series

a=ag+am+ agm? + -
where the a; lie in a set of representatives S for Ry/Py.

Proof. Let a € Ry. Since Ry/Py = Ry/ Py, we have a+ Py = ag+ Py for some uniquely
determined ag € S. Now a — ag € ]5¢ so a = ag + wby for some b, € R¢. Repeating this
construction we write by = ay + wbe with a7 € S uniquely determined, and in general
b, = a, + b1 with a,, € S uniquely determined. Now ag, ag + a17, a9 + a1 m + asm?, . ..

is a Cauchy sequence in R4 whose limit is a, and we write this limit as the infinite series. O

The last result, combined with Proposition A.3, provides a very good way to realize
the completion R¢. For example, in the case of the p-adic valuation on QQ we may take
S = {0,1,...,p — 1}. The completion 7 = Z, may be realized as the set of infinite
sequences - - - azasaiag. of elements from S presented in positions to the left of a ‘point’,
analogous to the decimal point (which we write on the line following American convention).
Thus ag is in the 1s position, a; is in the ps position, as is in the p?s position, and so
on. Unlike decimal numbers these strings are potentially infinite to the left of the point,
whereas decimal numbers are potentially infinite to the right of the point. Addition and
multiplication of these strings is performed by means of the same algorithms (carrying
values from one position to the next when p is exceeded, etc.) that are used with infinite
decimals. Note that p-adic integers have the advantage over decimals that certain real
numbers have more than one decimal representation, whereas distinct p-adic expansions
always represent distinct elements of Z,,.

FExercises.
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1. With the description of the p-adic integers as the set of infinite sequences
++-aszagaiqg.

in positions to the left of a ‘point’, where a; € {0,...,p — 1}, show that when p = 2 we

have _
—1=---1111. and
%: -.-10101011.

Find the representation of the fraction 1/5 in the 2-adic integers. What fraction does
---1100110011. represent?

2. Show that the p-adic rationals QQ, (i.e. the completion Q of Q in the p-adic
valuation) may be constructed as the set of sequences - - -agasajag.a_1a_s - --a_, which
may be infinite to the left of the point, but must be finite to the right of the point, where
a; € {0,...,p— 1} for all i. Show that the rational numbers Q is the subset of these
sequences which eventually recur.



