Financial Mathematics 5001 : Homework 12 (0035, 0036)

Due on 15 December 2010
Scot Adams

Solutions

0035 - 1. Letel, €2, and e3 be the standard basis of RY®.

a)Letvl=(5,3,-1)and v2 = (1, -2, -1). Find a rotation matrix R and scalars c1, c2, such thatcl el R =v1 and c2 e2
R=v2.

b) Find a rotation matrix L such that vl L € Rel and v2 L € Re2.

a) Itis clear that since R is a rotation matrix (and therefore length — preserving),

3
we must take the first row of R to be ( , , = )and the second row to be
4/35 /35 4/35
1 2 1
, — , — . To find the third row, we use the fact that rotation matrices are orthonormal. Thus,
V6 B B

if the third row is (x1, x2, x3), then we have the system of three equations::
5x1+3x2-x3=0,

x1-2x2-x3 =0, and

x12 +x22 +x3% = 1.

5 2 13
The solution that givesR adeterminantofoneis x1 = |[— ,x2=-2 |—, andx3 = . Thus,
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(andc1=\/3_§, 02:\/;).
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b)WetakeL = R}, since clelR = vlisequivalenttoclel = VIR,
sothatvlR™! € Rel (and likewise for v2, e2).

5 L 5
7 \/’ 42
Thus, L=| _3 \/7 .
\/_ \/
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0035-2.LetM = 03 1/} Find rotation matricesK € R“*“and L € R**° such that KML is "diagonal”.

5

MM? =
(6 10

), which has eigenvalues 14 and 1,

2 3
13 13
with associated eigenvectors (2, 3)and (3, —2). Normalizing, letK = \/: \/: .
e

1 20
Ontheotherhand, M'M =| 2 13 3 [ which haseigenvalues 14,
0 31

1, and 0 with associated eigenvectors (2, 13, 3), (3, 0, —

Y

14 /14
3 2 3
\182 413 4J14

and (2, -1, 3). Normalizing, letL =

Then the singular value decompostiion theorem implies that KML = D, where D = ( 34 2 8 )

1 -2 -5

0036 -1.LetA=|2 2 -4 |Letd = detA.LetB bethecofactor matrix of A. Let | be the 3 x 3 identity matrix.
0 -2 1

a) Find B.

b) Find B".

c)Find AB".

d)FindB'A

e) Find dl.



-6 -2 -4
aB=|12 1 2
18 -6 6
-6 12 18
bhBt=]-2 1 -6 |
-4 2 6
18 0 0
c),d),e)AB'=B'A=dl=| 0 18 0
0 0 18
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0036 - 2. Suppose X, y, and z solve the system

2x-7y-3z=4,

7x+3y+62z=3,and

9x+5y-2z=1.

Using Cramer' s rule, express z as a quotient of determinants. (No need to compute z.)

2 -7 4
det[7 3 3
9 5 1
2 -7 -3
det[7 3 6
9 5 -2




