Financial Mathematics 5001 : Homework 5 (0028 —0030)

Due on 9 November 2011
Soot Adams

Solutions

6 2 -3
0028-1.Computedet| 4 5 -9

-7 1 -9
6 2 -3
det| 4 5 -9 |=
-7 1 -9

—135. (In anticipation of the next problem, do thisbyLaplacian determinant expansion by minors with the firstrow.)

2 4 -8
0028-2. Compute det| 4 5 -9 |
-7 1 -9

2 4 -8
det ( 4 5 -9 ] = 12.(Since only the first row haschanged, we can reuse the minors from 0028 — 1.)
-7 1 -9

6+2 2+4 -3-8
0028 -3. Compute det( 4 5 -9
=7 1 -9
6+2 2+4 -3-8 6 2 -3 2 4 -8
det( 4 5 -9 ]:det[4 5 -9 +det(4 5 —9]:—135+12=—123.
=7 1 -9 -7 1 -9 -7 1 -9
6 9 5 4 1
025 9 -1
0028-4.Computedet|0 0 1 -2 -7
0 0 0 -2 38
00 0 0 1

The determinant of an uppertraianglular matrix is just the product of its diagonal entries. Therefore, the answer is
(6)(2)(2)=24.

0028-5. Supposex, y, and zsolve the system
2x—-Ty—-3z=17
7x+3y+6z=3
9x+5y-2z=2.

Using Cramer ’srule, express yasa quotient of determinants. (No need to compute y.)
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27 3
y=|7 3 6 |
92 2

0029 —1. Let B : R’ xR> —R be the bilinear form defined by

4 7 9 0 6
5 0 8 0 2
Bl=|1 -2 -4 1 -8
4 -2 3 3 1
0 4 0 90

a.Letv=(-1,3,1,0,0),w=(1,-1,0, 1, 0). Compute B (v, w).
b.Define Q : R>xR> - RbyQ(v) = B(v, v). Write out Q(p, q, 1, s, t).

c.Find a symmetric matrix M € R>3 such that if Sis the SBF defined by[S] =M, then S(v, v) =B(v, v).

4 7 9 0 6 1
50 8 0 2 -1

aBv,w=(-13100)|1-2-41-8|]0][=2
4 -2 3 3 1 1
04 090 0

b.Q(p, q,r, 5, 0)=4p>+12pq +10pr+6qr—4r’+4ps—2qs+4rs+3s>+6pt+6qt—8rt+10st

c. We can read this matrix off from the coefficientsof Q (p, q, r, s, t) :

4 6 5 2 3

6 0 3 -1 3
M=|5 3 -4 2 4|

2 -1 2 3 5

33 4 5 0

00292 Let Q: R® - R be the quatric form defined by
Qp.qr.st)=2p2+402-7r2-9s2.4pq-8pr -6ps-2pt -6qr -8qs+4qt -6rs+2rt +100st.
Let B: R® xR® - R be the polarization of Q. Write out the matrix [B] of B.

2 2 -4 -3 -1
2 4 3 4 2
-4 -3 -7 -3 1|
-3 4 -3 -9 50
-1 2 1 5 0

0029-3.1¢tQ :R? - R be the quadratic form defined by Q (x, y) =
2x* + 6x y + y>. Determine whether Qis positive semidefinite.

Itisn *t: Q(=3/2, 1) =(3/2)2=6(3/2) + 1 ==7/2 <0.

y?
0029- 4. Let P :R? - R be the quadratic form defined by P (x, y) = 2—5 + 1_6

a. Graph {x,y) I P(x,y) =1}

b.Letv=(2, 8). Let Bbe the polarization of P.
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Find a vector w € Z2 {(0, 0)}such that B (v, w) =0.

% 0 2wl w2 4a
b.[B] = 1 .ThenB(v,w):B((Z,S),(wl,w2)):?+7.Thus,B(V,W):Oifw: a,—g with a # 0.

16

0030-1.1ctB: R*xR? - R be the polarization of the quadratic form Q : R> » R defined by Q (x, y) =2x°> + 6 y*.
a. Compute B ((1, 0), (1, 0)).
b. Compute B ((1, 0), (0, 1)).
c. Compute B ((0, 1), (1, 0)).
d. Compute B ((0, 1), (0, 1)).

e.Let Sbe the set of all pairs (v, w) € R%xR?such that Q(v) =2and Q(w) =< 8.Find max{B (v, w) |V, w € S}.

a.[B] = (3 (6)) Thus, B((1, 0), (1, 0)) =2.

b. B ((1,0), (0, 1)) =0.
c. B((0, 1), (1,0) =0.

d. B ((0, 1), (0, 1)) =6.

e. By Cauchy — Schwarz, |B (v, W) | < \/Q(V) \/Q(w) =4. Thisisrealized when (for example) v= (1, 0) and w = (2, 0).

0030-2 LetR: R® R be the quadratic form defined byR(x, y, z) =3x> + 2 y* + z°.
Let B: R?xR? - R be the polarization of R.
LetD={(x, y, z2) eR?|R(x, y, z) <20}
Letv0 = (1, 2, -3).
Find wO € Dsuch that B (v0, w0) = max{B (v0, w) |W eD}.

By Cauchy — Schwarz, |B (v0, w) | < \/R(V()) \/R(w) < 20.0n the other hand,

B(v0, w) =B((1, 2, -3), (w1, w2, w3)) =3wl + 4 w2 — 3w3. Thus, we could take w to be, forexample, (1, 2, —3).




