Financial Mathematics 5001 : Homework 6 (0031 —0032)

Due on 23 November 2011
Scot Adam s

Solutions

0031 -1 Find a 4 x4 rotation matrix whose first column has entries — \/_
7

Using Gram — Schmidt, we obtain
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These vectors lie on the unit circle. The first corresponds to the angle ? , thesecond to — Z Thus,

3 1
0031 -2 Find a 2x2rotation matrix M such that Ly (T —EJ =

ilx o lix VAT CaVEN
. 17 . . . COS[_ 12] _Sm[_ 12] 242 242
the angle of rotation is — ——. This corresponds to the rotation matrix " e 3 s |
2 Sin[-"57] Cos[-77] ) | -2nE G
24/2° 242
0031 -3.
a.ComputeR = 05 |2 2 0}
55
0o 1 B o o1
2 2

b. Show that the rows of R are orthonormal.

¢.ComputeR™.
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cR'=RT=|_3 23 2
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(XBZ—I.LetM:(3 _2).

a) Find the eigenvalues of M.
b) For each eigenvalue, find an eigenvector with that eigenvalue.

¢) Find a 2 x 2invertible matrix C such that C™' M Cis diagonal.

d) Find eM.

-1-2 2
a) We compute det (M — AI) = det( 3 _2_/1):

4 +32+X2=(-14+2) @ +2).disan eigenvalue of M when det (M — AI) =0, sothatA=—-4orA=1.

32 1
b)A=—4: (M-A)v=M+4Dv :(3 2)(z2):0if3vl+2V2:0.Theref0re,

(_3 )is an eigenvector (with eigenvalue —4).

-2 2 1 1
A=1-M-AD)v=M-Dv = ( 3 3 )(zz): 0if —2vl +v2=0.Therefore, ( | )is an eigenvector (with eigenvalue 1).

¢) We can take Cto have the eigenvectors of M ascolumns :

c—(_2 1)111 C-IMC—(_4 0)
= 3 1 . en = 0 1 5

() N 5 1\t o)L 2 2 e 2 2e
-1 M -1 C'MC -1 -1 ¢ -1 - & 55 5¢t 5 s5¢t 5
pectarect=cemecredi erae(S Ve o(2 1)(E )( )(_ o _]
5 TS Ts e s
45 =25 -24
0032-21etM=| 0 -4 0
80 —41 -43

a) Find the eigenvalues of M.

b) For each eigenvalue A of M, find a basis for ker (M —Al), the A —eigenspace of M.
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¢) Find a matrix Csuch that C M C ™' is diagonal.

d) Find eM.

45-1 =25 -24
a) We compute (expandingusing the second row) det (M — AI) = det 0 -4 - 0 =60+231-222 - =
30 41 -43-2

—(=5+2) (3+2) @4 +A).Aisan eigenvalue of M when det (M — A1) =0, sothatA=5, A=—-4, orA=-3.

40 =25 =24 \(vl
b)A=5:M-AD)v=M-5)v=[0 -9 O v2 |=0ifv2 =0,

80 —41 -48 J\v3
3
40v1 + 24 v3 = 0. Therefore, | O |isan eigenvector (with eigenvalue 5).
5

49 =25 24 \(vl
A==4:- M-AD)v=M+4D)v=|0 O 0 v2 |=0if49vl —25v2 —24 v3 =0and 80vl — 41 v2 — 39 v3. Therefore,
80 —41 -39 /\v3

1
( 1 ]is an eigenvector (with eigenvalue —4).
1

48 25 -24\(vl
A=-3: M-ADv=M+3D)v=[0 -1 O v2 |=0ifc2=0,

80 —41 -40 /\v3

1

48v1 — 24 v2 = 0. Therefore, (0 )is an eigenvector (with eigenvalue — 3).
2

¢) We can take C™' to have the eigenvectors of M as columns :

311 2 -1 -1 5 0 0
C'=l01 0| Thenc=l0 1 0 |andCcMC'=]|0 -4 0 |

512 -5 2 3 0 0 -3

5 0 0]
0 -4 0
d)C—lCeMc—lC: C_ICCMC]C:C_IC[O 0 -3 C:

3 5 2
eS 0 0 311\ 0 02 -1 -1 — toe o .
c'loe* 0olc=lo10]foe* 0oflo 1 o]= 0 e—L 0
0 4
e3
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