Financial Mathematics 5002 : Unassigned Homework (0036, 0037)

Not due on 14 December 2011

Scot Adam s
Solutions
1 2 =2
0036-11ectA=|2 2 -4 [Letd =detA. LetBbethecofactor matrix of A. LetI be the 3 x 3identity matrix.
3 -2 0
a) Find B.
b) Find B'.
¢) Find AB'.
d) Find B' A.
e) Find dI.
-8 —-12 -10
HB=|4 6 8 |
4 0 -2
8 4 -4
B =[-12 6 0 |
-10 8 -2
-12 0 0
c),d),e)AB'=B'A=dl=| 0 -12 0 |
0 0 -12
1 2 =2
0036 -2 Let A=|2 2 —4 [ LeIbe the 3x3 identity matrix. Let f() be the characteristic polynomial of A. Then f(d)=de-
3 -2 0

t(AAD=-28 + px% + gA + 1 for some p,q.r €Z.

a.Find p,q,r.

b.Find A?and A’

c.Find — A*+ pA’ + gA+1l.

a.det(A) =—12+421+32%- 23, sothatp=3,q =4, and r = —12.
-1 10 -10 -11 38 -38

b.A2=(—6 16 —12] A3=(—10 44 —52].

-1 2 2 9 -2 -6
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c.ByCayley’s Theorem, we know that Asatisfies its own characteristic polynomial. But we can still do the computation :

~A’ +pAZ+qA+1l =
-11 38 -38 -1 10 -10 1 2 =2 100
A H3AZ+4A+-12T=—| -10 4 -52 |+3] -6 16 -12 |+4|2 2 -4 |-12]0 1 0 |=0
9 -2 -6 -1 2 2 3 -2 0 001

0037 -1 Letf(x, y) =e**Vsin (x + y).

0
.C —Ifx ¥
a.Compute 6x[ (x y)]

0
b.Compute [— [f (x, y)]] .
0x x-n/4, y-n/4

0
c.Compute 6_y [f (x, y)].

0
d.Compute [— [f (x, y)]] .
ay xom/4, yor/4

e. Compute the gradient of f (x, y) with respect to (X, y).

f. Evaluate the gradient of f (x, y) with respect to (X, y) at the point (x, y) = (n/ 4, 7/ 4).
g. Find the 1 —jet of f (x, y) with respect to (x, y) at the point (X, y) = (n/ 4, 1/ 4).

h. Find the 1 st order Maclaurin approximation of f (x + 7/ 4, y + n/ 4).

. &
i Computeg [f (x, y)].

&
j.Compute [— f(x,y) ] .
. P 6X2 [ y ] x-n/4, y-n/4

k.Compute P [f (x, y)].

xJy

1.Compute [ [f (x, Y)]]

0x0y xom/4, yor/4

C - f
m.Compute 6y2[ (x, y)].

&
n.Compute [— f(x,y) ] .
P ay2 [ y ] x-7/ 4, yor/4

o. Compute the 2 x2 Hessian of f (x, y) with respect to (x, y).
p- Evaluate the 2 x2 Hessian of f (x, y) with respect to (x, y) at the point (x, y) = (a/ 4, i/ 4).

g. Find the 2 —jet of f (x, y) with respect to (x, y) at the point (x, y) = (n/ 4, i/ 4). (Use lexicographic ordering.)
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r. Find the 2 nd order Maclaurin approximation of f (x + 7/ 4,y + n/ 4).

0
a.a— [f(x, y)] :ezx_yCos[x+ y] +2@2x_ySin[x+ y].
X

b.[a% [f(x, y)]] =267

x-n/4, y-n/4

0
c 6_ [f (%, y)] =Y Cos[x + y] - &*7Y Sin [x + y].
y

a
d.[—[fx, =-e"
[3y[ (X y)]:|xeﬂ/4,ya7r/4

e.vi(x, y) = (@ZX’Y Cos[x + yJ +2€**7Y Sin [x + yJ, Xy Cos[x + yJ — "7 Sin [x + yJ)
f.vf (n/4, n/4) = (27, —-&77).

g I f (n/4, m/4) = ("%, 2674, —&%).

9
+y[a—y [f (x, y)]] = 1287 x - &My,

x—-7/ 4, y-r/4

0
h.f(n/4, m/4) +x [g [f(x, y)]]

x-7/ 4, y-r/4

&
i ; [f (%, y)] =4 &% Cos[x + y] +3¢**Y Sin [x+ y].
X

J [% [f(x, y)]] =3¢

x-7/4, y-r/4

&
k.—— oxdy [f(x y)]: 2"_YCOS[x+y] 3@2"_ySin[x+y].

[— [f %,y ] =-3¢"4

x-7/ 4, yor/4

&
m. — [f (x, y)] =2 Cos[x + y].
ay?

n. [aiyz [f(x, y)]] =0.

x-7/4, y-r/4

(4 XY Cos[x + y| + 3> ¥Sin[x + y| &Y Cos[x +y|-3&**¥Sin[x + y] )
o.Hf = .
Y Cos[x +y| -3 ¥Sin[x+y| —2&**YCos|[x+y]

374 —3¢/4)

p.Hf (n1/4, n/4) :(_3@71/4 0

q.7f (n/4, n/4) = (7, 27, 7%, 377, =374, 0).
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2
r.e”/4+2e”/4x—e’r/4y+(3e”/4)% +(—3e”/4)xy.

0037 —2 How many terms appear in the 6 th order Maclaurin approximation of a function of 9 variables?

This is equivalent to asking for the number of monomials of degree less than or equal to 6on 9 variables,

L 6+9
which is Just( ): 5005.

9

0037-3.Find the second — order Maclaurin approximation, q (x, y), (with respectto (x, y)) to the expression
g(x, y) =tan (>*7) + 2xy? — 4 cos (x) + 8x.

We compute :

[g]xao, 0= -4 + Tan[1].

ag ag
— =8+2y?+ 26> Sec[®*]* + 4 Sin[x], [—] =8+ 2Sec[1]%

ox ox x-0, y=0

ag dg
— =4xy+e&? Sec[e* "], [—] = Sec[1]%

(9y ay x—0, y=0

azg 2 2 4x+2 2 x+y12 2 azg 2 2
— =4 Cos[x] + 4 & Sec[e> M) + 8 £**2Y Sec[¢* M) Tan [¢*], [—] =4 +4 Sec[1]° + 8 Sec[1]* Tan[1].
aXZ aXZ x—-0, y—=0

62g 2 2 x+y712 4x42 2 x+y72 2 62g 2 2

=4 y+2e Y Sec[e”™]" + 4 MY Sec[e” ] Tan [ 7], [ ] =2Sec[1]” + 4 Sec[1]" Tan[1].

Bxay 6x6y x-0, y=0

&g 5 R &g
— =4 x+ & Sec[e®] + 24 Y Sec[¢® V] Tan [¢* ], [— =Sec[1]* +2Sec[1]* Tan[1].
8y2 ayz x-0, y=0

Therefore, the second order Maclaurin approximation is (—4 + Tan[1]) + (8 + 28Sec[11%) x + (Sec[1]D) y+
) y2
(4 +4 Sec[1]* + 8 Sec[1]* Tan[1]) ot (2Sec[11% +4 Sec[1* Tan[1]) x y + (Sec[1]* + 2 Sec[1]* Tan[1]) Y

0037-4 1Letf(x,y) =

7% —x* -2 y* .(Note : the graph of z = f (x, y) is the upper half of the ellipsoid x> + 2 y* + z> = 7%. The lower half would b
ethe graph of z = —f (x, y). The north pole appears on the graph of z = f (x, y) over (x, y) = (0, 0) at (0, 0, 7).)

a.Compute (vf) (0, 0) € R
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b.Compute (f”) (0, 0) eR'"*2,

c.Compute (Hf) (0, 0) € R2*,
d.Compute (f) (0, 0) eR**%,
e.Compute Qf”(()!()) (X, y).

f.Show Qg (00) (X, y) isnegative definite.

of X 0

f 2y
a.a—=——,a—=——,
Y VT S, R Y T R e

b. Again, thisis(0 0).

so (vf) (0, 0) = (0, 0).

c. We compute :

52% X 1 62g 1
e @-x—2y) o %2y ’ [Q]x—»&y—m: 7
Fg 2xy &g

Axdy =_(49—x2—2y2)3/2’ [8x6y]x—>o,y—>o=0'

e ¥ 2 P 2
dy? :_(49_X2_2y2)3/2 - 2o ’ [ayz x—>0,y—>o:_7'

y

1
)
Therefore, (Hf) (0, 0) =(07 )

2
7
_—; 0
d. Again, thisis 0 >}

p
—; 0 X 1
e. We compute the bilinear form by Qg~ (00) X y)=(xYy) ) ( y ): —; x*+2 y2).
0 —_
7

f.(x*> + 2 y?) isa sum of a square and twice a square, and is therefore non — negative. Therefore,

Qfa-(o,o) X, y)=—-—— x*+2 y2) isnon — positive, or negative definite.

|5

0037-5.Let Q(x, y) =3x% —4xy + 3y2 Letf(x, y) =+/1 - Q(x, y) .Let M = (Hf) (0, 0) e R>*2.
a. Show that (0, 0) is a critical point for f—that is, show that (vf) (0, 0) = (0, 0).

b. Compute M.
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c. Find the characterisitc polynomial of M.
d. Find the eigenvalues of M.
e. For each eigenvalue of M, find a basis of the corresponding eigenspace.

f.Find a 2x2rotation matrix Rsuch that R™' MRis diagonal.

of -6x+4y of 4x-6y

a.— = , =
ox 2\/1—3x2+4xy—3y2 9y 2\/1—3x2+4xy—3y2

, so0 (V1) (0, 0) = (0, 0).

b. We compute :

Pt (-6x+4y)? 3 [azf]

T - | = -3
0x*  4(1-3x2+4xy-3yH)¥? \/1_3x2+4xy_3y2 9% 10,950

02f (4X—6Y)(—6X+4y) 2 [ 62g ]

== + , =2.

dxdy 4(1-32+4xy-3y)*" \/1—3X2+4xy—3y2 0x 0y Ix-0,y-0
Pt (4x-6Y)’ 3 >Pf
P 2 232 [; =-3

Y 4(1-3x+4xy-3y) \/1_3x2+4xy_3y2 y2 1x50,y-0

-3 2
Therefore, (Hf) (0, 0) = (2 _3 )

d (_3%2 ) 5461+A2
c.et2 _3_/1—+ +

d.Solving5 + 61 + A> = 0gives A = —5or A = —1, which are the eigenvalues.

e. Abasis for the eigenspace correspondingto the eigenvalue —
5is given by the vector (-1, 1). The eigenspace correspondingto — lisspanned by(1, 1).

f. Normalizing the eigenvectors and arranging them as the columns of the matrix R, we obtain

=)



