Financial Mathematics 5002 : Homework 12 (0063 - 0065)

Due on 4 May 2011
Scot Adams

Solutions

0063 - 1. Let S be the set of standard PCRVs.
a. Compute E[7 + 4 S].
b. Compute Var[7 + 4 S].

c. Compute SD[7 +4 S].

a.E[7T+4S]=7+4E[S]=7.

b.Var[7 +4S] = Var[4S] = 42 Var[S] = 16.
c.SD[7 +4 S] =4 SD[S] =4.

0063 - 2.

a. Compute E[By72¢ |-

b. Compute Var[ngzgjg]-

c. Compute SD|Bg 2« |.

a.E[Bgi2e | = 0.75x 7 +0.25 x5 = 6.5.

b.Var(Bg 22 | = (0.75) (0.25) (7 - 5) = 0.75.

c.SD[Bg e :\/(0.75)(0.25)(7—5)2 = 4/0.75 ~ 0.866025.

0063 - 3.

100
a. Compute E[Z 882357]

b. Compute Var[g Bg;gg;g].
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100
c. Compute SD[Z Bg;gg;g].

100
a.E| ) Bj22s | = 100E[B3 74 | = 650.
100

b.Var[Z 882357] =100 Var[ngZgjg] =15

100
c.SD| ) Bj22s | = 10SD[BYz5 ]| = /75 =~ 8.66025,

0063 - 4.
100
a.Compute E ) By 2245 |

100
b. Compute Var[z 885257:33]

00
c. Compute SD[lZ: ngzgjgfg].

100 100
aE| Y ByR45| = €| (3+852J)| = 100€[3+ BYZ2d] = 950.
100 100

b.Var[Z ngzgzgff] = Var[z (3+Bgs2 57)] = 100 Var[3 + By 32¢ | = 75.

100 100
c.SD| ) Bg3eals| = SD| ) (3 + B322s)| = 10SD[3+ BYz85 | = /75 = 866025,

0063 - 5.

100
a. Compute E[300 > 882257]
100

b. Compute Var[SOO + Z 885257]

¢. Compute SD|300 + f B32%s |



100
a.E[300+ »BY72q| = 100E[3+ BG 325 ] = 950.

100
b.var[300 + 3" B372J | = 100 var[3 + B§32d] = 75.

100
c.SD[300+ ) B7 | = 10SD[3 + BJ3¢] = /75 ~ 8.66025.
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0063 - 6.
100
0.75,(3) (7)
a. Compute E[Z Bo25:3)5) ]
100
0.75,(3) (7
b. Compute Var[z Bo.25,((3))((5))]'

100
0.75,(3) (7
c. Compute SD[Z Boe 3 Esi]

100 100
a E[ Y B3RS s | = 3E| D Biss | = 300 E[BG2s | = 1950.
@ 0.75,3)(N] _ 42 N 075,7] _ 075,71 _
b.var| Y BS78 5 | = 32 Var| B3 %4 | = 900 Var[B 75| = 675.

100 100

c.SD| Y Bgze3) )| = 35D| D B3 s | = 30SD[B} 35| = /675 ~ 25.9808.

0063 - 7.

100
a. Compute E[B > 882257]
100

b. Compute Var[3 > 88;2157].

00
c. Compute SD[S 12 882257]

100 100
[ 83257] 3E[ZBSZ§57] 300 E[BgS2e | = 1950.

100 100
b.Var[S > Y%y ] =32 Var[z BYI2d ] = 900 Var[By 72| = 675.
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100 100
c.SD[3 ) BY7¢| = 3SD| ) |Bzes | = 30SD[BY 74| = /675 =~ 25.9808,

0063 - 8.

a. Compute E[exp (Bg 22 )|.

b. Compute Var|exp (BJ32< ).

c. Compute SD[exp (Bg22¢ |-

a. E[exp (B3227)] = E[ng:]—(0.75)e7+(0.25)e5z859.578.

b. Var[exp (B354 )] = Var|[B) 2% | = (0.75) (0.25) (¢ - €°)° ~ 168585.2188.

c. SD[exp (B3 %4 )| = SD[B) et | = \/Var[Bg:;;g] = 1/(0.75)(0.25) (¢ —€°) ~ 410.5913.

0063 - 9.

a. Compute E[B°'75'e7]

0.25,e° |’

b. Compute Var[B°-75~ 97]

0.25,e° |

c. Compute SD[B?);g:;]

7
a E[B)jes | = 0.75)€” +(0.25)¢° ~ 859.578,

7 2
b. Var[BS:;g;] = (0.75)(0.25) (" - °)° ~ 168585.2188.

cSD[BS 1| = \/Var[Bg;g::; | =~075)025 (¢7-¢°) ~ 4105913,

100
0063 - 10. Compute E[| [exp (B3327)].
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100 100
e[| Jexe (B5255)] = €[] |85 g |=€le g;g:;]mo = ((0.75)€ + (0.25)€%)'* ~ (859.578)%.

100
0063 — 11. Compute E[exp (Z BSZSJJ]

100 100
Eexp (Z BTed )] E|[ Jexp (B525)] = (0.75) €7 +(0.25) e%)'™ ~ (859.578)1, from 0063 - 10.

0063 - 12. Say A € BOZ7 and B e BISE.

Then the possible valuesof A+ Bare1+5,1+8,4+5,and 4 + 8. This is redundant, because 1 +8 =4 +5. Eliminat-
ing this redudancy, we have A+ B {6, 9, 12}.

Assume A and B are independent. Compute the distribution of A + B, that is, compute each of these :

Pr[A +B=6], Pr[A+B=9],and Pr[A+ B = 12].

Pr[A+B=6]=Pr[A=1&&B=5]=(0.8) (0.4) =0.32.
Pr[A+B=9]=Pr[(A=1&&B=8)| (A=4&&B=5)]=(0.8) (0.6) + (0.2) (0.4) = 0.56.

Pr[A+B=12]=Pr[A=4&& B =8] = (0.2) (0.6) = 0.12.

0064 — 1. Forallintegersi = 1, let W, Wy,
W be binary PCRVs, with uptick / downtick probabilities p®, q®.

Forallintegersn = 1, notethatp™ + q™ = 1and letX™ = W{” + ... + W™,
Say p™ - 0.4, E[X™] > 0.03, SD[X™] - 0.35, asn - co.

Compute lim E[(eX” —¢) ].

N—-oo
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From the triangular central limit theorem, we have that X - o Z + g in distribution,
so that using the givens, X™ - 0.35Z +0.03. So lim E[(exm) -e),]=

N—oo
N—oo 2 T

f (e035X+003 _ o) X2 g =
1

ﬁq (eo.35x+o.03 _ e) e /2 gx = ! ﬁqe—xz/z +0.35x+0.03 o € pe—xz/z dx =
Verm Y \V2n \Var

3 3

1

E[ lim (exm) _ e)+] _ E[ (eo.ss Z+0.03 _ e)+] _

1 ~1/2 (x-0.35)+ =

97 e0.09125 97
2
ﬁe 8°°clx—e(1>(——)= j: e‘x/zclx—ecb(——)z
N2 Y% 35 N2n Jz-0ss 35

97 97
009125 g [0.35 - —) —ed (— —) ~ 009125 ¢ (_2.42143) — e (- 2.77143).
35 35

0065 - 1.

a. Using the Black - Scholes Option Pricing Formula, price a 0.25 - year call option on a stock with current share
price $2, with strike price $2 .10, with annual volatility 0.31, and with annual risk - free rate In (1.04).

b.LetSg =2, K=21, o, =0.31, andr, = In(1.04). Leto = 0*/\/4 ,

jw(so e” " ~K), e X2 gx.

e—r
21 Vo

r= r*/\/: andv = r - [o? / 2. Compute

a.Wearegiventhato, = 0.31, r, =In(1.04), K=2.1, and Sy = 2. Then
T = 0.25,

=0, \/T ~ 0.155,
r=r, T =~ 0.00980518,

K 2.1
K'= —~ — ~ 2.07951,
e" 1.04
InSg/KY o
d, = — + — =~ —-0.2515 + 0.0775, sothat
o 2

d, ~ -0.174and d_ ~ —0.329.
Plugging into the Black — Scholes formula, we have
Sol® (d,)] - K'[@(d_)] = 2[®(-0.174)] — 2.07951[P (—0.329)].

\F(SO eO’X+V _ K)+ e—X2/2 dx =

e’
b.

N

e’
S ﬁ;/%)_y(so e —K)e™X/2dx = Sp®(d,) - Ke " ®(d) = 2[® (~0.174)] - 2.07951[® (- 0.329)].
V2r Y




