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Abstract

Consider the standard, one dimensional, nonlinear filtering problem for diffusion processes
observed in small additive white noise: d=; = ((Z;)dt + o(Z;)dB;,dYF = v(Z;)dt + edV;,
where B., V. are standard independent Brownian motions. Denote by ¢5(-) the density of
the law of Z; conditioned on o(Yf : 0 < t < 1). We provide “quenched” large deviation
estimates for the random family of measures ¢¢(z)dz: there exists a continuous, explicit
mapping J :IR? — IR such that for almost all B., V., J(-, X1) is a good rate function and
for any measurable G C IR,

— inf J(z,X;) <lim ionfelog/ ¢;(z)dx < limsupelog [ ¢f(x)dr < — inf J(z, X)) .
£—> G

zeG° e—0 G zelG

1 Introduction and statement of results

Consider the one dimensional standard filtering problem: the signal process =. is the solution
of the stochastic differential equation (SDE)

d=; = ﬂ(Et)dt + U(Et)dBta Eg ~ QO(JJ) ) (1-1)
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and the observation process is given by
dYF = y(E)dt + edV;. (1.2)

Here, B., V. are independent standard one dimensional Brownian motions, b, o, h are contin-
uous functions on IR, and ¢o(-) is a density with respect to Lebesgue’s measure, satisfying
the following assumptions:

( ) 8,7, are Lipschitz functions.
( ) o()>090>0,9()>7%>0.

(A=3) |loggo(z) —loggo(y)| < c(1+ [z —y[),z,y € R.
( ) o,0',0" are bounded Lipschitz functions.

The filtering problem consists of evaluating the law of =; conditioned on the observation
sigma-algebra Vi = o{Y} : 0 < s < t}. By classical results, see e.g. [5], under the above
hypotheses this conditional law possesses a density with respect to the Lebesgue measure
which we denote by ¢ (x).

In order to state our results compactly, we make the observation that if one defines
G(z) = [{(1/o)(u)du, and X; = G(5;), then (X;,Yy) satisfy a pair of SDE’s of the form
(1.1), (1.2) with ¢ = 1. Moreover, assumptions (A — 1) — (A — 4') still apply for the
coefficients of the SDE’s defined by (X, Y)?), viz

dX;, = b(X,)dt+dB;, Xo~ po(*)
dYf = h(X,)dt+edV;, (1.3)

satisfy the assumptions

(A—1) b,h,b,h'are Lipschitz functions
(A=2) W) >h>0
(A=3) [logpo(z) —logpo(y)| < c(1+ |z —y[*),z,y € R.

Thus, in what follows, we consider only the filtering problem (1.3) satisfying (A-1)—(A-3).

Let Q; = Qy = C([0,1];R), Q = Q; x Q, F; the Borel o-algebra on ;, i = 1,2, F the
Borel o-algebra on 2; let P, P, denote the Wiener measure on €2;,€, and P = P, ® P.
(B, V) are then distributed according to P. The solution (X,Y") of the SDE (1.3) is then an
F measurable, C([0, 1]; IR?)-valued, random variable.

Let ¢;(-) denote the conditional density of X; conditioned on Y§, which we consider as
an F-measurable map from Q to M;(IR), the space of probability measures on IR. Note that
g; 1s in fact measurable with respect to the e-dependent o-algebra V; C F.

Define the following quantities:

Plam) = [ (h(w) = hm))du,
fo@,m) = mh!(z) — h(m),
(

H(z,m) = (h(z)— h(m))(h(m) — mh(z)),
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and let
J(J?,T, m) = Ssup I($,¢,T), (14)

GEL?[0,T]

where

T(a,6,1) = [ (HW@:m) — BT m)lds — 3 [ 62ds+ [ 15062,m) = 7, m)louds,

with .
¥ = —(h() — h(m)) + ¢s, ¥ =y. (1.5)
Let J(z,m) =limr_o J(z,T,m),

j(:r,m) = F(x,m) - J(m,m) - 1&%(1’7(%‘,77’1) - j(x,m)) )
(the existence of the limit defining J(z,m) and the finiteness of J(x,m) are ensured by
Lemma 2.2 below). Our main result is the following theorem. For standard definitions
concerning the LDP, see [2].

Theorem 1.1 Assume (A-1)-(A-3). Then, the family of (random) probability measures
¢; (z)dz satisfies a quenched LDP with continuous, good rate function J(x,X1). That is, for
any measurable set G C IR,

— inf J(z,X;) < lirerl)ionfelog/Gqf(x)da:

zeG°

< limsupelog [ ¢f(x)dx
e—0 G

—inf J(z,X1), P —a.s. (1.6)

el

IN

In fact, we have the estimate, valid for any fixred compact set Ko C IR,

lim sup |elog¢(z) + J(z,X1)]=0, P —a.s. (1.7)
E_)OZ‘EKO

(It will be obvious from the proof that the fixed time 1 can be replaced by any fixed time
t € (0,1], that is the statement of Theorem 1.6 remains true with ¢ and X; replacing ¢ and
Xy).

Remark In the particular case h(z) = x, Theorem 1.1 can be deduced from the results of
[9].

We conclude this introduction with some comments. Our motivation for the study of the
large deviations of the optimal filter is their need in a variety of applications such as tracking
(see [8]) or the study of the filter memory length (see [1]). In the one dimensional linear
observation case studied in [9], precise pointwise estimates can be derived by comparison
with the linear filtering problem, whose (Gaussian) solution is known explicitly. In contrast,
here, the main tool used in the proof of Theorem 1.1 is the representation, due to Picard
[6], of the density ¢f in terms of an auxiliary sub-optimal filter, and the availability of good
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estimates on the performance of this suboptimal filter. These results are not available in the
general multi-dimensional case. When they are, e.g. in the setup discussed in [7], we believe
our analysis can be carried through.

We also note that a natural question to consider is the question of “annealed” large
deviations, that is the existence of limits of the form

ll_r)%elogE/qu(x + Xy)dz .
This question requires the analysis of large deviations for Picard’s filters, and will hopefully
be treated elsewhere.

2 Definitions, properties of the rate function, and an
auxiliary LDP

The filtering problem we are going to analyse is (1.3), and the assumptions (A —1), (A —2)
and (A — 3) will be assumed to hold throughout the paper.

It is known from the results of Picard [6] that the conditional law ¢f(x)dx has a small
variance, and that there exist finite dimensional filters that provide good approximations of
the unknown state. We shall now recall the formula derived by Picard [6] for ¢;(z), which
was used there to study approximate filters. It will be an essential tool for our large deviation
results.

Define the approximate filter

1
dM; = b(M;)dt + E(de — h(M;)dt) ,
with M chosen arbitrarily and independently of ¢, and let ms; = M;_,. Then,

1
dms = —g(dgj — h(ms)ds) — b(ms)ds,

with initial conditions mg = M7, where y = Y__.

Let 1

dX?® = —g(h()_(j) — h(my))ds — b(X®)ds + dW,, XZ =z, (2.1)

with W a standard Brownian motion, independent of B.,V.. T hroughout, we let IE and IP
denote expectations and probabilities with respect to the law of the Brownian motion W..

One of the main contributions in [6] was to express the conditional density ¢j(z) in terms
of the law of the auxiliary process {X¥ , 0 < t < 1}, which fluctuates backward in time,
starting at time 1 from the position z, around the trajectory of the approximate filter M*.
That formula of Picard will be given below, see (2.3), (2.4). We mention here the following
estimate (see Picard [6]) : There exists a deterministic constant ¢ > 0 such that

| X — X™0| < |z — imgle /e (2.2)
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For 0 < a < b <1, and a,b which may depend on ¢, define the functions

F(Xf:ml) - F(leoaml)

I, = log po(XT) — log po(XT™) + -
+h(m1)X1$ ;leo —my h’(Xlz) _gh()z{no)7

J(ab) =1 / F1 (X2, m,) — (X7, m,)ds,

K.(a,b) = / [(X2,1,) = fo(X7, i)l dW,

Li(ab) =2 [[H(XZ,m,) - H(X™,m,)ds,

and
fi(z,m) = —mh/(z)b(z) + %h"(x) + h(z)b(z) — %h'(x) — &b (z) .

When a = 0 and b = 1, we omit the variables (a, b) and write simply J. = J.(0,1), etc.
Define
Af(z) = I, + J. + K.(e(loge)?, 1) + L.(e(loge)?, 1),

and
Bf(z) = K.(0,e(loge)?) + L.(0,(loge)?) .

Thus,
A(z)+ B*(x)=1.+ J. + K. + L..

Now Picard’s formula [6] for a version of the conditional density of X; given )i reads

ey Pi(z)
AT 2
where
pi(z) := e FEmIETE [exp (A°(z) + B*())] - (2.4)

We begin by stating an auxiliary LDP needed in the sequel. Let
dX% = —(h(X%) — h(£5))ds — eb(X™%)ds + /edW, , X§© ==, (2.5)

where W, = W, /+/€ is a standard Brownian motion and £ is independent of {W.}. Further,
define the random variables

= V& [ X35, m) = Fo(X, m)|ait, (2.6)

and
/[H (X2, m) — H(X™ m)]ds. (2.7)



Here, m is a (possibly random) constant independent of {W.}. To each z € R and ¢ €
L?[0,T], we associate ¢ € H'[0,T], the solution of the ODE

% = —(h(%) - h(m)) + ¢57 1/}0 =XT.
We now have:

Lemma 2.1 Fiz T > 0 and assume that supoc,<7 | — m| =<0 0. For each compact set
Ky, the law of the process {XSI’E, 0 < s < T}, conditioned on {£5,0 < s < T}, satisfies the
LDP in C([0,T);IR), uniformly in x € K,, with good rate function

Ler(y) = % /0 ' («bs + h(y) — h(m))st

if Yo =z and P € L?0,T], and Z,7(¢) = oo otherwise. Further, the law of the random
processes {X¥%, K?(s), L*(s),0 < s < T}, conditioned on {£,0 < s < T}, satisfies the LDP
in C([0,T]; IR?), uniformly in x € K, with good rate function

Top(rvots) =, inf o [0 s,
21 (V15 Y2, ¥s) pEM(1,02.93) 2 Jo %

Here,

M1, b2, 3) = {¢p € Lo[0,T] : 1 = M(9, ),

0alt) = [[1on(), m) — oM (6, m)(s),m)}o(s)ds
Us(t) = [ (H((s),m) — H(M(8,m)(s), m))ds}

and we use the convention that the infimum over an empty set is +o0o. Finally, for any
c>0,
lim sup sup ¢ logIE (exp <§(|K§(T)| + |E§(T)\))) <. (2.8)

e—=0 zxzeKp

Recall that a rate function is good if its level sets are compact.

Proof of Lemma 2.1 The proof of the LDP is standard, see e.g. the proof of Theorem 1.1
in Millet-Nualart-Sanz [4], noting that the additional drift term —eb— h(m)+h(£5) does not
modify the argument. The exponential integrability (2.8) holds by noting that

B (exp (0K +1E2T)))) < B2 (exp (X1R2(1))) ) Y2 (exp (L1E2(T)) )

)

where the second inequality is due to the boundedness of f, and to the fact that H(z,m) <
c(m)(1+]z|). The estimate (2.8) follows by an application of Hélder’s inequality and Lemma
3.4 below. &

/

cd [T N
< exp(c/e)E'? (exp (—/ (1+|X5°
e Jo




We end this section by collecting some estimates and then establishing some properties
of the rate function J(z, m). Throughout the paper we use ¢ to denote a generic constant,
whose value may change from line to line, but which always does not depend on £. We will
make repeated use of the following easy estimates: first, because of (A-1) and (A-2), there
exists a constant ¢(m) such that for all z,y € R,

[fi(z,m) = fily,m)] < e(m)[(1+ [y[)|e -yl + |z —yl]. (2.9)

Further, since h is Lipschitz, and A’ is bounded and Lipschitz, it is not hard to see that there
exists a constant ¢(m) such that for all z,y € R,

|H (z,m) = H(y,m)| < c(m)[|z —y| + [y|(1LA |z — y])] (2.10)

Lemma 2.2 For each fitred m and z, the limit J (z,m) = limp_,o J (2, T, m) exists. J(x,m)
is finite for all x € IR, is continuous, and is a good rate function.

Proof of Lemma 2.2 One has
t
U= =a—m— [ (h(wD) — h))ds.

Because A'(-) > h > 0, we deduce that

d
T OF =P = =207 — ) (h(F) — h(¥r") < —2hler — o),

hence,

d X m
EIOgWJt - ¢t |2 < —2h,

implying that
[y — | < |x — m|exp(—ht) . (2.11)

We also need an estimate on |9 — m|. Indeed, by (1.5),

d

W7 —m)® < —2h(T —m)® + 26, (4] —m)

1

where we used (A-2) in the first step and the inequality 2ab < ha? + b%/h in the last.
Therefore,

d  h 2 ",
Z(hS (op™m — <
Sy —mp) < o
implying that
™ — m| < \/h—l/ e~h(s=1)§2dr | (2.12)
0
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We next show that there exists a constant R := R(z,m) < oo independent of &,7T,
uniformly bounded for z in compacts, such that the supremum in the definition of J (z, T, m)
can be taken on ¢ € Brp = {¢ € L*[0,T] : ||¢||]2 < R}. Indeed, note that using (2.11) and
(A-1) in the first inequality, and 2ab < da® + b%/§ in the second (§ > 0 arbitrary),

T T m T : —hs
[ s m) - B m)lds) < e[ min(L, o - mie™)|6,|ds

c T . —hs\2 r 2
< 5/ min(1, [z — mle ™) ds+5c/ pids
0 0
¢
J

where ¢ depends on m but does not depend on 7, ¢ or |z — m|. Similarly, using (2.10) in the
first inequality,

T
< —(log" |z —m|+1)+ (50/ ¢2ds,
0

T T T
[ @z m) = B m)lds) < e [ 07— yitls e [ min(L, 97 - s

1 — T
< itk m|)+c§/ ds,
4] 0
where we used (2.11) and (2.12) in the last inequality. Choosing ¢ small enough, we see that
for some ¢ = ¢(m) > 0 independent of T,

—c(l+4 |z —m|) — i/oT ¢*ds < I(z,6,T) < c(1 + |z —m]) — i/OT P*ds . (2.13)

One concludes the existence of an R = R(|z—m|) independent of 7" and continuous in |z —m)|
such that
sup Z(z,6,T) = sup I(z,6,T).
¢€L2[0,T] ¢EBR,T
Next, for ¢ € Bgr, it follows from (2.12) that for some constant ¢ = ¢(R), sup,<p [7"—m| <
c¢. Thus, since H(-,m) is locally Lipschitz, for any ¢t < T, -

ERi

T
[ Bz m) ~ H(,m)lds < ce™,
t

and T .
[ U m) = L mlguds| < [ celgilds < e

Here, the constant ¢ depends on m, z, is bounded uniformly on x in compacts, and does not
depend on T'. For t < T, let J(x,T, m); denote the solution to the variational problem (1.4)
where the sup is taken over those ¢ € L?[0, T satisfying ¢, =0 for t < s < T. We get

T@Tom) < J@T,my+2 sup [ |H@"m) — HE",m)|ds
¢EBR,T V1
T
+osup [l m) — fa(™, m)|gulds < T(z, T,m)e + gi()

¢EBRr, Jt



where g;(r) = 3ce™. Similarly we obtain
J(.’L‘,t, m) - gt(‘r) S J("EaT’ m)t S J(QT, Ta m) S gt(z) + j(.’L’,T, m)t S 2gt(x) + J(QT, ta m) .

Since g;(x) — 0 as t — oo uniformly on compacts, it follows that the limit J(z,m) =
limy_,o J (2, T, m) exists, and moreover the convergence is uniform on compacts. Next, by
(2.13), there exists a constant ¢, independent of T" and z, such that

el + |z —ml) < (@, Tym) < e(1 + |z — ml)
Hence, |J (z,m)| < ¢(1 + |z — m|). On the other hand,

F(z,m)

lim inf >cd >0.

|z|—00 |.’L‘ — m|2
Thus, there exists a compact K; such that

gsCIEJIIE){(J(x, m) — F(x,m)) = j;l}]gl(J(x, m) — F(x,m)) < oo,

implying the finiteness of J (-, m). To see that J(-,m) is continuous, note that for any § > 0
there exists a ¢ := ¢§ € L?[0,T] such that

T@Tm) > —5+/0T[H( o ) — (™ m))ds

T 1 /T,
+ [ Ut m) - R m)eds - 5 [ ¢ids,
and hence
T ) T )
(@, Tom) =3 (@, Tym) > =5+ [ (5. m)=H @ m)ldst [ [fa(v,m) = fo(u?, m)]uds.
Interchanging the role of x and z’, we thus get that

limsup | I (z,T,m) — J(z',T,m)| <94.

|lz—2'|—=0

The arbitrariness of § proves then that for each T'> 0, J (-, T, m) are continuous functions.
The uniform convergence on compacts of J(-,7,m) to J(-,m) then implies the continuity
of the latter, allowing one to conclude the continuity of J(-,m). The level sets of J (-, m)
are compact because

l|11|n inf 7 (x,m) > —C) + l|11|n inf(Cy|z — m|? — Cs]z — m|) = o0, (2.14)
I|—00 T|—00
for some C, Cs, C3 > 0 depending on m only. &



Remark As in (1.4), define, for |A — 1] < 1/2,

T - m 1 rT
TNz, T,m) = ¢ei121[13,T]{/\‘/0 [H (g, m) — H,m)|ds — 5/0 ¢2ds
T
[ 10 m) ~ R mlods| 215

with ¢ as in (1.5). Define similarly J*(x,m) and J*(z,m). The same argument as above
shows that J*(x, m) is a continuous good rate function , and that

TNz, T,m) =roe TNz,m), TNz,m) =rs1 T(x,m), uniformly on compacts.
(2.16)

3 Estimates

Lemma 3.1 Assume (A-1)-(A-3). Then for each >0 and 0 € R,

lim supe logsup e ~#1*~™0"/c g [ee( <o0o,, P-—a.s

Af(z)+B° (w))]
e—0 zeR

and for each a > 0, > 0 and 0 € R, there exists a M, = My(3,60) > 0 such that

limsupelog sup e Peml’/fR [ee(Aa(x)’LBs(m))] <-a, P-as.
e—=0 |x—Tmo|> Mo,

Lemma 3.2 Assume (A-1)-(A-3), and fir Ky a compact set. Then, for each § > 0,

lim sup sup elogP(e|A%(z)| > §) = —c0, P —a.s., (3.1)

e—>0 z€eKy

and, for any A € R,
lim sup sup ¢logE(exp A\|[A°(z)|) =0, P —a.s. (3.2)

e—=0 zeKy

Lemma 3.3 Assume (A-1)-(A-3). Then,

£ sup |10g]E[exp(A€(x) + Bg(x))] exp(—J (z,X1)/e)| 2e=00, P —a.s. (3.3)

zeKy

Before proving Lemma 3.1, we state and prove an auxiliary result, which provides a
precise estimate of the exponential moments of | X 2™ |, uniformly in s € [0, 1].

Lemma 3.4 For each g > 0, there exists a constant ¢ > 0 such that for all A >0, 0 <e <
€0, s € 0,1],

E (e,\|)‘(§'m°|) 4o Fee(A+A?)

IN

< 4ec(m))\+cs)\2
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Proof : We write from now on X, for X5™_ Note that X, solves the SDE

1 ~
{ AX, = == (h(X,) ~ h(m,))ds — b(X,)ds + dV,
Xo = my,

where {VT/S; s > 0} is a standard one dimensional Brownian motion under IP.

It follows easily from the monotonicity of A and a well-known comparison theorem for
one dimensional SDEs (see e.g. [3, Chap. 6]), that

Xs S Xs S y5'
where X (resp. X) solves the same SDE as X, but with h(m,) replaced by h( sup m;) (resp.
0<s<1
h(oggl ms)). Since -
EMXsl < EeMs + EeMX)

b

it suffices to prove that each of the two terms on the right is dominated by

26/\||m\|oo+cs(z\+/\2)'

We shall do the calculations for the first term, the second one being estimated exactly in
the same way. In other words, we need to estimate IE e**s, where X. solves

€

{ dX, = —2(h(X,) — h(a))ds — b(X,)ds + diV,
Xo = my,

and o = sup mg.
0<s<1

We now let X = X; — « and deduce from assumptions (A-1)—(A-2) that

€ Xa g

{ dXe = —%X?ds — b(e)ds + diW,,
X(? = mo — «,

where c.(+) is such that for &g > 0 small enough, 0 < ¢ < ¢.(z) < ¢ whenever 0 < ¢ < g

and x € IR. We assume from now on that 0 < ¢ < gq and delete the superscript a. Since

my — a < 0 and we are looking for an upper bound, we may as well replace mg — « by 0.
Now X equals

—b(a)/ glr g, <elb(a)|/c < ce,
0

plus the solution of

{ X, = —C‘E(fs)Xsds + AV,

11



It remains to show that the solution of this last equation satisfies
Ee)\Xs < 2666)\2

But X; is increased if we both replace c.(z) by ¢, and reflect the solution at 0 (so that it
remains nonnegative). Hence it remains to estimate IEe**:, where X solves

dX, = —$X,ds + dW, + dL,, X, =0,
€ ¢ (3.4)
X; > 0,{Ls} continuous and increasing, / X, dL, = 0.
0

But we have the :

Lemma 3.5 The law of {Xs;s > 0}, solution of (3.4), coincides with the law of {|Ys|;s >
0}, where Y is the Ornstein—Uhlenbeck process satisfying

dY, = —$V,ds + dW,, Yy = 0.
15

Let us admit for a moment that result. We have

EeMs < EeMYs! < 2EeM: < 26N’

Y

since Y, ~ N(0,02), with
1
. —(s r d < -
a / " 20E

which completes the proof of Lemma 3.4, modulo establishing Lemma 3.5, to which we next
proceed.

Proof of Lemma 3.5
Tanaka’s formula yields,

d|Yy| = =S|V, |ds + dW, + dK,, Yol =0,
€
t
{K;} continuous and increasing, / |Ys|dKs =0
0

where W, = / sign(YT)dWr is a standard Brownian motion. Hence X and |Y| solve the
0

same reflected SDE with different driving Brownian motions. Since uniqueness in law holds
for that equation, the result follows. &

We now proceed to the
Proof of Lemma 3.1 It follows from Cauchy-Schwarz that
1/4

EefUetJetKetLe) < (]E IRt [Ret0K-TR 649L5)
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We will now bound each term of the right-hand side. Clearly
L < c(1+e7[(1+ X°)IXT - X7+ |XT — X7P])
< (1 (0 PO e — mol + € o —mof?)

and with the help of Lemma 3.4 we deduce that

—c/e —2c/e clza—m 25—0/5
B0 < cecllT—mol E/ +|z—7no|? £ 25/ ) < ce ‘ Osl . (3.5)
Finally
E 64015 — Cec(s)|w7ﬁm 2’ (36)

where c(¢) - 0 as e — 0.
Similarly, we obtain that

Je

IN

c [l _
E/O [(1 + |X;”0|)|x — m0|e—cs/£ + |33 _ m0‘2€_265/5]d8

IN

L
c(1+ |z —mol?) + S|z — o] [ |X™0|eme5/ds.
g 0

Hence

_ 1| om —
]Ee49.]5 < Cec\z—m0|2]Ee§|m—mo\f0 | X350 e=cs/eds

< cettm™l (e /
0

1e¢ s/e _

E <€c\z—mo|-|X§'°\) ds,

9

where ¢/(¢) — 1 as € — 0, and we have used Jensen’s inequality to interchange the exponen-

e
tial and the integral over [0, 1] with respect to the probability measure ¢ (¢) ds. Now,
using Lemma 3.4, we deduce that
Ee*: < cefo=m gup E (ec‘x_m(]"')_(?()')
B 0<s<1
< ¢ 6c(1+6)\w7ﬁz0\2
< ceclemol, (3.7)

We now consider the third term. First note that

|fo(z,m) = foly,m)? = m?|W(z) = h'(y)|?
< m*(|W ()] + [P (y)]) |1 () — I (y)]
< cmflz —yl.
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Consequently, for any 0 < a < b,

E 65 [f2(vam8) F2(XS0 s )W

< (IEeE 22 )~ Lo (K0 )W~ 28 2132 ma)— o (KT ,ms)|2ds)”2

. 1/2
x( 28 [ f2(X2 ms) - (XQ“O,ms)st)

< ( 28 2 Fa(RE ) 12K ) ds)”2 (3.8)

But, using the previous inequality we deduce that

2% b -
’ | fo(XT 1) — fo( X, )| 2ds < c(m)

b
|z — m0|/ e */5ds
a

o2 - g2
< Ay mgffemecte — e (39)
ce
Consequently
E 40K: < G@M—mo
and
E 640K5(5(10g£)2,1) < ec(m)|z—fno| . (310)

We finally estimate the fourth and last term. It follows from (2.10) that

H(X,my) — H(XT0,m,)| < e(m) [e7/|a = mo| + | X]°|(1A e/ |z — my))
Let 7. 2 logJr |z — mg| V a. We have

C(Tn)e—ca/s

LE 7t S
(a,1) -

im0 [ eme
o = mol + S5 [ IXPolds + S55 [ |X7elle - moleVeds.

(3.11)
(note that the second term vanishes if 7. = a).
We first estimate, for 7. > a,

c(m) Te/\t mo TeNAt c(m)(Te At) | MO
[ oS 7N KOs | e migentd g0 e
em)re | 50
< sup Ee <2 XS
0<s<t

o X2 (14 (log ™ |o—mo|)2))

We next consider the last term in (3.11),
t __—
/ |X5m0|€_cs/g‘$ —mglds = |z — m0|e—c7's/e/ |X;no|e—c(s—rg)/ed8
TeAt Te At
t o _
< o= molee /e [ 1Xzeme s,

14



where X¢ = X7, .. In fact, in case |t —mg| < 1 and a = 0, 7. = 0 and the inequality
should be replaced by an equality. Consequently

¢ e _ _ _ —cTte/e -
E e Jron X0l e/ elo—molds G20l T [ Rgemeods
t clw—mo\echE/E e e—cs/e
< Eeh : X3 oy ds (3.12)
— 2
Hence, for a = £(loge)?,
c [t M0 |,—cs/e =
< X —
]E 662 s(log£)2| s |€ |£C m0|ds S C’ (313)
while, for a = 0,
t — _ _ -
E 65% fre/\t |XT10|e—es/¢|g—mo)|ds < sup E eg‘X;"0|
0<s<2t
c/e
< ce ,

implying that
]Ee46LE < ec(m)(\wfm0|+1)/s )

We can now conclude. Summing up all the previous estimates, we deduce that for some
g0>0,c(m)>0,allz €eR, 0 < e < g,

c(m)

IE [exp(8(A°(z) + B (z)))] < e

(1+]z—mol)+c(m) |z—rmo|?

Consequently, if ¢ < 3/2¢(m),
e log [e~#l2=mo*F E[exp (0(A°(z) + BF(x)))]
< —§|m — 1| + ¢(m)|z — mg| + ¢(m).

The sup over all x of the right hand side is a finite quantity independent of ¢, and the
same right hand side tends to —oo as |x — my| tend to infinity, uniformly with respect to e.
Lemma 3.1 is proved

¢
Proof of Lemma 3.2 (3.2) follows from
E(exp(A[A7(2)])) < E(exp(AA*(z))) + E(exp(=AA%(2))) ,
and (3.6), (3.7), (3.10), (3.13), while (3.2) implies (3.1) by Chebycheft’s inequality. &

Proof of Lemma 3.3 We begin with the following result.

15



Lemma 3.6 There ezists a 0 < p < 1/2 such that, for P-a.e. w, there erist constants
C(w),e0(w) > 0 such that for all e < gy,

sup |ms — mg| < CeP.
0<s<e(—loge)?

Proof of Lemma 3.6 Recall that m, = M;_, where M?* is Picard’s filter

dAME = b(ME)dt + é(h(Xt) — B(ME))dt + 4V (3.14)

We undo the time reversal, hence the statement reads: P-a.s., there exists a C'(w), p > 0,
go(w) > 0 such that

sup sup |M; — M{|(w) < C(w)eP.
0<e<eg(w) 1—¢(loge)?<s<1

It follows (either by direct computation similar to (3.17) below using
A(X, = M) = [B(X,) = b(ME) + —(A(ME) — h(X,))Jds + dB, — dV;,
or from e.g. [6]) that for all s > 1/2,
EIR(X,) = h(M;)| < evE, B [ [h(X;) = h(M7)|ds < ez (3.15)

This implies, using (3.14) in the first inequality and (3.15) in the second, that for any
0<a<1/2,

! X,) — h(M¢
B s -z < B[ s+ MMM gy -
1-a<s<1 l1-a 9 1-a<s<1
< c(Va+alVe),

implying with the choice o = £(loge)? that

E sup | M — M?| < cv/e(loge)?. (3.16)
1—e(loge)2<s<1
Forn=1,2,..., let &, = n~%, and define the event
An = { sup |Mi» — Mgm| < &;/*}.

1—2ep (logen)?<s<1

Then, by (3.16), P(A¢) < ¢L/®> = =6/ implying by the Borel-Cantelli lemma that there
exists for almost all w a ng = ng(w) such that for all n > ng,

sup |Min — Men| < gl/t
1—2en(logen)2<s<1

16



It thus remains to evaluate | M2 — M:n| for g,01 < €' < &,,, and 1 — ¢, (loge,)? < s < 1.
But, from (3.14),

d ' c(en,€'ys), 1 1
—(M: - M) = —— 2 (M: — M — — —)(h(X,) — h(M:™)),
S (M - M) P = M)+ (5 = ) (K - (M)
M — Mg = 0, (3.17)
where
M) — h(Mg b(M:') — (M
c(sn,e',s):h( s) = S)—EI( s ) = b 5)201>0, forall 0 <& <¢gq.

e _ € g _ €
Mg — Men Mg — Men

Moreover, for e,41 < &' < &, 1/’ — 1/g, < en®. Hence, with ¢, = 1 — 2¢,(loge,)?,
’ tn
MY =Mz < eneCmale [TR(X,) — h(ME)|dr
0
+en®n~® sup |h(X,) — h(M:)|

tn<r<i
< en S +en WG +C+E).
Here,

tn
Go= [ 1h(X) = h(ME)dr, G, = [h(X) = h(ME))
G = sup (X)) = h(X)|. G} = sup (M) (M),

tn<r<1 tn<r<1
On A, ¢3 < cn%/1, while since E((,) < ¢\/Zn, we have that P(¢, > 1) < ¢/, = cn~
implying that for all n > ni(w) > ne(w), ¢ < 1. Since also E((}) < ¢\/€,, and EC?
¢\/En|loge,|, the same argument implies that for all n > ny(w) > ny(w), max(¢), ¢2)
cn~%/*logn. For such n, it follows that for all €,,1 < e < ¢&,, and 1 —e(loge)? < s < 1,

(Mg — M| <en 2 <eell3 <el/t,

INIA L=

Remark In fact the same proof shows that

sup |ms — X1| < C(w)e?, P —a.s. (3.18)
0<s<e(—loge)?

Because
| fa(z,m) — fo(z,m")] < Clm —m'|,

it holds that for any A,

E (o (2 [ 0 m) - 285 ol ) )

20?2 re(—loge)?
E (exp ( 5e2 /0 s — m0\2d5>>

2.-p—1
e)\ ce

IN

IN

Y
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where ¢ = ¢(w), and similarly

A e(—loge)? o o — 2 po1
E <exp (E/o [fo(X", ms) — f2(X;n°;m0)]dWs>> <M

and hence
B (e (2 [0 00 - G )] - (085 ) — £, )] .
< Mot (3.19)

Further, because

|H(z,m) — H(z,m')| < (1 +[m| + |z)|m —m],

by —loge)? _ —

(exp (?2 /0 s) — H(Xs,m0)|ds)> ,
A

< (exp (—2/ 1+\m0\+\X’”|) \ms—mo\ds>>,

< ec)\sp/z_l

it holds that

™
(=]

)

where the last inequality is due to Lemma 3.4 and is uniform in 2 € K. A similar inequality
applies when replacing X by X™_ and hence

x€Ko

sup IE <exp (3 / ) - B m)] - [H S mo) — HOEE,mo)]] ds))

S 6)\061]/27 1 ]

Define B*(z) = K, + L., where

1

_ e(—1loge)? G0 — 17
K. = _/ [f2(XZ,m0) — fo(XT, )] dWs,
g Jo

and

1 re(—loge) . =
9/0 [H(X®, 1) — H(X™, mo)]ds,

and introduce the quantities

L. =

_ 1 Te _ — = e
&7 = [T ) — R(X, )T
and
B 1 Te _ — =
i = L [ ) — B s,
0

Defining I, (¢,T) := K. — K! + L. — LT, we show below the

18



Lemma 3.7 For any c > 0,

lim sup lim sup e sup logIE(e<(11(&DD) =0,

T—oo  e20  z€Ko
Admitting for the moment Lemma 3.7, we can now complete the proof of Lemma 3.3. Write
Af(x) + Bf(z) = A°(2) + (e, T) + L(e) + Kl + LT,
where
L(e) = K.(0,e(=loge)?) — K. + L.(0,e(—loge)?) — L, .
Here, for any constant ¢, we have by (3.2), (3.19), (3.20) that
lim sup sup ¢ logIE(exp ¢(A*(z) + I2(€))) = 0. (3.21)

e—=0 zeKy

Fix A > 1 and \* = \/(A — 1). An application of Holder’s inequality yields

lim sup sup €logIE exp(A°(x) + B(z)) < limsup sup e\~ logEexp(A(KZ + LT)
e—=0 z€Ky e—=0 z€Kp

+ lim sup sup £(2\*) "' log E exp(2\*I; (¢, T))

e—=0 zxz€Ky

+ lim sup sup €(2X*) "' log IE exp(2A* (4% (z) + L1 (¢)))

e—0 J:EK()
< limsup sup A 'logEexp(A(KZ + LT)) + qr())

e—0 zeKy

where ¢7()\) =70 0. Here, the second inequality is due to (3.21), and the convergence of
gr(A) is due to Lemma 3.7. Next, take m = my and & = m., in (2.5), (2.6), and (2.7).
Note that (K7,LT) is identical in law to (¢ 'K?(T),e 'L*(T)) and, due to Lemma 3.6
and (3.18), supgc <z €5 — Xi| —.0 0 a.s. and & is independent of W.. Thus, applying
Varadhan’s lemma, see e.g. [2, Theorem 4.3.1], and noting the integrability condition (2.8),
one concludes from Lemma 2.1 that

limsup sup elogIE exp(A(K? + LT) — 7*(2,T,X,)/e) < 0.

e—=0 zxzeKp

Hence,

lim sup sup ¢ log IE exp(A¢(x) + B¢ (x)) exp(—=J(z, T, X1)/e\) < qr(N).

e—=0 zeKy

Taking the limit 7" — oo followed by A — 1 and using (2.16) yields
lim sup sup ¢ logIE exp(A®(z) + B°(x)) exp(—J (z, X1)/e) < 0. (3.22)

e—0 .’,CEKO

The same argument applies for a complementary lower bound, using
NP e c P 1T . 7T
111611_>1011fw16n1£0 elogEexp(A®(z) + B*(z)) > hrsrgl(}lfwlenlﬁo eAlogIEexp(A (K, + L)
— lim sup sup £(2X\*) log E exp(((2A*) "' 11 (g, T))

e—0 reKp
— lim sup sup (2X\*) log IE exp((2A*) "1 (A% (2) + L»(¢)))
e—>0 zeKy

19



and following the same steps as in the proof of the upper bound. &

Proof of Lemma 3.7 Note first that, due to (2.2) and the fact that A'(-) is Lipschitz,
|f2(Xswam0) - fQ(X;ﬁO’ ﬁ'LO)| < C(mo)‘l‘ _ mo‘e—cs/s )
Hence, for any 6 € IR,

_1 2
692m3|$_m0‘2f;£ oge) e-2cs/sds/52

VARPVAN

e’ mgla—mo[?e=> " [ (3.23)
where ¢ > 0 depends on mg only. On the other hand,

H(X, mo) — H(XT®,mo)| < e(mo)(IX] — X™| + X[ (X7 — X))

<
< o= mole(mo)e ©/F (1 + X)) .

Hence, using Lemma 3.4 in the last inequality,

1 2
e|0|c(fn0)\z—ﬁz0\e_CT/s]E(ew\c(moﬂa:—mdf;i o8<) |X;n0|e—cs/sds/g2)

E\— 13 2 —m
< elflctmo)ia—mole=T /e L / (Tioee) ¢ Cls=T) /< g eloletma) w—mol X570 1e=<T /ey g o
g JTe
< glfletmo,Ko)e /e (3.24)

The lemma follows by combining (3.23) and (3.24).

¢
Proof of Theorem 1.1 We note first that for any compact K|
| pi@dz = [ pi@do+ [ pi)de
R Ko K¢
< [ o P exp(A%(@) + B (x))da
Ko
+ [ e Plrmol /e (exp(A° (z) 4+ B (z)))dzx, (3.25)

K3

where the quadratic growth of F' at infinity was used. Applying Lemma 3.1 in order to get
rid of the second integral for Ky large enough and Lemma 3.3 and (3.18) to control the first,
we find that

510g/ pi(x)da: —Pe—0 — lg]%(F(val) - J(val)): P —a.s.
R T

The uniform estimate of Lemma 3.3 then completes the proof of the Theorem. &
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