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Abstract

We consider a model, introduced by Boldrighini, Minlos and Pelle-
grinotti [3, 4], of random walks in dynamical random environments on the
integer lattice Z% with d 1. In this model, the environment changesover
time in a Markovian manner, independertly acrosssites, while the walker
usesthe environment at its current location in order to make the next
transition. In contrast with the cluster expansions approach of [4], we
follow a probabilistic argument basedon regeneration times. We prove an
annealed SLLN and invariance principle for any dimension, and provide a
quenched invariance principle for dimension d > 6, providing for d > 6 an
alternativ e to the analytical approach of [4], with the addedbenet that it
is valid under weaker assumptions. The quenched results use, in addition
to the regeneration times already mentioned, a technique intro duced by
Bolthausen and Sznitman [6].
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1 Intro duction

In recert yearsthere hasbeena great deal of study on random walksin random
environments (RWRE) on Z%, d 1, where rst the environment is chosen
at random and kept xed throughout the time ewolution, and then a walker
movesrandomly in such a way that giventhe environment, its position forms a
time homogeneousMarkov chain whosetransition probabilities depend on the
ervironment. Even though a lot is known about this model, there are many
challenging problems left open, see[12] and [1]] for surveys.

In the current paper, we considerrandom walks in dynamical random envi-
ronmernts, wherealongwith the walker the ervironment changesover time. Such
model was studied in an abstract setting by Kifer [8]. More relevant to us, the
model we considerwas rst introduced by Boldrighini, Minlos and Pellegrinotti
[3], wherethey considerthe casewherethe environment changesover time in an
i.i.d. fashion. In [3] and in [5], they proved under certain assumptions(omitted
here) that for almost every realization of the dynamic environment, the posi-
tion of the random walk, properly certered and scaled, satis es a central limit
theorem, with covariance that doesnot depend on the particular realization of
ervironment. Further, in [4], they obtain similar results for d 3 for certain
ernvironment ewolving over time as a Markov chain, independertly at ead site.
The proofsin these papers are basedon cluster expnsion, and involve a heavy
analytic machinery. In the i.i.d. case,a somewhatsimpler proof can be found
in Stannat [10].

Our goalin this paper is to describe a probabilistic treatment of this model,
which is arguably simpler than those that have appearedin the literature. We
recover most of the results of [4], at least when d > 6, under weaker and more
natural hypotheses.Our approach is basedon the introduction of appropriate
\regeneration times", borrowing this concept, if not the details of the construc-
tion, from the RWRE literature. Our approach to quended results is basedon
a technique introducedin [6].

The paper is divided as follows. The next section describes precisely the
model and states our main results: a strong law of large numbers, an annealed
CLT (in any dimension), and a quenced CLT (for d > 6). Section3 constructs
the regeneration times alluded to above, and derives their basic properties.
Section 4 provides the proofs of our main results. Finally, we presen in Section
5 seweral remarks and open problems.

2 Description of the model and main results

In what follows we will considerz9, for a xed d 1 with nearest neighbor
graph structure as our basic underlying graph. Let Ng = f g gid:l [ fOg be
the neighbors of the origin 0 (including itself), where g; is the unit vector in
the it coordinate direction. We useNy := x + Ng to denote the collection of
neighbors of an x 2 z9,

Let S := Sg collection of probability measureson the (2d + 1) elemens of



No. To simplify the preseration and avoid various measurability issues,we
assumethat S is a Polish space(including the possibilities that S is nite or
courtably in nite). For ea x 2 Z%, S, denotesa copy of S, with all elemens
of S shifted to have support on Ny. Formally, an elemen ! (x; ) of Sy, is a
probability measuresatisfying

P
I'(x;y) 08 x;yZZd and . F(x;y)=1
Y2 Ny

Let Bg denotethe Borel -eld onS. Welet K:S Bg! [0;1] denotea
Markov transition probability on S with a unique stationary distribution . Let

P be the probability distribution on the standard product spaceSNO, where
No := fOg[ N, giving the -stationary Markov K -chain on S. For each x 2 29,
let Ky, x and P x bejust the copiesof respective quantities when we replace
S by Sy. Let
Y > 2 Q N 5 o N
= Sx X P = P x (l)
XZZd XZZd

where the measureis de ned on f, the standard produgt -algebraon . An
elemert ! 2 will bewritten as (!{(x;)), o X2 Z%9 . We note that under
P , the canonicalvariable! 2  follows a distribution such that

Foreah x 2 29, (! ¢ (x; )): o isastationary Markov chain with transition
kernel K .1

The chains (! ¢ (x; )), o arei.i.d. asx varies over z%

We now turn to de ne a random walk (X); ¢. Given an ervironment ! 2
. (X)t o is a time inhomogeneousMarkov chain taking valuesin zZ9 with
transition probabilities

P X1 =y Xe=x =!i(xy): 2

Foreah! 2 , wedenoteby P} the law inducedby (X{): o on z° G,
where Gis the -algebrageneratedby the cylinder sets, such that
Pf (Xo=x)=1 ®3)

Naturally P{ is called the quenche law of the random walk fXg, ,, starting
at x.
We note that for every G 2 G, the function

I 71 PX (G)

1By this we mean that (!¢ (x; ) o is aastationary Mark ov chain on Sx with transition
probabilities Ky and stationary law . To alleviate notation, we identify in the sequel Sy
with S, x with , and Ky with K whenever no confusion occurs.



is F -measurable.Hence,we may de ne the measureP* on z¢ F G

from the relation .

PP(F G)= P{(G)P (d'); 8F2F;G2G
F

With a slight abuseof notation, we also denote the marginal of P* on z¢ N
by P*, wheneer no confusionoccurs. This probabilit y distribution is called the
annealed law of the random walk fX.g, ,, starting at x. Note that under P*,
the random walk fX.g,  is not, in general, a Markov chain. However, when
K(s; ) = K(sp; ) for somesy 2 S, i.e. the ervironment is i.i.d. in time, then of
coursefX.g, , is actually a random walk on Z% under P*, with deterministic
incremert distribution given by the mean of
Throughout this paper we will assumethe followings hold,

Assumption 1 (Al) There exists0 < 1 suchthat
K (w;A) (A); 8w2S;A2Bg: (4)

(A2) ThereexistO< " 1anda xed Markov kernelwith only nearest neightor
transition q: z¢ z9 [0; 1] with the property that for everyx 2 zd
X .
qx;y) et Y <1, 8°22%nfog; (5)
yZZd
such that
P (le(gy) "a(sy)=1 8xy22%t O (6)

(A3) +"?> 1.
Remark 2 Somecommentsregarding Assumption 1 are in order.

1. Condition (A1) providesa uniform \fast mixing" rate for the environment
chains. If, asin [4], S is nite and K is irr educible and aperiodic, then
while (A1) may fail, it does hold if K is replacd by K" for some xed
r 1. A slight maodi ¢ ation of our argumentsappliesto that case, too.

2. Condition (A2) is the same as that madein [3, 4] and later on in [10].
This condition essentialy means that the random environment has a \de-
terministic" part g, which is non-degeneate. We thus refer to condition
(A2) as an ellipticit y condition.

3. Condition (A3) is technical but absolutely crucial for our argument. It
implies that there is a trade 0 between the environment Markov chain
being fast mixing ( closeto 1) and the uctuation in the environment
being \small" (" closeto 1). The later is a condition assumel in [3, 4]
also.



We now formulate our main results as follows.

Theorem 1 (Annealed SLLN) Let Assumption 1 hold. Then there exists a
deterministic v 2 R? suchthat

Xo |y oas P 7)
n nll
Remark 3 A (non-explicit) formula for the limit velcity v is given below,
see (38). A consejuene of that formula is that whenevertfe transition prob-
ilities K (s; ) are invariant under lattice isometries (i.e., gK (s;ds9)s%e) =

s K (s;ds%sYTe) for any lattice isometry T and any s 2 S), thenv = 0.

We also prove

Theorem 2 (Annealed Invariance Principle) Let Assumption1 hold. Then,
there existsa (d  d) strictly positive de nite matrix , suchthat under P°,

Xbmg_ntv g BMa() : ®)

g
n t 0n.l

where BMgy () denotesa d-dimensional Brownian motion with covariance ma-

trix f  denotesweak convergene of the laws, and bxc denotesthe integer
part of x.

Remark 4 An implicit formula for the covariance matrix  is givenin (46).

In order to get a quended invariance principle, we need somefurther restric-
tions. Set

=log(l )=log": (9)

Theorem 3 (Quenc hed Invariance Principle) Let Assumption 1 hold. As-
sumefurther that > 6 and also

4+ 2 d 8d

+
d> C 12) 2“_ a2 56 (10)

Then, with the notation of Theorem 2, one has that (8) holds true under P?,
for P almostevery! .

Remark 5 Condition (10) is clearly not optimal, as the case = 1 demon-
strates (recall that when = 1, the environment is i.i.d. in time, and the
guenchd CLT statement holds true in any dimension as son as (A2) holds
true, see [10]). We do not know howeverwhether the quenché CLT holds for
Markov environmentsin low dimension.



3 Construction of a \regeneration time"

Sincefor = 1 the annealedlaw on the random walk is Markovian with deter-
ministic transition, we may and will in the sequelconsideronly the case < 1.
Our approach is basedon the construction of a sequenceof a.s. nite (stopping)
times f g, ; (on an enlargedprobability space),sud that, betweentwo suc-
cessionssay , and .1, ernvironment chains at ead location visited by the
walk go through a time of \regeneration”, in the sensethat they have started
afreshfrom new states selectedaccordingto the stationary distribution . This
in turn provides a renewal structure for f ;X g, ;. We note that regenera-
tion times have beenextensively usedin the RWRE context, see[11, 12]. What
makesthe situation consideredhere particularly simple is that the regeneration
times constructed here are actually stopping times.

To introduce the regenerationtimes, we begin by constructing an extension
of our probability space,which is similar to what is donein [12].

Let W = f0;1g and let W denotethe -algebraon wN generatedby cylin-
der sets. For " > 0 asin Condition (A2), let Q- be the product measureon

WN;W sudh that the coordinate variables, say ( t), ,, arei.i.d. Bernoulli

variableswith Q- (1 =1)=".
_ N
Forany (!; )2 WN, we de ne a probability measureP?;.. on Zz¢ ’

sudh that fXg, , is a Markov chain with state spacez® and transition law

=0 1[t+1 =0] "
Pro Xier =y Xe=X =10, =17 a(x3y) + - Fe(xy)  "a(xy)ls

(11)
wherey 2 fxg[ fx g gid:l , and also
B (Xo=0)= 1 (12)
!
i p° N g No
Finally we de ne a measureP on w Z F W G, sud

that the coordinate variables has the following distribution
(';) P Q- and fXtg 4 5?; given (I;):

It is immediate to ched that under I30, the marginal distribution of the chain
fX1g, ,isP° and alsothe conditional distribution of fX.g, ,given! isP?. We

will call the -variablesthe -cointosses.Heuristically, under Iso, the ewolution
of the random walk at time t is doneby rst tossingthe "-coin ", and depending
on the outcome, taking a step either accordingto how the ervironment dictates
it (if "¢ = 0) or taking a stepaccordingto the xed transition kernelq (if "{ = 1).

One more extension of the probability spaceis neededbefore we can de ne
the \regeneration time" and it is for the Markov evolution of the ervironment at
ead sites. Notice under Condition (Al), astepin the K -chain on S canbetaken



asfollows. First, toss a coin independertly with probability of turning head,
if it turns out head, then selecta state according to the stationary distribution
independertly; otherwise if the coin lands in tail, then take a step according
to the Markov transition kernel
K (w;A) (A) .
1 ;
A rigorous construction is as follows. Exteng the measurablespgce( ;F) to
accommalate i.i.d. Bernoulli( ) variables ( {(x)), ; X2 z% | such that

K (w;A) =

w2 S;A2 BS:

under P the Markov ewolution of the ervironment (! ; (x; )), ,at asitex 2 VA
is obtained by above description using the -coin tosses( { (x)), ;. We note

that in this construction
o] n o]

n
(t(X)) eo1 X2 Z% isindependert of (! (x; Dot s:(Xtdg ¢ s
(13)
for everys 0.
Fort Oandx 2 Zz% dene

Xt
|t(X) = 1(Xs:X; SZO); (14)
s=0

which is the number of \prop er" visits to the site x by the chain up to time t
(\prop er" visits are those visits in which the walker\learns" about the environ-
mernt, that is thosein which the next move dependson the random ervironment
rather than on the auxiliary "-coin). If 1 (x) > 0O let

n 0
((X):=sup s t Xs=x; s=0 ; (15)
be the time of last \prop er" visit to x beforetime t, and
n 0
((x):=inf s 0 pes(X)=1 ; (16)

be the rst time after {(x) when the ervironment chain at site x takes a
step according to the stationary measure . For completenesswe will take
t(X)= ((x)=0if Iy (x) = 0. Finally we de ne
n 0
1=inf t>0 ((X)+ ((X)<t8x2Z% : 17)

1 will be called a \regeneration time", becausefrom time ; the environment
chains at all siteslook likethey have started afreshfrom stationary distribution.

Prop osition 4 Let Assumption 1 hold. Then, E’ 2 <1:

Proof :  Due to the strict inequality in Condition (A3), wecan nd 0< <1
such that "2> (1 ). Dene

logt



which is an increasingsequenceof integersgoingto 1 with L(t) < t for larget.
For xed t 1, let  bethe rst time there is a run of length L (t) of
non-zero -coin tossesending at it, that is
n o}
t=inf s L) <=1 ¢ 1=1 Vs Lar =1 (29)

From the de nition of ; we get

P> P> 20
+P . t9x22%st () ()

We will considerthe rst and secondterms in the right hand side of (20) sepa-
rately, asfollows.

Consider rst the secondterm, noting that for each x 2 Z% andforanyt 1
the time  (x) is nothing but a Geometric( ) random variable. Thus,

P’ . t9x22z%st LX) L (x)

x
Co rdtexp( (L(t)_m)

o0 1 1
X X
= C, @@ rd Aexp( L (1) + rd Texp( r)A (21)

roL(t) r>L (t)

where Cy = Cp (d) > 0 is such that an L, ball in Z% of radius r cortains less
than Cord ! points, and = log(1 ). Indeed,the rst inequality in (21)
follows from the obsenation that

t (X)) LM _jx X, Lo

with j j denoting the L1-norm on Z%, and then computing the probability by
conditioning on X | ().
Concerningthe rst term in (20), note that

—0
P (¢>1)

E)bt L (t)+1 1
0 b (1) .
P % it =1 L =L 5 gy =1 §

j=0
t L(t)+1 1
1 wl(t) L(t) (22)

Using the choice of L(t) and equations (20), (21) and (22) one concludes
that c
=0
P (1>t (23)



where C1; > 0 are some constarts (depending on ;d). This completesthe
proof. [

Remark 6 An inspection of the proof revaals that in fact,

0. logl ) o

8 log” = ; E 4, <1: (24)

This will be useful when deriving the quenche invariance principle.

De ne now a -algebra,

n [0}
Hy = 1;fxtg()t L (t())t . . (25)

The following is the most crucial lemma.

Lemma 7 For any measurable setsA; B; C we have,

|
o n [0} (0]

n
PrfX vt X 02A (0 vt (G )i o 2B (e())y ;0 2C Ha

" n 0 n 0
=P fXig 02A (t(i)io 2B (t())y . 2C ¢ (26)

Proof: Let hbeaH; measurablefunction. Write 15 := 1 fX; Xog, 2 A ,
n o] 0

lg =1 (+(;))i o 2B andlc:=1 n( t()); 1 2C . Note that for
everym 2 N and x 2 Z9, since h is H;-measurable, there gxists a ranggm
variable hy;m which is measurablewith respectto  fXig, o5 ( ¢()); m
such that h = hy., ontheevent [ 1 = m; X | = x]. Writing for the time shift,

X X =0 m m m
= E [1a 1B 1c 1(1=m) 1(Xm =Xm) hxyml
m=1 meZ
R X =0 m 0 m m
= E 1g E/ [1a 1c 1(1=m) 1(Xm =Xm) hxpml
m=1 szzd
X X X

= E 1 ™ E 1a ™ 1c ™ 1 ,om
m=1 thZd et2W
1t ml t m

l[X‘=x1;l t m] 1[1=e‘;l t m] th;m



S X X
E 1 ™ B B[l 1c] ™ A ,-m
m=1 X‘zzd et2W
1t m
l[X‘=xx;l t m] 1[‘=e‘;l t m] th;m

XX X
- BB’ B [1a 18 Ic] ™ L{yem) Ipxemxet tom]

m=1 ><t2Zd et2W
1t m
1[t:et;l t m] th:m

XXX .
= E E"[la 1 1c] Li=m] Ipxe=xe1 t m)

m=1 X‘zzd et2W
1t m
1[t:et;l t m] th:m

S XX X,
=E [1a 1 1c] E" 1p=m) lix=xii1 t m]
m=1 thZd et2W
1 tm 1t m

1[1=e‘;l t m] th;m ;

where in the fourth equality we usethe Markov property of the random walk
given the ervironment and also the fact (13) with s = m; and the last equality
usesthe fact that on the event [ 1 = m], the environment chains at every site
have gonethrough \regeneration" beforetime m and after the last \prop er" visit
of the walk to that site, and henceunder the law 50, at time m the environments
at distinct sites are independert, -distributed, and independert of the and

coins and the walk till time m. Substituting in the above the whole sample
spacein place of A; B and C, we concludethat

Ela *1g *1lc * h=E [ 1sg LJE: @7)

concluding the proof of the lemma. n on o™m
Considernow ; asafunction ofof (X¢); o; (¢ )i o+ Ct(e 1

and set
n on 0]

nt1 = nt 1 (X n+t)t 0 (! n+t(;))t 0 ( n+t())t 1 ; (28)

with 41 = 1 ontheewent [ , = 1 ]. The following lemma givesthe renewal
sequencedescribed earlier.

Lemma 8 50( n<1)=1 foraln 1 Moreoverthe sgquene of random

vectors n+1 X a X, o where o = 0, are i.i.d. under the law
P.
Proof : Dene
n o}
Hp = 1520 (X ¢ 0 Ce(X))y (29)

10



then an obvious rerun of the proof of Lemma 8 yields that for measurablesets
A; B and C,
|
o n 0 n 0 '
ProfX vt X0 02A (M 0+t Do 2By ( 4+t())y 1 2C Hi

0 n 0 n 0
=P X0 o2A (t(;)i o 2B ( (), , 2C : (30)

So rst of all we get from Proposition 4 that 50( n<l)=1foraln 1,
and also under P’

(X )i(2 oX, X)) am Xy X

arei.i.d. of random vectors. n

4 Pro ofs of the main results
4.1 Proof of Theorem 1

Fix a 2 RY. From Proposition 4 we get that EO[ 1] < 1 . Sincethe random
walk fX.g, , hasboundedincremert, it follows that E° [a X ,]<1 aswell

Let Y,:=a X, X, ,,forn 1, takihng o = 0. Using Lemma 8 we
conclude h i

E°[4] as. P : (31)
and .
Y E'la X ,] as. P : (32)

We can nd a (possibly random) sequenceof numbers fk,g, , increasing

to 1l suchthat foralln 1wehave x, n< g, + . Then from (31) we get
h i
n —0 —0
1 :
Ko i E [1] as. P : (33)

Since the increments of the random walk are bounded, we have for any n 1
that

a Xn Xg,) kakzpa(n k)
p_
kaky d ( k,+1 kn) (34)

On the other hand, sinceby Lemma 8 the random variables( n 1), . are
identically distributed and of nite mean, onegetsfor any > 0 that

X _ —0 )
n=0 n=0

11



It follows from an application of the Borel-Cantelli Lemma that

h i
"y gas P o (35)
n n!l
Sousing (34) and (33) we get
I 0as. P (36)

n nii

This together with (32) and (33) gives

a Xp |
n ni1 EO[l]

=0 h i
Ela X, as. P (37)

Finally taking a = e for i = 1;2;:::;d we conclude

=0 h i
Xo % as. P (38)
n nli E [ 1]
which completesthe proof. n

4.2 Proof of Theorem 2

Fix a2 RY, let (Yn), , beasde ned above. Put Yo=Yy (n no1)a v,

-0

E—Eo[)[(—ll]. Let S, .= Y1+ Yo+ +Y,, forn 1. By Proposition
1

4, 1 has nite secondmomern and, due to the boundednessof the incremerts

of the random walk (X¢), ,, sodoesX ,. Further, by de nition, E’ [Sn]= O.

Thus by Lemma 8 and Donsker's invariance principle, seee.g. [2, Theorem

14.1], we have

wherev =

SbEtCﬁ n!l? BM (1); (39)

h i
where BM(1) := BM(1) and 2 := E° Vi > 0, where the last inequality is
due to Condition (A2) and (5).
Put next my = n:EO[ 1]- Sincen 7! my is a deterministic scaling, it follows
from (39) that
Sbmntc 51
a Mp nii

BM (1) : (40)

Let (kn), , be asbefore. Our next step is to prove the analogue of (39)
with mut replacedby kg .. A consequencef (33) is that forany xed T < 1,

‘ h i
sup e bmnte 0; as. P (41)
t T n n n'l

12



Thus,

Skbnt c ? .
a n
Note that for an appropriate C = C(a; d), using (34),
Skbnt c antc nta v i+ i
P— C — 43
0¥ " o 1 e T T 43)

Sinceky,r . bnTc, we have that any > 0,

_ : - Re_
P> max h—'> P°( 1> P n): (44)
0 i kbnT c n =1
Note that, sinceE° 2 < 1, onehasthat
X P % %]
P(1>p=)= P({>—)<1:
i=1 LN T

Hence, for each ;1 > O there is a deterministic constart | , depending on
d; ;T; 1 such that

X, pi_
P(1>p=)< 1:
. T
i=1 1
Therefore,
tRTc_
imsup P°(1> P
nll i=1
ok 0 1
1 X B
limsup@ P°( 1> IOﬁ)+ (1> p:I)A 1
n'1 i=1 =1 +1 T

1

1 being arbitrary , one concludesfrom the last limit and (44) that

—0 ; i
P max —p— > !
0 i Kporc n nii

Togetherwith (42) and (43), this implies that for every a 2 RY n0 we have

a X ntv
boge ! BM@): (45)

a Mnp

Sincea is arbitrary, this completesthe proof of the theorem, with

= Var 5 (X VE[ 4l (46)

13



4.3 Proof of Theorem 3

Our argumernt is basedon the technique intro duced by BolthaBJsen and Sznit-
man in [6], as deweloped in [7]. Let B! = (Xpyxc Nntv)= n, and let By
denote the polygonal interpolation of (k=n) ! B}_, . Considerthe spaceCr :=
C([0;TT; Rd) of contin uous R%-valued functions on [0; T], endowed with the dis-
tancedr (u; u% = sup, 7ju(t) uqt)j~ 1, By [6, Lemma4.1], Theorem 3 follows
from Theorem 2 oncewe show that for all bounded Lipschitz function F on Cr
and b2 (1;2],

Varp E°[F(B™ )] <1 : (47)
m=1

In order to prove (47), we now follow the approach of [7]. We construct the
ervironment ! using the variables ( ¢(x)), 1x227¢ 8 described in Section 3.
We next construct two independert sequencesof i.i.d. Bernoulli(") random
variables, that we denote by ("El))t 2 and ("Ez))t 1. Given these sequences
and the ervironment ! , we construct two independert copies of the random
walk, denoted (Xt(l))t 1 and (Xt(z))t 1, following the recipe of Section 3 (we
of courseuse the sequence'() to construct X 4, for j = 1;2), and introduce
the respective linear interpolations (By" (j))t 0. It is then clear that (47) is
equivalent to

X 0

h i
P Q Q P.o PB.o F@BYO)FEBM @) (48)

m .
p p o Q. 5?(1) o |3!0(2) o hF(Bbbm c;(l))F(Bbbm c;(2))I
<1;
where for any probability measureP and a measurablefunction f by P (f)
we mean Ep [f]. In the sequel,we write Is?;! o.. o for P, I3!Oo; o. Recalling

the constart  from (9), we next chooseconstarts ; % % :  satisfying the
following conditions:

0< <1, 2= < % =2, >2(% 1=d; %< %(° 9§ > 7

0< <1=2,1=2> > (1=%+1)=; Qd 4 2d)>1: (49)
It is not hard to verify that the assumptions of Theorem 3 imply that suc
constarts can be found (indeed, verify that taking °= (d 2)=2d, = 1= +

1= C%and = 9 (d 2) 2d)= (d 2) satis es the constraints exceptfor the
last one with equality, and the last one with inequality due to (10), and argue
by continuity). Fix then an integerm. Welet ; denotethe rst time thereis a
run of length bm c of non-zero -coin tossesof both typesending at it, that is

m=inffs bmc ®=@=0 - ..o @ = @ = 1g:

sb m c+l sb m c+l
For any x 2 Z¢, setDﬁi)(x) = jx X(j)j. Setting n = bd"c, de ne next the
events

- cy @ @ - .-
Gm=fm n X7 VX" ,=309;
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and for j = 1,2,
RU=18x22%9t2[m bmc m+DY(x)suhthat (x)= 1g:

Finally, setG, = Gy \ R%’\ Rﬁ). The crucial elemert of the proof of Theorem
3 is contained in the following lemma, whose proof is postponed.

Lemma 9 Under the assumptionsof Theorem 3, the following estimates hold.
P Q Q Pyo0lGm)] <1: (50)
P P Q Q Pu,o .0 olGnd <1: (51)
Equippedwith Lemma 9, let us completethe proof (48). Indeed, for any integer

m,

m = . .
Ploagw: w; o hl:(Bn;(l))F(Bm(z))l Ploio oo hl:(Bn;(l))F(Bm(Z))I
=§?<1) FRCTI ) hF(Bn;(l))F(Bn;(z))§ é'ml .
ﬁ!O(D 1@ @ hF(Bn; D)F(B™@); éml + dm (52)
where 2

P P Q Qdn)<1:

m=1

Let QP;(” =" B™0) forj = 1;2. Recallthat on &, onehas m < n
- n

and hence, using the Lipschitz property of F, it holds a.s. with respect to p°
on G,, that

FEmD) F@" M) on 12

Substituting in (52), we get

h [
—0 n; (1) n; (2)
m=Plosw. 0.0 FB FB )6

h . ) i
5!0(1) 10 @ F@B" (1))F(én’(2)); Cm + enm (53)
where
X . .
P P Q Q(jemj)<1: (54)
m=1

15



Conditioning on X (jm),j = 1,2, one obsenesthat
B2 h on @ n; (2) i
P P Q Q Pou,ow.o.0 FB " )FMB ") Gn

h [
— (4 (2
Pl RO F(én())F(én());ém =0: (55)

Togetherwith (53) and (54), one concludesthat
P P Q Q(m<1l;

as claimed. ]
Pro of of lemma 9 We begin by consideringthe evert f > n g. By the
independenceof the i.i.d. sequences(), we get the estimate

Q Q(m>n) (1 w2bm C)n =bm ¢ g n "2bm C—pm ¢ ce et2m : (56)

for appropriate constarts c;, ¢, wherethe last estimate usedthat < 1.

We next considerthe event (R%))C\ f m n g. Decomposing according
to the distance from X Y7, asin the proof of Proposition 4 (see (21)), one
gets for somedeterministic constarts Cs3, C4 (that may depend on the choice of
parameters)

h s
P Q(RINNF m ng e rdia )y*M  og@a )" (57)
r=1

We next turn to the crucial estimate of the probability of non-intersection
after . We usethat at time ,, the walkers are not likely to be too close.
More precisely let Py denote the law of a homogeneousMarkov chain on zd
with transition probabilities determined by q starting at x, and let (M*): o
denote the assaiated walk; In particular, Py (Mg = x) = 1. WeuseM*; MY
to denote independert copiesof such walks starting at x;y, respectively. Then,

with A = i X@  x@j bm °cg, we have,

—0
P P Q Q Poijo o o(Ay)

. y . 0
sudeg PY iMpn ¢ My, d<m
x;yZZ
. . 0
= sup. Py PY M, o MY j<m My, .
x;yZZ
0,
Cm @ sup PY Mpy =2
><;zZZd
0 1 _ o
cm ¥ =cm (= (58)
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where C is some deterministic constart and the last inequality is due to the
local limit theorem for lattice distribution under Py, see[1, Theorem 22.1].
Letting
Bn=Am\f n ng\l RY\RD:

and repeating the estimate (58) without change for E?m 1@ . @ replacing
5?(1) 2w 0. e,andusingthat d( =2 9 > 1, we concludethat

max P P Q Q- r’?(n v oo (BR) (59)

=0
P P Q- Q" Poiso. . w. 0By <1

Next, forj = 1;2, we construct, using the recipein Section3, regenerationtimes
i(’) corresponding to the walks (Xt(”)t ., and the chain on the environment.

Note that under the measureP Q Q- I3!0(1) 1w o e ,the sequencedor
j = landj = 2 are not independert if the walks intersect. When no confusion
occurs, we let P denote the law of this sequence,noting that the sequence
( i‘,’ri i('))i 1 isi.i.d. under all measuresinvolved in our construction, aswell
as, equation (24) holds. Fix anintegerk 1, for any xed 2 <  wethen

have
P 0 ke [{]>k=2
. . 0
=P D ke[ >k

0

0
2'e ) ke[

kO
0 i) in

k 0:2 ' (60)
wherethe last inequality follows from and application of Markynchewitz-Zygmund
inequality [9, Pg. 469]along with Helder inequality, and B o > 0 is an universal
constart which dependson ° Recall, %2> 1andalso > 6, thus we can

choose 2 0« such that ©%2 > 1. Now choosingk = csm 0, for an
appropriate cs, one concludesthe existenceof a constart cg suc that
A () 0
P beem % > M = <1: (61)
m=1
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On the other hand,

P 9i>cm : i(ii i(”>i
hs ) .
P i
i=bcgm Oc+1
X )
= P s
i=bcgm Oc+1
X C

i=bcem Oc+1

for somedeterministic constart C. Sinceour choice of constarts implies that
X 1) > 1, we concludethat

X o.M (1)
P Q9i>cm : 9 Ys>i <1 (62)
m=1
Let C{) = f é’czm oo M °=4g\ 18i > csm ; i(i% i(” i g, and note that
for all measuresP involved,
x c
P cP\vc® <1 (63)
m=1

Next, for j = 1,2, de ne St(j) = X(j(i)) t(j)v. Note that
t

ix®P VX2 8\ An\ CP\ CP (64)

fis®? sPj m%oik:js® sPj  +kg

1)

Let Z; denote a sum of (certered) t i.i.d. random vectors, each distributed
accordingto S{" . Let (9 i denotean independert copy of (Z) 1. Let PX¥
denotethe law of the sequenceg(x + Z;); (y + Z9): 1. Using that under all the
measuresnvolvedin our computation, the paths X () and X @ are independert
until they intersect, one concludesthat

P P Q- Q- (65)
5!0(1) EOREORNC) fX[(l)m;l )\ x[(Z)m;l ) 6 ;9\ An\ Cr(r}) \ Cr(r%)
max P2*(9%k:jz- Z%  +k);

jxj m?°
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. : =0 =0
with exactly the sameestimate whenP, ), o . 0. @ replacesPy o, w. 0. o -
But, for someconstart C whosevalue may changefrom line to line,

max PZO;X (9 k:jzo 2% ° +k)

jxj m°
max PY*(9%k:jz- z% C (+k))
jxj m°
max P2* 9uk: (C+ky<m2”jze Z% C (+Kk)
ixj m?®
+ max P 9uk:(C+k) m2”jze z% C (+k)
jxj m?°
=i1a(m) + I2(m): (66)

For I1(m) in (66) we obsenethat because < 1=2,for any °< , wecan nd
a constart C o such that for large m

max P2 9k (+k<m? iz Zf C (4K
m 0!

0;0 i
2P, ‘n:nazXOOij =

Co
Mo Mo ; (67)

wherethe rst inequality follows from the obsenation that
iz Zy ixiojzoizg o xis

and the last inequality is due again to the Markynchewitz-Zygmund inequality
coupled with the Martingale maximal inequality of Burkholder and Gundy [9,
Pg. 469]. Therefore, since ®was chosensuch that ( © % > 1, it follows
that X
l1(m)< 1 : (68)
m
Turning to the estimate of the term I ,(m) in (66), we obsene, with the value
of the constarts C ;C° possibly changing from line to line, that

X .
max P2*(z- z% C (+k))
N jxj m?°
bk 2 00 ]
(C+k) m | h | |
= max EJ* P2* jz. z% C (+k) Z?
S jxj m?°
C+k) m2®
X 0/, d 0;x 0;x
max C (+ k)" E;" ma P, (2 = 2z)
- jxj m?© iz Z2j C (+k)

(+k) mz®
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. a 1
COC+K —
Tk
(C+k) m2®

1

CO(\+k)d W,

ok

C+k) m? 00
where the last but one inequality follows by applying the local limit estimate
[1, Theorem 22.1]. By symmetry, the sameestimate holds with k  replacing
the constraint ©  k in th)e( summation. Thus we concludethat

2 (m) max P7*(jz- Z C (+k))
K iXj m
(C+k) m2®
X 1
2 COC+k! ——
- (C+Kk)
C+k) m? 00
X 2C o 2c0
d o :
g4 m ™d 2d 2)

(69)

r=bm2 %c+1 I

In particular, since °dd 2d  4)> 1, one concludesthat

lo(m)< 1 : (70)

m

Combining (68) and (70), and substituting in (66) and then in (65), the lemma
follows. m

5 Final Remarks and Open Problems

5.1 The \regeneration" time

We poiqt out thatour de nition of the \regeneration” time ; using the coin
tosses ( ¢()), ; , is quite arbitrary, and was tailored to Condition (A1).

What we actually needfor the argumert is for every ervironment chain (! ¢ (; )), o
a sequenceof stopping times suc that at thesetimes, the chain starts from a
stationary distribution and the times have \go od" tail property. The assump-
tion (Al) is usedto ensurethis is possiblewith our construction.

5.2 The annealed CLT

Our argumert givesatrade-o betweenthe strength of the random perturbation
and the mixing rate of the ervironment. We suspect that such a trade-o is
not needed,and that for d 3, an annealed CLT holds true as soon as the
ernvironment is mixing enoughin time. Our technique doesnot seemto resolve
this question.
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5.3 The quenched CLT

We have already emphasizedthat the condition (10) is not expectedto be op-
timal. In particular, we suspect that if a critical dimension for the quented
CLT exists, it will be d = 1 (seealsothe commerts at the end of [4] hinting
that such quended CLT fails even for small perturbations of a xed Markovian
ernvironment).
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