A SCHUR NON-NEGATIVITY CONJECTURE RELATED TO DOUBLE-WIRING
DIAGRAMS

CESAR CUENCA

ABSTRACT. We make an explicit combinatorial construction of the cluster algebra arising from a double wiring
diagram. We also state a Schur non-negativity conjecture and prove it is true for small cases.

1. INTRODUCTION

Fomin and Zelevinski defined double wiring diagrams in [6]. A n-stringed double wiring diagram w consists
of two families of n piecewise straight lines colored blue and red, such that each two lines of the same color
intersect exactly once. The lines in each family are assigned numbers from [n] = {1,2,...,n}. The blue (resp.
red) lines have increasing labels if we look at their left (resp. right) ends from top to bottom. Any such diagram
w is divided into chambers. All chambers are assigned two subsets of [n], each of which indicates which lines
of the corresponding color pass below that chamber. A chamber with subsets I, J is associated the minor Ay ;
of X = (;j)nxn. These are called the chamber minors of w; the set of chamber minors of w is denoted as z =
z(w). For the example in Figure 1, the chamber minors are 1,231, 21, T23, T13, D212, A23,13, A12,13, A12,23
and Ajgs 123 = A.

A double wiring diagram w can be associated a quiver Q@ = Q(w). The associated initial seed (Q(w),z(w))
then gives rise to a cluster algebra A = A(w), a commutative ring with a special combinatorial structure
(precise definitions are given in Section 2). The generators of the cluster algebra A are divided into clusters
and are called cluster variables. A remarkable property of the cluster algebras is that each cluster variable
of A can be expressed as a Laurent polynomial in the variables of the initial seed. Even more remarkable is
that, for this special cluster algebra, each generator of A is in the (integer) polynomial ring on the variables
of X, ie., Z[{xij}nxnl-

A cluster monomial is a finite product of cluster variables of the same cluster. It is conjectured that cluster
monomials belong to the dual canonical basis. More than a conjecture, this was actually a motivating reason
for the development of cluster algebras. In [7], Haiman showed, in a more general setting, that the dual
canonical basis of A are Schur non-negative when evaluated in generalized Jacobi-Trudi matrices. More
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FIGURE 1. A double wiring diagram w for n = 3
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recently, Lam and Rietsch explored similar ideas in [9], but with Stake basis instead of dual canonical basis
and with k-Schur functions instead of Schur functions.

Observe that cluster variables are also cluster monomials. Therefore, if the conjecture above was true,
Haiman’s result would prove that all cluster variables in A are Schur non-negative when evaluated in gener-
alized Jacobi-Trudi matrices. This is still an open problem and would be interesting to prove independently
of Haiman’s theorem.

Conjecture 1.1. Let A be a cluster algebra generated by a double wiring diagram w. Any cluster variable of
A is Schur non-negative when evaluated in generalized Jacobi-Trudi matrices.

Instead of trying to prove Conjecture 1.1 in the general scenario, we restrict ourselves to a particular type
of cluster variable. A cluster variable is said to be Plucker-adjacent if it is comes from one seed mutation to
(Q(w),z(w)) for some w. We propose the following specialization of Conjecture 1.1.

Conjecture 1.2. Let A be a cluster algebra generated by a double wiring diagram w. Any Plucker-adjacent
cluster variable of A is Schur non-negative when evaluated in generalized Jacobi- Trudi matrices.

Proving this conjecture alone would be very interesting and provide us with general Schur positivity theorems.
We prove the conjecture for small chambers.

Theorem 1.3. Let ¢ be a chamber in a double wiring diagram w with degree 6 or less in its associated quiver
Q = Q(w). Then Q,(c) is Schur non-negative when evaluated in generalized Jacobi- Trudi matrices.

This report is organized as follows. The next section gives the necessary background on symmetric functions
and cluster algebras. In section 3, we show some expressions for Plucker-adjacent cluster variables and prove
a theorem for determinantal identities. In sections 4, we prove a general theorem for reducing Conjecture 1.2
to the case where w is as small as possible. In section 5, we introduce Temperley-Lieb immanants, a technique
for proving Schur non-negativity. In section 6, we prove Theorem 1.3. In the last section, we show some
examples of cluster variables that are not Plucker-adjacent.

2. BACKGROUND ON SYMMETRIC FUNCTIONS AND CLUSTER ALGEBRAS

We provide some background on symmetric functions and cluster algebras, as needed for this report. The
interested reader can find more extensive expositions in [4], [3] and Ch. 7 of [10].

2.1. Symmetric functions. The ring of symmetric polynomials has several important linear bases. We

consider its basis of Schur polynomials sy = Z 27 and its basis of complete homogeneous symmetric poly-
T

nomials hy = Z Ziy - %, A symmetric polynomial f is said to be Schur non-negative if it can be

expressed as a non-negative linear combination of Schur polynomials. We write f >; 0.

For example, any skew-Schur polynomial s/, is Schur non-negative and can be expressed as s,,/, = > c’lf’ ASAs
where the coefficient c’lf’ , counts the number of Littlewood-Richardson tableaux of shape p/v and weight X.
In particular, they are non-negative integers. The product of two Schur non-negative polynomials is also
Schur non-negative because of the Littlewood-Richardson rule sy - s, = 3, c§ ,s,. Moreover, any positive
linear combination of Schur non-negative polynomials is also Schur non-negative. This gives the set of Schur
non-negative polynomials the structure of a linear cone.

A generalized Jacobi-Trudi matriz is a n x n matrix of the form H = (h,,_,,) for some integer partitions
w=(p >...2p, >20),v= (w1 >... > v, >0). In the literature, the homogeneous polynomials h; in
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FIGURE 3. Example of quiver mutation Q' = u.(Q). Vertices u, v are frozen.

the matrix H are on the variables x1,...,x,, but we consider that they can be on any number m > n of
variables x1,...,Z. A polynomial F' on the variables of a n X n matrix is Schur non-negative when evaluated
in generalized Jacobi- Trudi matrices if F(H) is Schur non-negative for any generalized Jacobi-Trudi matrix
H. For simplicity, we simply say F' is Schur non-negative and write F' >, 0. We also write F >, G if
F — G >, 0. The basic example of Schur non-negative polynomial in this context is any minor Az ; of X.
Indeed, the generalized Jacobi-Trudi identity implies F/(H) = det((hy, v, )ic1jes) = Su/w, where T = {1 }ier
and 7 = {v;}cs. From the previous remarks, any positive linear combination of products of minors is Schur
non-negative as well.

2.2. Cluster algebras. A cluster algebra is a commutative ring with a special combinatorial structure. This
combinatorial structure is given by a quiver @), which is a directed multigraph with no loops and no 2-cycles.
Some vertices of @) are denoted as mutable and the remaining ones are called frozen.

Definition 2.1. Let v be a mutable vertex of quiver ). The quiver mutation of Q) at v is an operation that
produces another quiver Q' = p,(Q) via a sequence of three steps.

(1) Add a new edge u — w for each pair of edges u — v, v — w in @, except in the case when both w,w
are frozen.

(2) Reverse the direction of all edges adjacent to v.
(3) Remove 2-cycles until none remains.
Definition 2.2. Let 7 D R be any field. We say that pair ¢t = (Q,z) is a seed in F if @ is a quiver and z,

called the extended cluster, is a set consisting of algebraically independent elements of F, as many as vertices
of the quiver Q.

The elements of z corresponding to mutable vertices are called cluster variables and the ones corresponding
to frozen vertices are called frozen variables.

A seed mutation at a cluster variable z transforms ¢t = (Q, z) into a new seed t' = (Q',2') = u.(Q,z), where
Q' is the cluster resulting after mutating @ at the vertex corresponding to z and z’ = z U {2’} \ {2z}, where
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the new variable 2’ is subject to the mutation relation at z zz' = H x + H y. We sometimes call it the

2z z2—y
mutation relation at v if v is the vertex of ) corresponding to z.

Starting from a seed t = (Q, z), one can apply mutations ad infinitum to elements of the extended clusters.
The elements in the union of all extended clusters are the generators of a subring of F that we call the cluster
algebra A(Q, z) generated by seed (Q,z). If ' = (Q',2’) is a mutation of seed ¢, then A(Q,z) and A(Q’,Z’)
are isomorphic. We bundle these facts into the next definition.

Definition 2.3. Two seeds t = (Q,z) and ¢’ = (Q',2’) are said to be mutation-equivalent if one of them
can be obtained from the other after a sequence of seed mutations. The cluster algebra A(Q,z) generated
by an initial seed t = (Q,z) is the subring of F generated by the elements of extended clusters that are
mutation-equivalent to .

2.2.1. Quiver associated to a double-wiring diagram. We describe how to associate a quiver Q = Q(w) to any
double wiring diagram w. This construction is described in a more general scenario in Subsection 2.2. of [1].
The construction provided here is purely combinatorial.

(1) The vertices of @ are the chambers of w.
(2) There is an edge between two chambers ¢ and ¢ of @ in the following cases.

(a) They are adjacent chambers in the same row. If the color of the crossing between them is blue,
the edge is directed to the left. Otherwise, it is directed to the right.

(b) If ¢’ has ends of different color and lies completely above (or below) c. If the left end of ¢’ is blue,
the edge is directed from ¢ to ¢/. Otherwise, it is directed from ¢’ to c.

(c) If the left end of ¢’ is above ¢ and the right end of ¢ is below ¢’ and both ends have the same
color. If such common color is blue, the edge is directed from ¢ to ¢’; otherwise, it is directed
from ¢ to c.

(d) If the right end of ¢’ is above ¢ and the left end of ¢ is below ¢ and both ends have the same
color. If such common color is blue, the edge is directed from ¢’ to ¢; otherwise, it is directed
from ¢ to ¢.

The mutable vertices of Q(w) are the chambers in w that have two ends. Then the frozen vertices are the
chambers with only one end, as well as the top and bottom chambers. Figure 2.2.1 shows the quiver that is
associated to the double wiring diagram in Figure 1. It is important to observe that mutable chambers have
at least 4 adjacent edges and they have equal indegree and outdegree. Moreover, incoming edges interlace
with outgoing edges for each mutable vertex if we go around it.

Example 2.4. Consider the chamber c in Figure 5. Its associated quiver has 10 wvertices adjacent to it.
Moreover, the incoming and outgoing edges interlace with each other as shown in Figure 2.4.

2.2.2. Cluster algebra associated to a double wiring diagram. The cluster algebra A = A(w) associated to the
double wiring diagram w is the cluster algebra generated by the initial seed ¢ = (@, z), where Q = Q(w) is
the quiver asssociated to w and the extended cluster z consists of the chamber minors of w. Naturally, the
variable Aj ; is associated to chamber c if I and J are the sets of indices of blue and red wires below c,
respectively.

At this point, it is worth to clarify the statement of Conjecture 1.2. Let us fix a double wiring diagram w
with @ and A as its associated quiver and cluster algebra. A Plucker-adjacent cluster variable (2 is one that
comes from mutating the initial seed at some cluster variable Ay ;, corresponding to chamber c. We write
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FIGURE 4. Quiver associated to double wiring diagram w in Figure 1. The mutable vertices
are the ones associated to Ags 13, A1213, 21 and 3.
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FIGURE 5. Chamber ¢ with blue left end and red right end
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FIGURE 6. Part of the quiver of double wiring diagram containing ¢ in Figure 5

the respective Plucker-adjacent cluster variable as Q,,(c). We can safely assume always that ¢ does not have
chambers with both ends of the same color completely above or below c. This follows immediately from the
construction of the quiver ) because none of these chambers shares an edge with ¢ in Q. Moreover, from the
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symmetry of the construction of @, it suffices to analyze the cases where both ends of ¢ are blue and where
the left end of ¢ is blue and its right end is red.

Let w(I’,J') denote the chamber with cluster variable Ay j in w if it exists. Write ¢ < w(I’, J') if there is

an edge from w(I’,J') to ¢ in @ and define ¢ — w(I’,J’) likewise. From the mutation relation at ¢, we have
c—w(I’,J") AI’J’ + Hc—rw([’,J/) AI’J’

Qu(c) =

Arg

1.12 of [5], Q4 (c) belongs to the polynomial ring Z[{x;; } nxr»]. Conjecture 1.2 would imply that such expression

is Schur non-negative when evaluated in any generalized Jacobi-Trudi matrix H = (hyu, v, )nxn. In the next

section, we find some recurrences for computing €, (c).

. As remarked in the introduction and proved in Theorem

3. DETERMINANTAL IDENTITIES AND FORMULAS FOR SOME 2,,(c)

In this section, we disgress in two directions that will be useful later. We first prove Theorem 3.2 that
shows how to obtain general determinantal formulas from ones in small dimensions. Then we give recurrence
relations and explicit formulas for some Plucker-adjacent variables §2,,(c).

3.1. Determinantal Identities. The main tool for proving Theorem 3.2 will be Jacobi’s identity, which is
stated as it was in [2].

Theorem 3.1. (Jacobi’s identity) For a subset S C [n], let s(S) be the sum of numbers in S and S = [n]\ S.
If I,J C [n] are subsets of the same cardinality, then

(_1)s(l)+s(J)

ALy =

Theorem 3.2. Let F(z1,...,2;) be an homogeneous polynomial of degree d > 0. Let Iy,... I, J1,...,Jx C
[n] be subsets of [n] with |I;| = |J,| for alls. LetI := [n]\I for any subset I C [n]. If F(Ar g, A1y gy s A1y gi) =
0, then

(1) F(Aq 7 AL 5) = 0.

(2) If I,J C [n] are subsets of the same cardinality and such that I (resp. J) is disjoint from all sets I
(resp. Js), then F(Arur,,gu0,, A10n,, 000, - - - s Arur,,gug,) = 0.

Proof. To prove the first item, rewrite Jacobi’s identity in 3.1 as
(—1)3(D+s()

(3.1) Ar(X) = AXT)

AL (X,
Since F' is homogeneous of degree d, i.e., 7 F(xy,...,x1) = F(rizy,...,r%x;) for any r € C, it is easy to
(=1)s(+s()

see that the desired result comes from multiplying F(A, 7, (X7, ..., A 7 (X71) =0by ( AXT)

and using Equation 3.1.

For the second item, consider Y to be the submatrix of X consisting of rows [n]\ I and columns [n]\ J. Since
I is disjoint from all Iy and J is disjoint from all J,, we have that Ay, ;, (X) is a minor of Y for all s. The
complementary minor of AIS,JS (X) inY is A([n]\[)\Is,([n]\J)\Jb. = A[n]\(lulb.),[n]\(JUsz From the first item,
we have F(Ap)\(1un),[n)\(JuJ1)s - - - D)\ (1UI,).[n]\(JuJ,)) = 0. We can apply the first item again to the last
equation (the complementary minor in X of A, (zur,),[n)\(JuJ,) 18 Arur,,sug,) and we are done. O
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FIGURE 7. Chamber ¢ with both blue ends

3.2. Recurrences and formulas for Plucker-adjacent variables. As remarked previously, ¢ has the
same number d = d(c) of incoming and outgoing edges. After this subsection, we will see that ,,(c) can be
written as sums and differences of products of d — 1 minors of X (e.g. formula 3.6 below). We should remark
that this subsection is completely elementary and is mostly given as an illustration of how to find explicit
formulas for Q,(c). We only analyze the case where ¢ has both blue ends, hoping that it becomes obvious
how to do the analogous computations in the case where ¢ has blue left end and red right end. Moreover, we
assume that chamber ¢ is in the smallest possible double wiring diagram w (, i.e., w has the smallest possible
number of wires) that may contain such a chamber c¢. Next section shows that the latter restriction is not
important.

3.2.1. ¢ has no crossings below it. Let us begin by considering a chamber ¢ as the one in Figure 7. Let b1’

be the only wires below ¢ and B = {b; < ba < ... <bgy1}, R={r1 > rs > ... > ri} be the sets of labels of
blue and red wires right above ¢; this implies by < b’ < bi11. We write Q,,(c) as 95’5. The mutation relation
at cis

k k
B,R
(3.2) Ty - Qb’,r’ = Loy, * H Ab’biJrl,r’n + Xy H Ap, e

i=1 =1

We find a recurrence relation if &’ < b. Consider a chamber ¢; which is similar to ¢, but with wires bg11, 7

removed. This chamber exists since by, > b'. Let By = B\ {bg+1}, R1 = R\ {rx}, so that the Plucker-adjacent

. . ~Bi1,R . . .
variable to ¢y is €2,;';"". The mutation relation at c; is

k—1 k—1
Bi,R1 _ I | I |

(33) Ty gt Qb’,r’ = Tpy,r" * Ab/bi+1,r’ri + ZTop - Ab’bi,r’m
i=1 1=1
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Combining these two equations yields

k—1 k
B,R B1,Ry
Ly rt Qb’,r’ - Ab/bk+1,7"’rk (Ib/ﬂ" ' Qb’,r’ = Log,r H Ab'biﬂ"’h‘) + Lopy1,m H Ab’biﬂ"’ﬁ
=1 =1
k—1
= A/ ’ ITh /~QBI’R1+(J,‘ /A/ ’ — /A/ ’ ) A/ ’
- b'bpyr1,r b b br41,7 b b, r'ry by ,r b'bpy1,r' Ty b'b;,r'r;
=1
k—1
B1,Rq
= Ab/bk+1,r’rk1'b’,r’ . Qb’,r’ - (xb/,r’Abkbk+1,r’rk) . H Ab’bi,r’m
=1
k—1
B1,Rq
= Ty (Ab/bk+1,r’rk . Qb’,r’ - Abkkarl,r’rk . H Ab/bi,r’m)y
=1
where we used the trivial identity Ikarlﬂ'/Ab/bkﬂ"lrk — xbk,r’Ab’bk+1,r/rk = 7xb/77'/Abkbk+1y7‘/7'k (Wthh holds

whenever b’ < by, < by+1). We can thus cancel z;/ ,» and obtain the recurrence relation

k—1

B,R __ B1,Rq
(34) Qb/ﬂn/ - Ab’bk+1,r’rk . Qb’,r’ - Abkbk+1,r’rk : H Ab’bi,'r’ri
i=1

We can proceed likewise if by < b'. In this case, if we let By = B\ {b1} and Ry = R\ {r1}, we obtain the
similar-looking recurrence

k
B.R Bi,R
(35) Qb/,r’ = Ab'bhr’ﬁ : Qb/,lr’ t - Ablbzﬂ"rl ’ H Ab’bi+1,T'7‘i

=2

Both recurrence relations above are enough to find an explicit formula for Qg:ﬁ when b; < b < b1, for any
1 < i < k. For instance, when b; < b < by < ... < bgy1, the recurrence relation 3.4 suffices to obtain

k k J—1 k+1
B,R
. N 1b2,r'ry " 1,7 T ibj+1,m'r; " T i1
(3.6) Q. AV I AN AV Aprp Apro,
i=2 j=2 i=1 i=j12

3.2.2. ¢ has no crossings above it. Let us find recurrences similar to 3.4 and 3.5 in this case. For a chamber
¢, let b,7 the only blue and red wire right above ¢ and B’ = {by < ... <bj .}, R" = {r; > ... > 1/} be the
sets of labels of blue and red wires right below c. Notice there is one more red wire below ¢ that is not right
below it. Let us call it " and let ' = R"” + r'.

Denote by 5’3’77 g to the Plucker-adjacent variable coming from c. For any subsets I, J C [n], we call ATJ the
complementary minor of Ay ;y in X. The mutation relation at c is

I I
b,r A . - . o
(3.7) Apr Qg = By 7 HAbb;+l,rr£ +A7 s HAbb;,rr;
i=1 =1

which is in a very similar form as equation 3.3, except that minors are replaced by complementary minors. To

obtain recurrence 3.4, we used identity @, r Avrvy rrry, — Tty o Dbty 1 rire = —Tt! 0 Dbybgsy 7r - We Can pro-

ceed analogously, but using instead the identity A;—_A - A — =—-A which
k41>

7 7 TN 7 7 77A L7 7
bb) ,rry, b, T T bby Ty b7 by by 17Ty
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FIGURE 8. General arrangement for a chamber with both blue ends

follows from the first identity and (1) of Theorem 3.2. If b) > b, let Bf = {b},..., b}, R} = {r1,...,7]_1 };
the analogous to recurrence 3.4 is:

k—1
b,r A b,r A o
(38) QB’,R/ - Abb;”l,rr; QB{,R/1 Ab;@b;c+l,r7';c H Abb;,rrfb.
i=1
We can proceed in the same manner when by < b. If we let By = {by,...,bj  }, By = {ry,...,m}, the
analogous recurrence to 3.5 is:
k
b,r A b,r _ . o
(3.9) Qg r = By mr U5y ry — Aiagr HAbb;H,m«;
i=2

3.2.3. General chambers c. We now consider chambers with crossings right above and right below it (see
Figure 8). We let B = {b1 < ... < bgpa}, R ={r1 > ... >}, B' = {b) <Vh < ... < b} and
R" = {r] > ry > ... > r]} be the sets of labels of blue and red wires as it is shown in Figure 8. As before,
these is a red wire 7’ below ¢ and not right below it; then write " = R” 4 /. It then follows that b} < bg41
and by < by, ,; we write £,,(c) as Qg}ﬁe,.

It should be no surprise at this point that, depending on the relative ordering of the b;,b}, one can find
recurrences like (3.4) and (3.5) by considering chambers ¢’ that come from removing pairs of a blue and red
wire. The point of all these recurrences will be to prove that €, (c) can be expressed as sums and differences
of products of d — 1 minors of X, if chamber ¢ has 2d edges adjacent to it.

As a last calculation in this subsection, let us find a recurrence for €, (c) if b} < by; it will be a more general
!

version of (3.4). Let X = H Apn (b,},rR"\{r;} be the product of variables of chambers with edges directed to c
i=1
1
and below it. Also let Y = H ABN\{bis1},R\{r;} De the product of variables of chambers with edges directed
i=1
from ¢ to them and below c. The mutation relation at ¢ is the following, more general version of 3.3:

K K
B,R
Ap r- QT =Dy v [[ A - X+ Dpy v - [ [Anrsvimrn Y

141>
=1 =1

We will use the identity AB/+bk+17b/17R,AB,+bkvR,+Tk _ABH»bkfb’l,R’AB/+bk+1,R’+m = _AB/,R’ AB’+bk+bk+17b'1,R’+rk7
which follows from the trivial @y, ,, + Aprb, rie, = Toprr Dbt by iy e = =Tl 11 Dby sy e, and (2) of Theorem
3.2. I b) < by, let By ={by,...,b)}, R} ={r1,...,7_,}; the analogous to recurrence 3.4 is:
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k—1
B,R Bi,R
(3.10) Oph = Db Bor - Qo = Abby b bR | | A Y.
=1

As remarked previously, the goal of this section is to convince the reader of the truth of the following propo-
sition.

Proposition 3.3. A product of m minors of X, of arbitrary dimensions, will be called a (m, X) - product, or
stmply m-product if X is implicit. If ¢ has 2d neighboring edges, then Q.,(c) can be written as the difference
between a (d — 1)-product and the sum of d — 2 (d — 1)-products (see, e.g., formula (3.6)).

In particular, there exists an homogeneous polynomial F on the minors of X such that Q.,(c) = F({Ar, 1} 11=141)
and with degree (d —1).

This is not hard to prove by induction if one had recurrences for general chambers like (3.10), and also for
chambers with only crossings on one side (3.4), (3.5), (3.8) and (3.9). Of course, one needs several of these,
depending on the order relation of some wires and also in the case where ¢ has blue left end and red right
end. The calculation of the previous recurrences should however be enough to convince the reader doing all
these cases is only a tedious task.

4. SIMPLIFYING THE DOUBLE WIRING DIAGRAM

In this section, we prove the following proposition:

Proposition 4.1. If Q. (c) is Schur non-negative, then Q.,(c) is Schur non-negative for any double wiring
diagram w that contains the wires of w’' (and possibly additional ones) and such that it contains ¢ as a chamber.

This will allow us to prove Schur non-negativity of ,,(c) by proving it for the simplest double wiring diagram
w that contains c. The first trivial observation is that wires above ¢ that do not make crossings right above
c are unimportant. This is because the variables involved in the mutation rule at ¢ do not depend on those
wires. What is a little more surprising is that, for Schur non-negativity, the wires below ¢ that do not make
crossings right below it are also unimportant. Let w, w’ be two doule wiring diagrams that contain a chamber
¢, but they differ in that w has additional sets By, R (of the same cardinality) of labels of blue and red wires
below it.

Denote by B’, R’ the sets of labels of blue and red wires in w’, so that B'UBy = B, R*URy = R are the sets of
labels of blue and red wires of w. We show that if Q,,(¢’) is Schur non-negative when evaluated in generalized
Jacobi-Trudi matrices, then so is Q,(c). Denote by X’ to the submatrix X(B’, R’). Let w'(I,J) denote
the chamber in w’ with cluster variable Ay ; if it exists. From Proposition 3.3, Q,(¢’) is an homogeneous
polynomial F on the minors of X' = X (B’, R’). The mutation relation of Q(w’) at ¢’ gives

Hc’ w'(I,J AIn]—i_l_.[c’ w’'(I,J ALJ
() = === A S0 = F({Ar Yt sem )

Since By and Ry are disjoint from the sets of blue and red wires of w’, we can apply part (2) of Theorem 3.2
to the expression above and obtain

[ w0 ABour,rous + ey 1,0y ABour,RoUS

AByUI,RoUT

= F({AByur,RouJ }1|=|J|,IC B, JCR")
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The left hand side of the above expression corresponds to Q,,(¢) because of the mutation rule of Q(w) at ¢
and because ¢ + w'(I,J) <= ¢+ w(I U By,J U Ry), ¢ = w'(I,J) <= ¢ — w(l U By, JJ U Ry). Therefore

Qu(c) = F({AByur,RouI }H1|=|J|,ICB/,JCR)-

Let H be any n x n generalized Jacobi-Trudi matrix and H' = H(B’, R'). From assumption, we know that
Qu()|a = F{Ar }icB,scr )| is Schur positive, i.e., can be written as ) a,s,, for a, > 0 and Schur
polynomials s, on the variables of X’. From the Jacobi-Trudi identity, we have that s, = det(hy,+,—:),
therefore

(4.1) FU{AL = acs acr)m =Y aydet(hy, ;).

We can assume that all entries in H(I,J), I C B’,J C R/, are nonzero (otherwise, we use the minors expansion

formula for Ay ; and get rid of the zero entries). Consider the (generalized Jacobi-Trudi) matrix H that is of
the form below and is such that all H(I,J), I C B’,J C R, and (h,,+;—;) are submatrices of it.

hrJrs e hr+s hr+s+l e hr+s+k: e hr+s+k+l

hr hr hr+1 hrJrk hr+k+l
g=1 : : : : : I

hl hl h2 hk+1 hk+l+1

hO hO hl hk hk+l

hO hO hl hk hk+l

We also want H to be large enough so that all H(IUBy, JURy) are submatrices of it. Foreach I C B’,J C R/,
denote by I~, J to the rows ans columns of H such that ﬁ(f, j) = H(I,J) and also denote by I,,,.J, to the
rows and columns of H such that H(L,7 J,) = (h,,i+j,i). Finally, denote by &I’J to the repective minor of
H. Then equation (4.1) can be rewritten as

(4.2) F({Ef’jhﬂ:\J\JCB,JCR) = Zauzl,,,J,/-

There exist sets of rows and columns B, R so that H(I U B,J U R) = H(I U By, J U Ry) for all |I| = |J|.
Therefore, one can apply part (2) of Theorem 3.2 to (4.2) and obtain

(4.3) F({Aug.sorbi=ucBacr) = 2 al; 5 ok

By the condition imposed, we have that the left-hand side of (4.3) is F({Ajug FuRNII=|J.ICB,JCR) =
F({A10Bo,7UR0 }11=|J],1cB’ . dcr) = Qw(c). The generalized Jacobi-Trudi identity says that A[V)JV is a skew
Schur function, which is Schur non-negative. Therefore, the positive linear combination (which is the right-
hand side of (4.3)) >, a,A; |5 ; U7 is also Schur non-negative, as desired.

In the subsequent sections, especially in section 6, when calculating ., (c), we assume that the double wiring
diagram w that contains c is the smallest one in terms of number of wires. For example, if ¢ has 4 blue
crossings next to it and 2 red crossings next to it, then w contains only 4 wires of each color.
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5. TEMPERLEY-LIEB IMMANANTS

In this section, we develop a technique for proving Conjecture 1.2 when chamber ¢ has 6 or less adjacent
chambers in ). We give a rough overview of some results we found in [8], but which are originally due to
Haiman, and Rhoades-Skandera.

5.1. Background. For a n x n matrix X, w € S, the Kazhdan-Lusztig immanant Imm.,(X) is defined in
terms of the Kazhdan-Lusztig polynomials indexed by elements of the symmetric group S,,. The details of
the definition are not important for our purposes. We only remark that the Kazhdan-Lusztig immanants are
essentially the dual canonical basis and thus Haiman’s result shows:

Theorem 5.1. If M is a generalized Jacobi-Trudi matriz, then Imm,,(M) is Schur non-negative.

The Temperley-Lieb algebra T'L(£) is the C[¢]-algebra generated by t1,to,...,¢,—1, subject to the relations
t2 =&ty titit; = t; if [i — j| = 1 and t;t; = t;t; if |i — j| > 2 (see [5] for details). The dimension of T'L, () is
the n-th Catalan number. For any w € S,,, define t,, :=t;, - - - t;, for a reduced decomposition w = s;, --- ;-
A natural basis for TL(§) is the set of all t,, for 321-avoiding permutations w € S,,.

The Temperley-Lieb immanant of an n x n matrix X is defined as

ImmZ;L(X) = Z fw(v)xl,v(l) © Tnw(n)s

VER

where f,,(v) is defined as the coefficient of the basis element ¢,, € TL(2) in the expansion of (¢;;, —1)--- (t;, —
1) € TL(2) for a reduced decomposition v = 8;, - - - 8;,. .

Theorem 5.2. For a 321-avoiding permutation w € Sy, we have Imm,,(X) = ImmIL(X). Thus, from
Theorem 5.1, ImmZTE(X) is Schur non-negative when evaluated in any generalized Jacobi- Trudi matriz.

A product of generators t;, ---t;, in T'L,, can be visualized using the Temperley-Lieb diagrams. These are
diagrams with n non-crossing strands connecting the vertices 1,2,...,2n, with possibly some internal loops
(see [8]). The set of pairs of vertices connected by a strand form a non-crossing matching on the set of vertices
[2n], i.e., for edges (a,b) and (c,d) of the matching, we never have a < ¢ < b < d. This association is a
bijection between the basis {t,, : w is a 321-avoiding permutation of S, } of T'L,, and the set of non-crossing
matchings on the vertex set [2n].

For a subset S C [2n], say that w € S,, is S-compatible if each strand of its Temperley-Lieb diagram has exactly
one endpoint in S. A basis element t,, is S-compatible if and only if each edge of the associated matching has
one endpoint in S and the other in [2n] \ S. Denote by ©(S) to all the 321-avoiding permutations w € S,, for
which ¢,, is S-compatible. For a subset I C [n],let I’ :=={2n+1—i:¢ € I}.

Theorem 5.3. For two subsets I, J C [n] of the same cardinality and S = S(I,J) = JU (I)', we have

Arg(X)-A75(X)= Y ImmiH(X).
weB(S)

Combining Theorems 5.2 and 5.3 provide a wonderful tool for proving Schur non-negativity for expressions
involving products of complementary minors as we shall see soon. For a 321-avoiding permutation w €
Sn, denote by M, to its associated Temperley-Lieb diagram, which is a non-crossing matching and write
ImmIL(X) as Imm(M,,) for simplicity. For two subsets I,J C [n] of the same cardinality, let S(I,.J) =

J U (I) and M(I,J) be the set of matchings M, such that w € ©(S(I,.J)). Equivalently, M(I,.J) is
the set of matchings on vertex set [2n| that are S(I,J)-compatible. Theorem 5.3 can then be rewritten
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as Ary(X) - A7 7(X) = X aenmr,gy Imm(My). We show a few proofs that some expressions are Schur
non-negative by expressing them as positive linear combinations of immanants.

Example 5.4. The expression ) = 11 - Agz 23 — Aq23 123 is Schur non-negative.

We have that M ({1},{1}) consists of matchings {16,25,34} and {12,34,56} since they are the only ones that
are {1,4,5}-compatible on vertex set [6]. Likewise, M ({1,2,3},0) consists of the single matching {16,25,34}.
Therefore, Theorem 5.3 tells us that Q = 11 - Aa3 23 — A123.123 = (Imm({16, 25, 34}) + Imm({12, 34,56})) —
Imm({16,25,34}) = Imm({16,25,34}). Theorem 5.2 then implies ) is Schur non-negative.

Proposition 5.5. The following hold for minors of a 4 x 4 matriz X .

(1) A13,2400413 >5 Asa 1301224

(2) A13,1402423 >5 A12,14A34 3.
Proof. The proofs simply involve counting S-compatible matchings for some sets S. For the first item,
observe that the left-hand side of the inequality is Az, 7, A5 for Iy = {1,3} and J; = {2,4}; then let

Sy = S(I1,J1) = S({1,3,6,8}). For the right-hand side, the set of interest is Sy = S(Is, J2) = {3,4,5,7}.
Next, let M7, M5 be the sets of S; - and S, - compatible matchings respectively, then

(1) M, has elements {12,34,56, 78}, {12,34,58,67}, {14,23,56, 78} and {14,23,58,67}.
(2) My has elements {14, 23,56, 78} and {14, 23,58,67}.

Therefore Theorem 5.3 says that the difference between the left - and right - hand side of (1) is Imm({12, 34, 58,67})+
Imm({14,23,58,67}). Theorem 5.2 then implies this expression is Schur non-negative.

For the second item, we obtain S = {1,3,6,7}, S5 = {1,3,6,7}. Then, if M7, M} are the sets of S} - and S}
- compatible matchings respectively, we have that

(1) M/ has elements {12,34,56, 78}, {12,38,47,56}, {14, 23,56, 78}, {18,23,47,56} and {18, 27, 34, 561.
(2) M} has elements {14, 23,56, 78} and {18,23,47,56}.

As above, Theorem 5.3 shows that the difference between the left - and right - hand side of (2) is Imm/({12, 34, 56, 78} )+
Imm({12,38,47,56})+Imm({18,27,34,56}). Theorem 5.2 then implies this expression is Schur non-negative.
(Il

The following proposition proves the Schur non-negativity of some expressions using Temperley-Lieb im-
manants and the technique of copying rows and columns of generalized Jacobi-Trudi matrices.

Proposition 5.6. The following expressions hold for minors of a 4 x 3 matriz X .
(1

2 A13,23A24,12 Zs A34,12A12,23-

A13,13004,12 >5 Aga12012,13.

3 A13,23A24,13 Zs A34,13A12,23-

5) A13,230924,12 =5 A1223A34 12.

)
(2)
3)
(4) A13,130824,12 >5 A12,13034,12.
()
(6)

6) Ai32300413 >5 A1223A3413
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Proof. Let us prove (1), i.e., A131302412 — Ags 1201213 > 0. We need to show this is Schur non-negative
for any 4 x 3 generalized Jacobi-Trudi matrix M = (H,,_,,): ;. Let M’ be the 4 x 4 generalized Jacobi-Trudi
matrix that comes from duplicating the first column of M. Let 1’ the duplicated column and let the columns
of X be labeled 1,1,2,3 in that order. Let Ay j|p be the (I, J)- minor of X’ evaluated in M’. From (1)
in PI‘OpOSitiOD 5.5, we have A137113|M1A24)12|M/ 23 A34)12|M/A1271/3M/. Since columns 1 and 1’ are equal
in M’, the identity becomes Ais13|prAza12|m > Asza12|mAiz2,13|ar. Since this holds for any generalized
Jaoobi-Trudi matrix M, we are done.

Items (2) and (3) also follow from (1) of Proposition 5.5, but duplicating the second and third column,
respectively.

Items (4), (5) and (6) above follow from (2) Proposition 5.5, via the same technique and duplicating the first,
second and third column, respectively. (I

6. PROOF OF THEOREM 1.3

We prove conjecture 1.2 for Plucker-adjacent cluster variables §2,,(c) that come from chambers ¢ in w, whose
corresponding vertex in @ = Q(w) has 6 or less adjacent vertices. From the construction of @, any chamber
c has an even number of adjacent vertices that is at least 4.

If chamber ¢ has degree 4 in @, then it was proven in Lemma 18 of [6] that its mutated variable Q,,(c) is a
chamber minor Ay, ;, of a double wiring diagram w’ that comes from making a local or braid move to w at
c¢. In particular, the generalized Jacobi-Trudi identity implies that when we evaluate ., (c) at a generalized
Jacobi-Trudi matrix, we obtain some skew-Schur function s, /,,,, which is Schur non-negative.

From section 4, we can assume the double wiring diagram w of ¢ is as small as possible. For chambers of
degree 6, then the simplest w has at most 4 wires. In each case below, we first calculate ,,(c) with general
labels for the wires and then let them be numbers from 1,2, 3,4 according to the relative ordering of them.
When ¢ has degree 6 in ), then there will be 3 general chamber arrangements when ¢ has both blue ends and
2 general chamber arrangements when ¢ has blue left end and red right end.

Case 1: Both ends of ¢ are blue

Subcase 1: ¢ has no crossings below it (see Figure 7).

Depending on whether b; < b < by or bs < b < bg, we can use recurrence 3.4 or 3.5 to obtain a formula for
Qy(c). In the first case, we have Q,(¢) = Apy by rry Dbbs.rrs — Dbobs,rre Dby rry and in the second case, we have
Qw (C) = Abbl,r’rl Abzbg,?“’r‘g - Ablbg,rn Abb377‘7“2'

Proposition 6.1. All of these expressions for Q.,(c) above are Schur non-negative.
Proof. In the first case, we can let by = 1,b = 2,b; = 3 and b3 = 4. Three subcases arise depending on the

relative order of r with respect to r1,79. The three formulas for Q,,(c) are, when r < ro < 7, 19 <71 < 717
and ry < r; < r respectively,

(1) Ai31302412 — Azq 1201213
(2) Ai32302412 — Azq12A12 23
(3) A132302413 — Az413A12 23
In the second case, we let by = 1,ba = 2,b = 3 and b3 = 4. As above, the three formulas for Q,,(c) are

(1) Ai31302412 — A12,13A34,12



A SCHUR NON-NEGATIVITY CONJECTURE RELATED TO DOUBLE-WIRING DIAGRAMS 15

(2) A132302412 — A12,2303412
(3) A1323A2413 — A12,23A3413

It was proven in Proposition 5.6 that all 6 of these expressions are Schur non-negative, as desired. (]

Subcase 2: ¢ has no crossings above it.

In this case, we can use recurrences 3.8 and 3.9 to obtain all the formulas for Q,(c). It is not surprising
that they turn out to be of the same form as the formulas in the first subcase, but each minor is replaced
by its complementary minor in X. For example, The analogous to (1) is A A% m — A nlns =
Aoy 24713 34 — A12,31A34 24. We could prove these 6 expressions are Schur non-negative using immanants and
copying rows and columns, as it was done in the previous subcase. However, this will not be necessary.

Let H be any 4 x 4 generalized Jacobi-Trudi matrix. Let H' be the reflection of H over the secondary
diagonal. It is clear that H’ is also a generalized Jacobi-Trudi matrix and (A24724A13734 — A12,34A34724) g =
(A13713A24712 — A34712A12713) |zr7. The latter expression is Schur non-negative from (1) of the previous subcase.
Since H was arbitrary, this shows Agg 241334 — A12.34A34 24 > 0. A similar reasoning applies to all other
formulas for Q,,(c).

Subcase 3: ¢ has one crossing above it and one crossing below it (see Figure 8 with k =1 =1).

In this case, if b < by, we can use recurrence 3.10 to obtain Q. (¢) = Ay by vy Ty = Dbty rrt g L) -
Letting b} = 1,b; = 2, we have three formulas for €,,(c) which are

(1) m21 - A13a,123 — 1,1 - Doga,123
(2) €22 - A134,123 — T2 A234,123
(3) x23 - A134,123 — 1,3 A234,123

Proposition 6.2. All of these expressions for Q,(c) are Schur non-negative.

Proof. The proof for all of these is similar to that of Proposition 5.6.

For the first two, we prove 22 2/A134,134 — T1,2A234,134 >5 0. The first item then follows from copying the first
column of that expression and the second item follows from copying the second column.

It is not hard to check that x5 3A 1312 = Imm ({12, 36, 45, 78})+Imm({12, 38,45, 67})+ Imm ({18, 23, 45, 67} )+
Imm({18,27,36,45}) and z1 302312 = Imm({12,36,45,78}) + Imm({12,38,45,67}). Thus the statement
follows from Theorem 5.1.

For the last expression , we prove xa 3134124 — 1,40234,123 > 0; the statement follows from copying the
third column.

Again, this simply follows from the equalities z2 3A134,124 = Imm({12,38,45,67}) + Imm({12,38,47,56}) +
Imm({18,23,45,67}) + Imm({18,23,47,56}) and z1.4A34 123 = Imm({12, 38,47, 56}). O

In the case by < b)), we obtain the formulas where each minor above is replaced by its complementary minor
in X, e.g., AZT . Am’m — AT,T . Aﬁ’m = A1347234 cX2.4 — A2347234 *T1,4- The Schur non—negativity of these
expressions follows from the analysis above and the same trick applied to subcase 2.

Case 2: ¢ has both ends of different color

Subcase 1: ¢ has no crossings below it (see Figure 5).
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In this case, the minimal double wiring diagram for ¢ has 3 wires. Moreover, we must have by > b1,b and
r1 > r9,7. The mutation relation at c is

Toy - Qp(€) = Tory ~ Toyr = Dby ey + 1 Dby = Dby oy -
If by > b, we have Qy,(¢) = Tb, 1y - Dbby,rry — Ty Dbyby,rrp- By renaming the wires b=1,by = 2,0y = 3,7 = 3
and {7‘, 7’2} = {17 2}, we have the expression Qw(c) = .I‘273A13712 — 1‘173A23712.
If b > by, we have Q,(¢) = Tpry Abybyrrs — Toyry - Dbby,rry- 10 this case, renaming the variables b = 2,b; =

1,b0 = 3,71 = 3 and {r,r2} = {1,2}, we have the same expression as the one above. Thus the following
proposition suffices for this subcase.

PI'OpOSitiOIl 6.3. $273A13,12 — $1,3A23,12 >s 0

Proof. 3301312 = Imm({12,36,45}) + Imm({16,23,45}).
713093 12 = Imm({12, 36,45} ). 0

Subcase 2: ¢ has no crossings above it.

This case follows from the previous subcase, as it was seen in the subcase 2 of case 1.

7. FINAL REMARKS

7.1. Examples of non Plucker-adjacent cluster variables. A single wiring diagram can be associated
with a reduced word for the permutation (1,2,...,n) = (n,...,2,1) of S,. A transposition s; = (4,7 + 1)
simply corresponds to a crossing between the wires at the levels ¢+ and ¢ + 1. We consider a double wiring
diagram w with n = 4, for which all blue crossings are to the left of the red crossings, the blue crossings
correspond to the reduced word s1S253518283 in Sy4 and the red crossings correspond to the reduced word
titatytstaty (t; = (i,i+ 1) = s;, but we stick to the notation in [8]). The associated quiver is the one in Figure
7.1, where for example, chambers 4, 9 and 15 correspond to cluster variables Aj23 123, A14,12 and 1,4. The
vertices 0,1,7,8,12,13,15,16 are frozen ones.

We obtained some cluster variables that are not Plucker-adjacent. For all the ones we found, but one, one can
prove Schur non-negativity via the method of immanants and copying rows and columns, as in Proposition
5.6. That special cluster variable is 217 = A4 34A123,123 — T13A1234,1234 and comes from mutating the initial
seed at 10 and then at 11.

Other examples of cluster variables that are not Plucker-adjacent are given below and they come from the
seed after mutating at 3,5,10,9,11,10,14,3,5 in that order. The motivation to mutate at these vertices is
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that the quiver associated to the final seed has a double edge from 14 to 4. Then by mutating at 14 and 4
repeatedly, one obtains infinitely many cluster variables, but the size of these grows very rapidly.

(1) 23
(2) 25

= A3z42301213 — A12.23A34 13.

= 2330123124 — T342123,123.

(3) 214 = $32A12,13 - 1331A12,23-
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