PROBLEM 1: INVESTIGATING S5,,-EQUIVARIANT KOSZUL ALGEBRAS FROM
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AsstrACT. Koszul algebras are a class of quadratic algebras with particularly rich structure.
To any Koszul algebra we can associate to it a (generally noncommutative) Koszul dual alge-
bra which inherits any group action on the original algebra. We study two $,-equivariant
Koszul algebras arising from the Boolean lattice: the Chow ring of the Boolean matroid and
the “colorful ring” associated to the barycentric subdivision of a simplex. The dimensions
of the graded pieces of both of these algebras correspond to the Eulerian numbers, but the
bases and representations for the graded pieces of the two algebras are vastly different. Here
we compare and contrast the bases and representations for each of these algebras and their
Koszul duals. Along the way, we investigate (sometimes noncommutative) Grébner bases
for these algebras and their Koszul duals, and we prove branching rules for representations
of the symmetric group which categorify a recursion on the Eulerian numbers.
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1. INTRODUCTION

Koszul algebras were introduced by Priddy in [Pri70] to study the homological properties
of algebras arising in algebraic topology. An algebra A is Koszul if the residue field k
has a linear minimal free resolution. Priddy constructed a canonical resolution for k
over a Koszul algebra A in terms of the graded pieces of A and its associated Koszul dual,
denoted A' (“A-shriek”). In this paper, we study two S,-equivariant Koszul algebras that
are quotients of the Stanley-Reisner ring of the Boolean lattice B,, as well as their Koszul
duals.

The first of these is the Chow ring associated to the Boolean matroid, Chow(B,). Chow
rings of atomic lattices were introduced by Feichtner and Yuzvinsky [FY04], who found
a Grobner basis for the defining ideals of Chow rings described a monomial basis for its
graded components which we refer to as the Feichtner-Yuzvinsky basis. Adiprasito, Huh,
and Katz used Chow rings of matroids to resolve the long-standing Heron-Rota-Welsh
conjecture, and showed that these rings satisfy the Kahler package: Poincaré Duality, the
hard Lefschetz theorem, and the Hodge-Riemann relations [AHK18]. Recently, Mastroeni
and McCullough proved that the Chow ring of a matroid is a Koszul Algebra in [MM2211],
which permits us to study their Koszul duals.

The second Koszul algebra we will study is what we call the colorful ring for the barycentric
subdivision of a simplex. This ring translates combinatorial information on the colorings
of a simplicial complex into algebraic and homological information. Study of this ring
began in the 1980s by Stanley [Sta82], as well as Garsia and Stanton [GS584].

We first study the representations of the Chow ring of the Boolean lattice and characterize
the irreducible representations that show up in each graded piece of Chow(B,). We also
show the existence of a branching rule for representations of specific graded components of
Chow(B,,) that mirror the the recurrence of Eulerian numbers, since the Eulerian numbers
show up as the Hilbert series coefficients of Chow(B,,). The representations of the colorful
ring also are shown to satisfy a similar branching rule. We then study the Koszul dual and

give a non-commutative Grobner basis for the dual’s ideal of relations for n = 3,4, and
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conjecture a basis for general n. We also provide data on the representations showing up
in the graded pieces of the Koszul duals of these rings.

1.1. Main Results and Organization. In Section 2, we give background on the representa-
tion theory of the symmetric group in characteristic 0, Koszul algebras, and Grobner bases.
In Section 3, we describe the two Koszul algebras of interest that come from B,,, namely
the Chow ring of B,, and the colorful ring associated to B,. Here, we discuss a basis
for the different graded pieces (theorem 3.19). We then discuss the $,-representations
appearing in the different graded pieces of Chow(B,,) in Section 4, and describe the mul-
tiplicity of certain hook-shaped irreducible representations in each graded component
(theorem 4.2). Section 5 describes branching rules for S, -representations between the
different graded pieces of the Chow ring (proposition 5.2, proposition 5.3) and the colorful
ring (theorem 5.11), including a branching rule for ribbon tableaux (theorem 5.9). Section
6 discusses a basis for Chow(Bn)! for n = 3,4 (theorem 6.5, theorem 6.7), and ideas to-
wards basis of the graded components of Chow(B,,)! in general (conjecture 6.8) by finding
a Grobner bases for the quotient ideals of Chow(B,,)' (theorem 6.6). Finally, Section 7
describes the S, -representations in the different graded pieces of Chow(B,,)' and C(B,,)".

2. BACKGROUND

2.1. Representation theory of the symmetric group in characteristic 0. Here we provide
some background on the representation theory of S, in characteristic 0. We discuss the
irreducible representations of $,,, symmetric functions, restriction, and branching rules
for representations of the symmetric group.

The irreducible representations of S,, are called Specht modules and are canonically indexed
by Young diagrams with n boxes. In this paper, we will also be considering skew Specht
modules, which are reducible representations of S,, indexed by skew Young diagrams. We
will not supply definitions of these here — more information regarding these can be found
in [Wac06]. We will frequently refer to a representation of S, by its corresponding Young
diagram of shape A, where A is an integer partition of n. The length of a Young diagram is
the number of rows.

2.1.1. Ribbon representations. Certain skew diagrams play an important role in this work,
namely the ribbon (= skew/rim hook = border strip) diagrams that we denote v(a), whose
row sizes from bottom to top are specified by an (ordered) composition a = (ay, ay,..., ar),
with one column of overlap between consecutive rows. For example, v((3,1,1,2,4)) is this
diagram:

1111
i

Let v(a) be a ribbon diagram with #n cells, so & is a composition of n. Label the cells of
v(a) with numbers 1 through #, starting at the southwestern end cell, moving through

the adjacent cells, and ending at the northeastern cell. For example, we have the labeled
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ribbon

8|9 [10[11]

UJH>|U‘IO\

[1]2
If the cell labeled i + 1 is above the cell labeled 7, then we say that the ribbon has a descent
at i. For each subset R of [n — 1], there is exactly one ribbon with n cells and descent set

R. If RC [n—1], denote by p(R) the unique ribbon with descent set R. For example, the
ribbon

1111
i

is the unique ribbon with 11 cells and descent set {3,4,5,7}.

2.1.2. Symmetric functions. We will now move on to discuss symmetric functions. We first
define the $,,-action on a function.

Definition 2.1. Let f(x,x,,...,x,) be a function on n variables. We define the S, -action
on f by o f(x1,X2,...,%,) = f(X5(1), X5(2)s -+ » X5(m)) fOr SOME O € S,

We say that a function is symmetric if it is fixed by S,,.

Example 2.2. Consider the function
e 42 2 2
f(x1,%0,X3) 1= X7 + X5 + X5 + X1 X + XpX3 + X1 X3.

Note that any permutation o € S; will not change f. Thus, f is fixed under the action of
53 and hence, is symmetric.

We are especially interested in two kinds of symmetric functions. The first of these are the
skew Schur functions.

Definition 2.3 (Skew Schur polynomials). Let A/u be a skew partition and let T be the set
of semi-standard Young tableau of shape A/u. For t € T and i € N let «;(T) be the number
of cells in T filled with i. The skew Schur function on , s,/,(x1,x2,...,%;) is

Zﬁx?m'

teT i=1

The fact that skew Schur functions are symmetric is non-trivial — a proof can be found in
[SF99]. A useful fact about skew Schur functions is that the skew Schur function s/, is

the character of the skew Specht module 8*# [Wac06]. In addition to the Schur functions,

we also use the homogeneous symmetric functions.
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Definition 2.4 (Homogeneous symmetric polynomials). Let Mj be the set of monomials in
K[x1,%x,...,x,] of degree k and let A = (A, A,,..., ;) be an integer partition of n. The set
of homogeneous symmetric functions on n variables are those of the form

hk = Z m.
mGMk

We extend this to partitions in general by defining k) =[]/, h,..

Notice that the function in Example 2.2 is a homogeneous symmetric function on 3
variables.

Finally, we conclude our discussion of symmetric functions with an introduction of the
Jacobi-Trudi identity, which allows us to explicitly compute skew Schur polynomials in
terms of homogeneous symmetric functions:

Theorem 2.5 (Jacobi-Trudi identity). Let A = (A1, Ay,..., A,) and p = (py, po,..., pu) S A be

integer partitions. Then, sy, = det(h/\,»—y]-—i+j)?j:1-

A proof of this theorem can be found in [SF99].

2.2. Restrictions of representations. We will now move on to a discussion of branching
rules and restriction of symmetric group representations:

Definition 2.6 (Restriction to a Subgroup). Let p be a representation of a group G and let
H be a subgroup of G. The restriction of p to H, pl|y, is the representation of H where for
any h € H we have

Pl (h) = p(h).
A well-known branching rule for the restriction of $,, to $,,_; is given below. [Wac06].

Theorem 2.7. Consider the S,-representation 8" and let T be the set of Young diagrams
which can be obtained from A by removing a cell from A. Let S be the set of valid skew partitions

of the form t/u for t € T. Then
sV | = @ V.

HES

Later in this paper we present other branching rules which branch from S, to S,,_;.

2.3. Koszul algebras. Here we introduce some background on Koszul algebras along with
some propositions which we use later in the paper. We direct the reader to look at [Pri70]
and [MP15] for more information.

First, we introduce minimal free resolutions:

Definition 2.8 (Graded Minimal Free Resolution). A (left) graded minimal free resolution
of a field k over a k-algebra A is an exact complex

d Oy dp d d
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where:
e each F; is a graded free algebra,

e each d; : F; — F;_; is a homogeneous map, i.e. it maps homogenous elements of F;
to homogenous elements of F;_; of the same degree,

e the matrix corresponding to each d; contains no units.

Example 2.9. Let S be the polynomial ring K[x;, x5, x3] and let /\i = /\i{el,ez, e3}. Then the
Koszul complex for the residue field of S is

3, 2 - 0
0—>S®/\—>S®/\—>S®/\—>S®/\—>k—>0

Note that the maps are all linear:

X3 —Xy —X3 0
83 =|—Xp 82: X1 0 —X3 (91 :(Xl X2 X3)

X1 0 X1 X

The next example shows that free resolutions need not be of finite length. In fact, it is
generally true that the free resolution of A will be infinite.

Example 2.10. Consider the minimal free resolution of k over the ring A = k[x]/(x?). We
start by noting that k = A/(x). Then, we get the following resolution of k = A/(x):

(%) (%) ()

o —A—>A—>k-—>0

Now that we have defined graded minimal free resolutions, we may now provide the
following definition of a Koszul algebra from [Pri70].

Definition 2.11 (Koszul algebra). A graded algebra A over k is a Koszul algebra if there is
a graded minimal free resolution of k over A such that for each 7, the non-zero entries in
the matrix of d; are of degree 1.

Koszul algebras are quadratic algebras [Pri70]. Thus, Koszul algebras have presentation
T(V)/(S), where S is a set of quadratic relations and T(V) is the tensor algebra over a
vector space. We are also able to define the quadratic dual of a Koszul algebra:

Definition 2.12 (Koszul dual). Given a Koszul algebra A := T(V)/(S), where S is a set of
quadratic relations, let R be the set

R:={reV'@V*|r(S)=0}.
The Koszul dual A is then A" := T(V*)/(R).

Remark 2.13. For the remainder of this section, we write the Koszul algebra A and its
Koszul dual A' as

k[xly'--’xn] and A! — k<zlr""zn>

I J

6
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We use the following algorithm, defined in [MP15], to compute the generators of | when
given a quadratic generating set of I.

Lemma 2.14. Let G; be a quadratic generating set of I. We write

G ={fill<i<mj where fiZZaijkxjxk for 1<j<k<n.
<k

Next, we consider the system of linear equations

Za,-]-kak =0|1<i<m and let its basis of solutions be  {v; |1 <i<I}.
i<k

Since there are n(n+1)/2 variables X for 1 < j <k <n, it follows that v; € Z""*'V2, We write
vjjk for the entry corresponding to X, in v;. The ideal ] is generated by

<Zv,-]-k[z]-,zk] | 1 < l < l> :]

<k

where [zj,z;] = Z]Z and [zj,z| = zjzy + zxzj for j = k.

The Koszul dual now allows us to define a resolution of the field k over A in terms of our

algebra A and the graded components of its Koszul dual A'. This resolution is called the
Priddy complex.

Definition 2.15 (Priddy complex). The Priddy complex is a linear minimal free resolution
of k over A defined in terms of A and the graded components A' shown below:

o (AN e A— . (A @k A— (A @A — K

The fact that the Priddy complex is always a resolution of k over A is non-trivial, but proven
in [Pri70]. Using the Priddy complex we are able to prove the following proposition:

Proposition 2.16. Let A be a Koszul algebra. Then for each n € N, there exist short exact
sequences of the form

0— (A"

n

! |

— (A),_1® A= (A), ,®A) —>...—> A, — 0.

Proof. If we take the n-graded components of the Priddy complex for any n € N, we observe
that they are precisely the short exact sequences in the proposition. O

Later in the paper we will consider A and A', as well as their graded components as S,,-
representations. In particular, we will use Proposition 2.16 to compute S,-representations
of the graded pieces A', when given representations of A and its graded components.

Another proposition we can derive from the Priddy complex is shown below:
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Proposition 2.17. Suppose that A is a Koszul Algebra and let Hilb(A, t) be the Hilbert series of
A. Then
1

This proposition is useful when attempting to find bases for the graded components of A’
and it follows as a corollary of Proposition 2.16. We can use this identity to derive a useful
recurrence on the dimensions of the graded components of A', stated in the proposition
below.

Proposition 2.18. Let A be a Koszul algebra. Let Hilb(A, t) = Zaiti and Hilb(A',t) = Zfl-ti.

i>0 i>0
Then, we have that

1 ifi=0
i

Eijﬁ 1+ ifl<i<n-1
fi=1 =

N

a]fl )t ifn<i.

‘N

Proof. We begin by using proposition 2.17 to obtain the equality
1 ,
== a;t'.
Yiso fi(=t)' ; 1

Next, we use that

1=) fl-0) at),

i>0 j=0
and observe that we may rewrite this equality as
1= Zfitz Za]-t](—l J
i>0 >0
Now, with the fact that f, = 1 we rearrange this equality to write

1+§:ﬁ#§:aﬂ ﬁlzz:@ﬂ@ni

i>1 j=0 j=0



After expanding Zfiti Zaj t/(~1)*! we can see that

i>1 j=0
1 ifi=0
i .
Y a1 if1<i<n-1
fi=1%

=

aifij(-1y* ifn<i.

j=1
O

2.4. Grobner Bases. Here we provide some background on Grébner bases in commutative
and non-commutative rings. We direct the reader to consult [CLO15] and [Mor94] for
more background.

Given an ideal I in a polynomial ring S = K[xy,...,x,], a Grobner basis G of I C S allows
division of an element S on G to be independent of the order in which division is performed.
This also holds for a Grobner basis of an ideal in a non-commutative algebra, with the
appropriate division (on the left or right). In this section, we will denote the polynomial
ring K[xy,...,x,] by S, and the free algebra k(x;,...,x,) by R.

A Grobner basis depends on the monomial order chosen for elements in the ambient ring,
which in turn depends on how the generators of S (or R) are ordered. For the purposes of
this section, we order the generators x; > x, >--- > x,,.

We first consider the commutative case, and then adjust definitions for the non-commutative
case as necessary.
Definition 2.19 (Monomial Order, Commutative Case). [CLO15] A monomial ordering <
on S is a relation on the set of monomials x%, where a € Zgo, such that
(i) <is a total order.
(ii) fa<pand y € Z{ thena+y < +y.
(iii) <is a well-ordering on Z,,.

One commonly used monomial order is the lexicographic order. In Section 6.1, we will
use the graded lexicographic order, both of which we introduce here.

Definition 2.20 (Lex Order). Let a = (ay,...,a,) and B = (B1,..., B). We say x& <., xP if
and only if there is some index ¢ € [n] such that a; = g; for all j <€ and a; < f.

9



Definition 2.21 (Graded Lex Order). Let a, f € Z ). We say a <gie, f if

n n
@1=) ai<) pi=Ifl or lal=|fl and x" <,
i=1 i=1

Given a monomial order < on S, we can define the initial terms of an element in S, as well
as the initial ideal of an ideal I in S.

Definition 2.22. Let f =) ,a,x“ be a polynomial in S, and let < be a monomial order.
The multidegree of f is

multideg(f) = m<ax(a €Zsp:a,#0)

The initial monomial of f is
ll‘l(f) — xmultideg(f)

and the leading term of f is

LT(f) = amultideg(f)xmultideg(f)'

Let I be an ideal in S. The initial ideal of I is in(I):= (in(f) | f € I).
We can now define a Grobner basis for S:

Definition 2.23 (Grobner Basis). Let < be a monomial order on S, and let I b an ideal in S.
The set G C I is said to be a Grobner basis of I if for each nonzero f €1, there is some g€ §
such that in(g) divides in(f).
In the non-commutative case, we first define the standard basis of R:

B = {1,xa1xa2---xat D Xg, € {xl,...xn}}

We define the initial monomial for an element in R according to a total order < on B.

Definition 2.24. Let f be an element in R such that
S
f= Z/\iui where A; €K', u; €B, u; <uy<---<u
i=1

The initial monomial of f is in(f) = u,, and the leading term of f is LT(f) = Au;.
Definition 2.25 (Monomial Order, non-commutative Case). A monomial ordering < on R is
a relation on B such that

(i) <is a well-ordering

(ii) If w,u,v,s € B such that w < u then vws < vus.

(iii) For w,u € B, if u = vws for some v,s € B wherev#1or s =1, then w < u.
10



The lexicographic and graded lexicographic orders are defined as in the commutative case,
and the definition of a Grobner basis for an ideal | in R can also be transferred from the
commutative case with one modification: for elements f and g in R, we say that in(g)
divides in(f) if there exists some w,s € B such that in(f) = in(win(g)s).

When computing and verifying that a subset G of an ideal is a Grobner basis, it is useful
to consider S-polynomials and S-elements. These are the elements that result when the
leading terms of two elements in S, (resp. R) cancel.

Definition 2.26 (S-polynomial). Let f, g be nonzero polynomials in the commutative ring
S. Then the S-polynomial of f and g is
lem(LT(f),LT lem(LT(f),LT(g
S(f,g) = -
)= - e

If lem(LT(f),LT(g)) = LT(f)LT(g), we say that S(f,g) is trivial.

Definition 2.27 (S-elements). Let f, g be elements in the non-commutative ring R, and let
a,b,c,d be in B. Define the S-element of (f, g)

S(f,g;a,b;c,d) =afb—cgd

An S-element is trivial if there is some w € B such that a = ¢-in(g)w and d = w-in(f)b
(or equivalently ¢ = a-in(f)w and b = w-in(g)d). It is often convenient to abbreviate an
S—element by S(f, g) when it is clear that we are working in a non-commutative ring and
a choice of a,b, c,d has been established.

In both the commutative and non-commutative cases, one method of verifying that a
subset G of an ideal is a Grobner basis is to check that the S-polynomials (resp. S-elements)
have a weak Grobner representation, [Mor94]. In other words, it suffices to check that each
S-polynomial (resp. S-element) has zero remainder on division by G.

For the commutative case, a weak Grobner representation of the S-polynomial S(f, g) is of

the form
5(f,8)= thgk

where hy €S, g € G, and in(h;gx) <in(S(f,g)) for all k.

In the non-commutative case we have the following analog for an S-element S(f, g):

S(f,8) = Z/\t,€at,€gtbt,€
where A; p €K', a;0,b, ¢ € B, and a; pin(g;) btg<1n (f,9))

Proposition 2.28 (Proposition 3.9, Theorem 5.9,[Mor94]). Let G =(gy,,...,g;) be a basis of
I CS, where LT(g;) = in(g;) for each i. G is a Grobner basis of 1 if and only if each S(g;, g;) has a
weak Grobner representation.

The following proposition allows us to consider only nontrivial S-polynomials (resp.

S-elements), when verifying that a set G is a Grobner basis.
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Proposition 2.29 (Lemmata 3.8 and 5.7, [Mor94]). A trivial S-polynomial (resp. S-element)
always has a weak Grobner representation.

When considering the Koszul dual of the Chow ring, finding a Groébner basis for the
algebra’s ideal of relations allows us to find a basis for each graded piece of the dual. We
undertake this for some specific cases in Section 6.1. We also apply the theory introduced
here to find a quadratic Grébner basis for the Colorful ring.

3. KoszuL ALGEBRAS FROM THE BOOLEAN LATTICE

3.1. The Chow ring for the Boolean matroid. In this section, we introduce the Chow ring
and the Colorful ring of the Boolean lattice. We will study these two algebras and their
Koszul duals.

Definition 3.1 (Boolean lattice). The Boolean lattice on [n], denoted B,,, is the poset of all
subsets of [n] :={1,...,n}, ordered by inclusion.

Note that the order complex of the Boolean lattice, A(B,) is a simplicial complex; addition-
ally, the Boolean lattice is a lattice of flats of a matroid. Hence, in this paper, we discuss
rings defined for any simplicial complexes or matroids, but describe them specifically in
the case of the Boolean lattice.

Definition 3.2. The Stanley-Reisner ring of the order complex of the Boolean lattice is
defined as « DFcB
KAB, ] := p:02FeB]
(xpxg : F, G incomparable in B,)
We will denote the ideal of K[A(B,,)] as I,.

Traditionally, the Stanley-Reisner ring is defined for any abstract simplicial complex, but
here we define it only for the order complex of B, — {2}, which is always the barycentric
subdivision of the (n—1)-simplex. For example, consider K|AB3] and the 2-simplex below:

1

12 13

2 73 3
Ficure 1. The barycentric subdivision of a 2-simplex, corresponding to Bj.
In this paper, we are interested in the structure of the Chow ring and the colorful ring of

the Boolean lattice, both of which are quotients of K|[AB,] by a chosen set of parameters.
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Definition 3.3. The Chow ring of the Boolean matroid is defined as

_ K[AB,]

~ (Och)

where Ocy = {0, := ) -, xp} for every e € [n] are the Chow ring parameters.

A(n) = Chow(B,)

The Chow ring is standard graded, and a basis for each graded piece is given by monomials

k
{]_[x?; :0=FyCF C--CFC[n] and g éle'l—'Fi—l"l}
i=1

called the Feichtner-Yuzvinsky monomials [FY04].

Example 3.4. Consider B3, the Boolean lattice on three elements. The Chow ring of Bj,
denoted A(3), is given by

_ K[x1,%2, X3, X12, X13,X23, X1 23]

A(3) IA+®CH

where the Stanley Reisner ideal is
Ip = (x1x9, X1 X3, X2 X3, X1 X23, X2X13, X3X12)
and the Chow ring parameters are

Och = (X1 + X712 + X13 + X123, X2 + X102 + X33 + X123, X3 + X153+ X23 + X123)

The basis of for each graded piece of A(3) is given by the following monomials:

degree basis elements
0 1
1 X1,X2,X3,X12,X13,X23, X123
2
2 X123

We are interested in studying the Koszul dual of Chow(B,,), which is only a reasonable
endeavor if Chow(B,,) is, in fact, Koszul. Maestroni and McCullough show that the Chow
ring of any simple matroid is Koszul by constructing a Koszul filtration [MM2211]. As
such, Chow(3B,) is Koszul and it is possible to consider its Koszul dual, which can be found
using the algorithm in lemma 2.14.

Since Chow(3B,,) is Koszul, it must have a quadratic presentation. This can be be found
by replacing the variable corresponding to each e € [n], the atoms of B,,, using the linear
parameter 6,. Specifically, we write

Xp < — E XE.
eCF

This results in the atom-free presentation of Chow(B,,):
13



Lemma 3.5.

A(n) = Chow(B,) = w

where the atom-free ideal is

I =(xpxg :|F|,|G| > 2,F,G incomparable )

+<xF ZxG:|P|zz,ieE\P>+<Zx§+ Z 2xe;:i,jeE,i¢j>

FViCG iVjCF iVjCFCF’

Example 3.6. We can write the Chow ring of B3, seen in Example 3.4, in an atom-free way
in the following
A3) = k[x12;X13}X23’x123]

where

_ 2 2 2 2 2 2
I =(x12X13, X12X23, X13X23) + {X12X123, X13X123, X23X123) + (X7 + X{13, X{3 + X]23, X535 + X{53)

Throughout this paper, we will use the atom-free presentation for A(n).

We are also interested in the $,-representations of Chow(3B,,). The recent work of [Lia2?2]
constructs a bijection that, when combines with results of Stembridge [Ste92], gives us
a generating function for the representations appearing in the degree j graded piece of

Chow(3B,,):
n-1
in_ _(1-t)H(z)
;k[ABn]jt]Z —m

Where H(z) = Y ;5 h;i(x)z' is a sum of complete homogeneous symmetric functions.

3.2. The colorful ring for the Boolean lattice.

Definition 3.7 (Colorful ring). The colorful ring of the Boolean lattice is defined as
_ k[AB,]
<®color>

C(Bn)

where we write
Ocolor = {6 = prz 1<i<n FCln)
|F|=i

are the colorful parameters.

The name for this ring comes from the fact that coloring subsets of [n] in a way such that
two subsets are given the same color if their cardinalities are equal induces a coloring of

the barycentric subdivision of the the standard (n — 1)-simplex.
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Example 3.8. When n = 3, we have

B K[AB3]
(X1 + Xy + X3, X1 + X153 + X33, x123>'

C(B3)

When observing the figure below, one sees that the generators in the quotient are given
by adding together the subsets of B, corresponding to similarly-colored vertices in the
barycentric subdivision of the 2-simplex.

12 13

2 >3 3

Figure: A 3-coloring of the barycentric subdivision of a 2-simplex

Let A = A(B,,) be the order complex of the Boolean lattice B,,. Consider the N"-multigrading
given by deg(xr) = €rani(r) for any F € B,,, where ¢€; is the i’th unit vector in N”. Because the
action of the symmetric group S,, on B,, is rank-preserving, it also preserves the N"-grading
on K[AB, ]. Therefore, for a fixed multidegree b € N, the b-homogeneous component
of K[A], denoted k[A]y, is also a representation of the symmetric group S,,. Denote the
representation corresponding to K[A]p as [K[A],]. We can describe the N"-graded Hilbert
series of k[A], which lies in Z[[t]] = Z[[t4,...,t,]] equivariantly:

Hilbeg (K[A] 1) = Z [K[A]] - t°.
beN”

If R C [n], define the rank-selected subcomplex of A to be

A |g:={F € A : rank(F) C R}.

The following proposition expresses the equivariant N"-graded Hilbert series of k[A] in
terms of cohomology of rank-selected subcomplexes of A.

Proposition 3.9. Let A := A(B,,) be the order complex of the Boolean lattice B,. Then we have
the following expression for the N"-graded equivariant Hilbert series:

. 1
Hllbeq(k[A],t) = m Z SP(R) : tR

where p(R) is the unique ribbon with descent set R, as defined in Section 2.1.
15



Proof. By [AR23, Prop 2.5], one may write
- R
Hilbeg (KIALY) = Fr—r—ry ) a2t
RC[n

where [hg(A)] is the S,-representation corresponding to the flag h-vector of the simplicial
complex A, defined as

[hr(A)] = (=1 g (Alr)
where X.q is the equivariant reduced Euler characteristic
Req= ) _(~1V[H(AlgK)]
i>-1

of the rank-selected subcomplex A |g. Moreover, because A is Cohen-Macaulay over K, the
equivariant reduced Euler characteristic f(A |g) has only one nonvanishing term, implying
that

[hr(A)] = A (A g K))
Finally, we can reinterpret a result of Solomon (see [Wac06, Theorem 3.4.4]) to see that
(AR (A g k)] = 80

where p(R) is the ribbon diagram with descent set R. OJ

By rewriting the theorem above in the standard grading and using the fact that O, is a
linear system of parameters for k[A] yields the following.

Corollary 3.10. Let Q := C(B,,). The graded pieces Q; of Q are equivariantly isomorphic to

Qi = @SV(M

akEn

lar|=i

That is, Q; is a direct sum of all Specht modules corresponding to ribbon diagrams of length i.

This gives us that C(B,,) has the same Hilbert series as the Chow ring of B,,. That is,

n-1
Hilb(C(B,, ) Z<>

k=0

In order to understand this ring, we would like to know a basis for it. We shall show that
descent monomials as described in [GS84] provide a suitable basis for C(B,,).

Definition 3.11. Given a permutation o € $,,, the descent monomial associated to o is given
by

o(i+1)<a (i)
16



It is an immediate consequence of this definition that the number of descents in the
original permutation is the same as the order of its descent monomial. Furthermore, the
index of each term in this product is a proper subset of the subsequent index and [n] can
never be an index of any term.

Example 3.12. For the permutation 17832465 € Sg with 3 descents, we get
17832465 — X178%1378X1234678/

an order-3 monomial.

3.3. A basis for C(B,). We now give two proofs of the basis for the colorful ring of B,,.
We first give a purely combinatorial and algebraic proof of the descent monomials as a
basis for the colorful ring of B,,. The steps of the proof below are split into four lemmas:
first, we give a description of those monomials which are the descent monomial of some
perumation, as well as a description of those which are not; second, we show that squares
of variables in the colorful ring are zero; third, we show that all order-2 monomials in the
colorful ring can be rewritten as a linear combination of descent monomials; finally, we
show that all monomials can be written as a linear combination of descent monomials.
With this plus the known dimension of the colorful ring, we will have a proof that the
descent monomials give a basis.
K[xg : F C[n]]

We then present a quadratic Grébner basis §; for I where C(B,,) = B — and by

[Mor94], we have the following theorem:

Theorem 3.13. For S =K[xy,x;,---,x,], if G is a Gronber basis for an ideal I, and O C S is the
set of monomials not divisible by in(G), we have

S
S =I&spany(O), 7= span, (O).

Therefore, one basis for the d-th graded component of C(B,) is all degree d monomials not
divisible by in(9;).

Now we start the first proof.

Lemma 3.14. Suppose that m > 1 and that 0 = Fy C F{ € --- € F,, € F,,;1 = [n]. Then
[Ticpm) xF, is a descent monomial for some o € S, if and only if for all i € [m], there exists some
e Fi+1 \Fl such that € < maxFl- \Fi—l'

Proof. Suppose [[ic[;y) XF; is a descent monomial. Let 0 € 5, denote the permutation such
that 77(0) = [ i) xF,- Furthermore, let i € [m] and k; denote the i-th value k for which
o(k+1) < o(k). That is, the i-th descent appears after the k;-th position in the permutation.
Then o(k;j+1)€ F;;,1 \F;and o(k; + 1) < o(k) =maxF; \ F;,_;.

Conversely, suppose that for all i € [m], there exists some ¢ € F;,; \ F; such that ¢ <

maxF; \ F;_;. For j € [n], let k; € [m] be the largest value of k for which j —|F| > 0, and

letr;=j— |Fk].|. Let fk].,r]. denote the r;-th element of Fk/.+1 \Fk]. when ordered with index
17



starting at 1. Then define o : [n] — [n] by o(j) = fkj,r]-' By construction, this will be a
permutation such that 1(0’) = [ ;e[ XF; as desired. O

This lemma allows us, with some manipulation, to describe those monomials which are
not descent monomials:

Corollary 3.15. Suppose that O = F C [n] and that F ¢ {[j] : j € [n]}. For sets of integers X and
i < |X|, let Sx ; denote the set of the i smallest elements of X and Ly ; denote the set of the i
largest elements of X.

(1) Suppose that |[F| > 1 and let i € [|F| - 1]. Suppose further that 0 = G C F, with |G| =i,
and G ¢ {[j]: j € [n]}. Additionally, we consider xgxp € n(S,,). If
F\Lg;e{[j]:j€n]},
then G € {Sg;, Lg ;}. Otherwise, G = Sg ;.

(2) Suppose that |[F|<n—1 and let i € [n—1]\[|F|]. Suppose further that F C G C [n], with
|G| =1, and xpxg € 1(S,,). Then

Ge{FUH: H=Sppp or H G [n],|H|=i~|F|, andac F,be H,a<b}.

From here, we observe that all nonzero-monomials in the colorful ring must be the product
of terms with indices that form a sequence of subsets of [n] which are proper at each step.
This is a direct consequence of the fact that the product of incomparable terms is 0 in the
Stanley-Reisner ring and thus also the colorful ring as well as the following lemma:

Lemma 3.16. For all F C [n], x& = 0 in C(B,,).

Proof. Let F C [n]. We know that

Z XG € <®color>
|G|=|F|

and is thus 0 in the colorful ring. So we see that

0=0-xp = Z XGXE :xlzz
IGI=IF]
since if F # G and |F| = |G|, then F and G are incomparable and thus xpx; = 0 in the
colorful ring. O

With this, we begin to shift towards observing non-square monomials. In order to get the
descent monomials, we shall choose to observe that in the colorful ring,

x[i]:—pr. (1)

|Fl=i

F=[i]
Given this fact, we may rewrite the x[;;x; terms from the Stanley-Reisner ring’s quotient
in therms of the above summation that comes from the colorful parameters. We know

from lemma 3.16 that we need only consider those terms where |G| # i, since when |G| =i,
18



we are left with x[;jxg = x& = 0 after removing incomparable summands. The remaining
terms from the quotient coming from k[AB,,] cannot be rewritten and hence no attention
must be paid to them for the rest of the proof.

Lemma 3.17. All monomials consisting of the product of two terms can be written as the sum
of descent monomials in the colorful ring.

Proof. We start by fixing a total ordering on the subsets of [n]. We say that if F,G C [n],
then

|F| < |G| or

F<G if . .
|F|=|G| and minF\ G <minG\F.

Upon direct verification from the definition of a strict total ordering, one sees that this
relation does have the desired properties. Furthermore, we define a monomial order on
the monomials we consider by saying that

]—[ i Zocp< Z/SF or if ZaP—ZﬁpandaFO<ﬁpo,

FC[n] FC[n FC[n] FC[n] FC[n]
where F( denotes the smallest set under the subset ordering for which ar # .

First notice that all of the order-2 monomials in the colorful ring that are nonzero are those
of the for xpxg where @ # F C G C [n]. If F =[i] or G = [i] for some 1 <i < n, then we can
rewrite the term xpxg by eq. (1). Therefore, to prove that the descent monomials generate
the second graded component of C(B,), it suffices to show that the degree 2 monomials
which are neither descent monomials nor contain an index of the form [i] can be written
as a linear combination of descent monomials. Let M be the set of all such monomials.

We now show that elements in M are bijective with monomials xpx; where F, G incom-
parable and F = [i]. Then by rewriting x[;} as in eq. (1), the smallest monomial in each

) xygXg is a distinct nonzero monomial in M, and this let us to write it as a linear
|H|=i,H=[i]
combination of descent monomials.

The total number of nonzero monomials is calculated as follows:

B

i=1

S o

i=0
=3"-3.2"+3.

We shall show these are in bijection with the union of the following three disjoint sets:
the set A descent monomials of order 2; the set B of monomials of the form xpx; where
F and G are incomparable and F = [i] for some i € [n— 1]; and the set C of monomials of

the form xpxg where F and G are comparable and F = [i] for some i € [n—1]. We count the
19



cardinalities of these sets as follows:

|A|:<”>:3”—(n+1)2”+M
2 2
© n_An—-i_~i_ [
|B|:;(2 2 —2—(1,)+2)
n-1
|C|:Z(z”—"+2i—4)——(”_1)2(n_2).

i=1

The formula for |A| can be found as a specific case of a theorem on page 243 of [Com74].
Since these sets are disjoint, we see that their union has the cardinality below:

[AUBUC|=|A|+|B|+|C]

n—1
=3"—(n+1)2"+ —n(n2+ 1 + ;(2”—(?)—2)——(11_ 1)2(n—2)

-

=3"-3.2"+3.
Because A LI C contains nonzero monomials, this means |M| = |B|.

We now begin rewriting the elements in B, i.e. monomials of the form X[i]XF) where |F| # i
and [i] and F are incomparable, which are 0 in the colorful ring. First consider when |F| > i.

We have
0 =xpxp =— Zxpr =— Zx(;xp.
|G|=i IGl=i
GCF

With this, we know from corollary 3.15 that there are at most 2 non-descent monomials
in this sum. The one that must be in this sum is X5y XF) the smallest monomial under
our ordering. If F\ Lg; € {[j]: j € [n]}, then this shows that xg, ,xF is a linear combination
of descent monomials. Otherwise, it is a linear combination of descent monomials and
xp,,xp. However in this case, x; ., xp will be the smallest monomial in the sum for x; . x[F),
which we will show is a linear combination of descent mononials after considering the
next case.

Consider when |F| < i. We see that

0 =xpxpip=— prxc =- Zxcxp.

IGI=i IGI=i

GDF
The smallest monomial in this sum is XEXEUSH\£ i € M. So we may rewrite XEXFUS |\ £iir)
as a linear combination of descent monomials and monomials of the form xpxp g where
H C[n],|H|=i-|F|, and Yae F,b € H, a < b. For any monomial of this form, we see that it
is the smallest term in the expansion of x|pxfr, which brings us back to the previous
case. So it remains to show that the monomials of the form x;  xp for i <|F| can be written

as a linear combination of descent monomials.
20



When using the previous case to observe x;_ X[z, we see that there may again be more
than one element of the sum which is not a descent monomial. However, notice that we
only further rewrite the terms xpxp i where elements in H are all larger than those in F.
So, we may move back and forth through these cases, but since the elements of the indices
are necessarily increasing and cannot be larger than n, we must have a terminating process
of rewriting elements of M, which ends with a linear combination of descent monomials
as we desired. O

Lemma 3.18. All monomials in the colorful ring can be written as a linear combination of
descent monomials of the same degree.

Proof. Suppose that 0 = F; ¢ ... ¢ F,, ¢ [n] and consider p = [];Z; xr,. We proceed by
induction on m. In the case of m = 0, then p = 1, the descent monomial of the trivial
permutation. When m = 1, either p = x{i] = =} _|p_; X or p = x for some G C [n], G = [i]
for any i. When m = 2, see lemma 3.17.

Now suppose m > 2 and that for all 0 < k < m the proposition holds. Then p = (]_[?:01 xPi)me.

We know that [ xp, is a linear combination of descent monomials, say ) ,cs | @577(0),
where S,,_; is the set of permutations of [n] with m — 1 descents. So after distribu-
tion, we have p =) ;s  a,1(0)xg, . For each o € S, 1 for which a, # 0, we see that
n(o)xg, = (]_[G(l-+l)<g(i)xU(l)mg(i))xpm. Letting iy,...,i,,_; denote the positions after which
o has a descent, we can inductively write each Xo(1)...0(i))XF,, aS either 0 if their indices
are incomparable or otherwise as a linear combination of descent monomials, and subse-
quently may distribute over the sum. At the end of this process we are left with a linear
combination of descent monomials. The lemma follows by induction. O

Combining these lemmas together, we get the following theorem:
Theorem 3.19. The descent monomials of permutations in S, are a basis for C(B,,).

Proof. By lemma 3.18, we see that the descent monomials span €(B,,). Furthermore,

n—1
dim(e(®,)) = Y_(1)=r1=1,1=1y(S,)

k=0

So, the descent monomials are a basis of C(B,,). O

Now we give a proof of the basis by giving a quadratic Gronber basis for the quotient ideal.
Let S ={[i]|1 <i<n}.

We first recall the form of the quotient ideal I in definition 3.7: C(B,) where

_ K[xg:Fc[n]]
=
Iy = (xpxg: F,G incomparable) +< E xp:1<i1< n>.

|Fl=i
21



Similar to lemma 3.5, we replace x(;; by X[j) = )_|p=i p»[i] XF tO get a quadratic presentation
for C(B,,):
K[xg:F C[n],FeS]
I
I = (xpxg | X, G incomparable, X,G & S) + (xz | F ¢ S)

Hxg Y xpllileGlGI>i1<i<m+lxc ) x|Geli)IGl<i1<i<n),
|F|=i,FCG |F|=i,GCF

G(Bn) =

where we denote the four generating sets I, I,, I3, I respectively.
Theorem 3.20. G:=1, UI, UI3U I, forms a quadratic Grobner basis of 1.

Proof. We first fix the monomial order: we say x¢ < x iff |F| < |G| or |F| = |G| and min F\G >
min G\F, and we use the induced graded lex order as defined in definition 2.21.

For example, when n = 4 we have the following total order on degree one monomials:

X124 > X134 > X334 > X13 > X14 > X33 > X4 > X34.

We show that all non-trivial S-polynomials have a weak Grobner representation, and by
proposition 2.28 this suggests G forms a Grobner basis.

(1) Consider the S-polynomials between two elements of I; U I,, because they are
monomials, the S-polynomial of two monomial terms is always 0.

(2) Consider the S-polynomials between xpxg € Iy U, and xg ) jy Xy € I3 U Iy, then it’s
a multiply of xpxg.

(3) Consider the S-polynomial of xpxg € [y UI, and x5y )} xp € I3 where xfp =
|L|=i,LcH
in( ) xp). If Gisincomparable with H, then the S-polynomial is xyxg )
|L|=i,LcH |L|=i,F#LcH
with xgxg € G.

Otherwise, we may assume G C H, and after subtracting incomparable x; x;’s, the S-

polynomial becomes xyx; Y  xp=xg(xg )Y x;)wherexg ) x.€6.
|L|=i,F#LcH L|=i,LcG IL|=i,LcG

(4) The S-polynomial of xpxgel; Ul and xy ) xp€lywherexp=in( )}  xp)
|H|=i,HcL |L|=i,HcL
has a weak Grobner representation similar to the case above.

(5) Consider the S-polynomialof x5 )  xp,x5 ) xpe€lzwherein( ) xp)=

|F|=i,FCG |F|=i,FCG’ |F|=i,FCG
in( )} xp). If G,G"incomparable, then the S-polynomial is x;x P € I, for some
|F|=i,FCG’
polynomial P.

Otherwise, suppose G C G’. Then the S-polynomial is xg/( Y Xp)xg. Be-
|F|l=i,FCG’,FZG
cause i <|G]|, this means F, G are incomparable.
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(6) Consider the S-polynomialof x5 ) xp, x5 Y xy € I3 where in( Y Xy) =
|F|=i,FCG |H|=|G,HCG’ |H|=|G,HCG’
xgand LT :=in( )  xp).
|F|=i,FCG

For xg, G where F,G C [n], here we abuse notation to write xp = G for F = G.

The S-polynomial can be written as

XGXg Xp — LTXGf Xy

LT#FcG GzHcCG’

=|xg E Xy E Xp|—x¢g E Xy E Xp|—-LTxg E Xy
HcG’ LT#FcG GzHcG’ LT#FcG GzHcG’

Xg E Xy E Xp|— E Xy XG E Xr |,
HcG’ LT#FcG GzHcCG’ FcG
and we can write

Xg || Xg’ E XFp

GzHcG’ FcG

xG’ E XH ZXF

G=HcG’

ZXH

G=HcCG’

XH

G=HCG’

—Xg E Xy E XE
FcG’ Gz#HcCG’ FcG',FeG
XG’ E Xp|—Xg E XE E Xy
FcG’ FcG’,FgG FcH,HcCG’
XG’ E Xp|—Xg XF E Xy
FcG’ FcG',FzG FcH

where the last equal sign follows from the fact that if H ¢ G’, then H is incom-
parable with G’, which yields a term that a multiply of xgxy € I;. Because
X6 Y rca XFr XE Y pey XH € I3 U 1y, this is a weak Grobner representation.

(7) Consider the S-polynomial of x5}

and LT, :=in( )

IF’|=j

,F'cG

Xpr € I3, where LT} :=in( )
|F|=i,FCG

XF, XG b
|F'|=j,F’cG

XF)
|F|=i,FCG

xp’). Then the S=pair can be written as

LT)xg Z xp—LTixg Z XF/

LTy =FcG

XG
F'cG

Xpr

XG Xp/
F'cG

LT,=F'cG

Xp|—

LT=FCG

Xp|—

LTy =FCcG

XG Xpr E Xp —LTle XEpr
LT,#F'cG LTi#2FCG LT,=2F'cG
X/ XGE Xp
LT,=F'cG FcG
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where xc Y  xp,xg )Y xp€ls.
|F|=i,FCG |F’|=j,F’'cG
(8) Consider the S-polynomial of x5 ) xp €Iz and xgo )  xp € I where
|F|=i,FCG |F|=j,G’CF
xg =in( ) xg). In this case, in( )  xf) is incomparable with G’, so the
|F|=j,G'CF |F|=i,FCG
S-polynomial is a multiply of xg/in( ). xp) €.
F|=i,FcG
(9) The S-polynomialof x5 )} xpelzandxg ) xpe€lywherexg =in( )  xp)
F|=i,FCG |F|=|G|,G’CF F|=i,FCG
has a weak Gronber representation similar to the case above.
(10) The S-polynomial of x5 )} xpe€lzandxg )  xp€lyhasaweak Gronber
|F|=i,FCG |F|=j,GCF
representation similar to item 7.
(11) The S-polynomialofxs ) xpelzandxg )  xpelywherelLT:=in( ) xp)=
|F|=i,FCG |F|=i,G’CF |F|=i,FCG
in( )} xg). Then the S-polynomial can be written as

|F|=i,G’'CF
XGg'XG E Xp —XGXG E XE.

LT#FcG LT#F>G’

After removing all terms which are multiply of some xpxp € I;, the S-polynomial
becomes
Xg'XG Z Xp —XGXG’ Z Xp = 0.
LT#F,G'CFCG LT#F,G'CFCG

(12) The S-polynomials of two elements in I has a weak Grobner representation similar
to item 5, item 6, and item 7.

O

Notice that the initial monomials of G are exactly the smallest monomials in the sum

described in lemma 3.17, which are all nonzero monomials in C(B,,) neither descent
monomials nor contain an index of the form [i]. Therefore, together with theorem 3.13,

this gives an alternative proof for theorem 3.19. Furthermore, this gives an alternative
proof for the Koszulity of the colorful ring, because an algebra with a quadratic Gronber

basis is Koszul [Con00].

4. REPRESENTATIONS FOR THE CHOW RING OF THE BOOLEAN MATROID

We may describe the representations comprising the different graded components of
A(n) = Chow(3B,,) using the FY-basis.

Lemma 4.1. For every increasing sequence of integers less than n of the form (fy,..., fx) with
fi—fio1 —1 =1, and fixed exponents (ay,...,ay) such that 1 <a; < f; — fi_1 — 1, all FY-basis
elements ]_[i-‘:1 x;i corresponding to flags of the form @ = Fy CFy C--- C Fy C [n] with |F;| = f;
and exponents (ay,...,ay) are a basis for the representation given by ®f:1(fi —fi1)®(n— fr).
24



Proof. Consider the construction of a basis for this representation as a Specht module, i.e.
via SYTs of this skew shape. Note that since this skew shape has no column stabilizers, the
SYTs can be thought of as a basis for this vector space. For any such SYT T in the basis,

with rows Ty, Ty,..., T4, reading from bottom to top, we can construct subsets F; = U;-:l T;

with |F;| = f; that form such a flag. For a fixed choice of the (ay,...,a;), this corresponds to
a unique subset of the FY-basis corresponding to this representation. O

Using this information, we can compute the multiplicities of some irreducible representa-
tions in each graded component.

Theorem 4.2. The multiplicity of the irreducible representation (n—k,1,1,---,1) in the degree

d component of A(n) is
n—k—-1\(n-2k-1
k d-k |

In particular, when k = 0, the multiplicity of (n) in the degree d component is (”;1). We
first prove this special case separately, although it’s covered by the general proof below,
because it gives us a useful bijection between basis elements of the degree d component
and certain d-tuples.

Lemma 4.3. The multiplicity of the trivial representation in the degree d component of A(n) is

(")

Proof. We first show that there are (”;1) forms of generators in the d-th graded component,
then since each corresponding skew diagram contains the trivial representation () exactly
once (a proof of this is included in the general proof below), we have the desired result.

By a form of generator, we mean an increasing sequence and a fixed component described
in lemma 4.1. Notice that each form of generator corresponds to a skew tableau in the
representation.

Let a(n,d) be the number of forms of generators of the d-th graded component of A(n), we
show that a(n,d)=a(n-1,d)+a(n—1,d —1), then a(n,d) = (”;1) follows from the relation
(") =)+ (@)

We consider the Grobner basis for I given by [Wan21]:

|Gl
{xpxg : F, G incomparable} U {( Z xH) }

GCH

ol o™ )

GCH
with the leading monomials

in(A(n)) = {xpxg : F, G incomparable} U {x'GG|} U {xpxlg|_|F| :FC G},
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so the d-th graded component of A(n) is generated by degree d monomials not in the ideal
(in(A(n))), i.e. xp,xf, - xf, s.t. F; CF, C--- C F; and contains no x'é” or xpx|g|_|F|. Then
each form of generator can be written as a d-tuple: (|Fy|,|F5|—|Fql,--, [Fiz1l = |Fil, -+ |Fal -

|[F4_11). For example, x;;x;x; corresponds to the tuple (2,2), and xizjk corresponds to the
tuple (3,0).

The legal tuples are exactly those with coordinates > 2 or 0, coordinates sum up to no
more than n, and each coordinate k is followed by no more than k — 2 zero’s.

Proof. If |F| - |G| =1, then xpxg € in(A(n)), so the d-tuple cannot have 1 as coordinate. If

the first coordinate k is followed by k — 1 zeros, this means the corresponding monomial

contains le l, if some other coordinate k is follows by k —1 zeros, this means the monomial

contains xpx|G I=IF, Conversely, these are the only cases where the monomial is in (in(A(n))).

O

For example, in the second graded component of A(5), we have

form of generator | legal tuple
XijXijkl (2,2)

xijx%2345 (2,
Xijk (
XijkX12345 (
x? (
2ljkl
X12345 (

3)
3,0)
3,2)
4,0)
5,0)

For a(n,d), first notice that the d-tuples of A(n) that sum up to < n are exactly d-tuples of
A(n—1). For each d-tuple of A(n) that sums up to n, we remove the first coordinate to get
a (d —1)-tuple of A(n). The only problem with this is when we have (k,0,---), in this case
we mapitto(k—1,---).

Let (ky,kp,---,k;s_1) be a (d —1)-tuple of A(n—1). If it sums to less than n—1, then (n -
Y iki,ki,--+,ks_1)1s the unique d-tuple of A(n) that maps to (ky, ky, -+, kz_1). If it sums to n—
1, then (k1 +1,0,ky,---,ks_1) is the unique legal d-tuple of A(n) that maps to (ky,kp,---,kz_1).
So this correspondence is bijective, and we have a(n,d) =a(n—-1,d)+a(n—1,d - 1). O

Now we are ready to prove this for any k.

Proof of theorem 4.2. First notice that any skew diagram (A, Ap,---, A,)/(Ay,--, A,) where
Ay > Ay >---> A, corresponds to the same representation as (A, - 1) ®(A3-1)® - ®
(A, — A1), and the coefficient of the hook (n—k,1,---,1) in the decomposition of the
skew diagram (p;) ® (p2) ® -+~ ® () is (17(1). We call [ the length of the skew diagram
(A1 A, A/ (Ag, -+, Ay).

We prove the coefficient of the hook (n—k,1,---,1) in (y;) ® (p2) ®--- ® (p1) is (l 1)
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Proof. By the property of tensor product of Young diagrams, for any partition A = (Ay,---, A,)
and the partition (p), we get exactly one copy of the partition (|A|+p) in A® (p) iff A = (Aq).

Therefore, the coefficient of the one partition in (y;) ® (#2) ®--- ® (y;) is the same as the
coefficient of the one partition in (y;) ® (p2) ®--- ® (p;_1), i.e. each skew diagram contains
s[n] exactly once.

The hook (|A|-p—k,1,1,---,1) appears exactly once in A® (p) iff A = (A; —k+1,k—1) or
(A1 —k, k), so the coefficient of s[n —k,1,---,1] in (1) ® (42) ® --- @ (p;) is the sum of its
coefficient and the coefficient of s[n—k+1,1,---,1]in (p1) ® (42) ®---® (p;_1). From this,
we know it’s (lil) by the relation (17(1) = (122) + (,lcj) O

We define k;(d, n) to be the number of skew tableaux with length / in the representation
of the d-th graded component of A(n), and j;(d,n) to be the number of such tableaux
corresponding to tuples that do not sum up to n. We claim that

ky(d, n) = (lfl)(”;f; 1) and  ji(d,n) = (”;_‘21)(”;?1_ 1).

Proof. To see this, notice that they satisfy the relation
jimd) =ji(n=1,d)+k_4(n-2,d-1)
ki(n,d) =k/(n-1,d-1)+ ji(n,d).

We first consider the d-tuples of A(n) that sum up to n, i.e. those given by (d — 1)-tuples
of A(n—1). If the (d — 1)-tuple (ky,---,ks_1) of A(n—1) sums to < n— 1, the corresponding
d-tuple of A(n) is (ko,kyi,---,k;z_1), where the length of its corresponding partition is the
number of nonzero entries in (kg, k1, -, k;_1); and the length of the partition corresponding
to (ki,---,kz_1) is the number of nonzero entries in it plus 1, so the two partitions have the
same length. If the (d — 1)-tuple of A(n—1) sums to n, the corresponding d-tuple of A(n)
is (k; +1,0,ky,--+,k;_1), and the partitions corresponding to both tuples is the number of
nonzero entries in them, which is the same.

This means the number of d-tuples of A(n) sum up to n with length I is the same as
the number of (d — 1)-tuples of A(n—1) with length I. Thus, summing this with j;(n,4d),
the number of d-tuples of A(n) with length [ that sum up to < n, we have kj(n,d) =
ki(n—-1,d-1)+j(nd).

Next we consider the d-tuples of A(n) counted by j;(n,d), i.e. those that sum to < n and
have length I. These are exactly the d-tuples of A(n—1). If the d-tuple sums to <n-1,
the corresponding partition in A(n—1) and A(n) both has length I equals the number of
nonzero coordinates in the tuple plus 1, and there are jj(n—1,d) of them. If the d-tuple
sum up to n—1, its corresponding partition in A(n) has length one longer than the partition
in A(n—1), which by the argument above has the same number as (d — 1)-tuples of A(n—2)
with length / — 1. Summing them up gives us j;(n,d) = ji(n—1,d)+ k;_1(n—2,d - 1).

Then the claim follows from the relation

£ (i 5 ) i Y Gy
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Then the coefficient of s[n—k,1,---,1] in the decomposition of the representation of the
d-th graded component in A(n) i

S
-1\ < (d\(n—d—1\(1\ <—(d\  (n—d—1)!
;kl(”’d)( K )‘ZZ(Z)( ! )(k)‘lz( )l'k'< Ot —d—T-T)
(n d-1)! 1
k! Z’( )n d-1-1)(I-k)!

3 n—d-k-1)!
k (n— d k — 1'2( )n d-1-1)i(I-k)!

l

O

(n—d-1)! n—-d-k-1
T K(n—d—k- 1112( ( -k ) 2)
_ (n=d-1) [n-k-1 (n—d-1)! (n—k-1)! 3
_k!(n—d—k—l)!( d—k | Kn-d—k-1)!(n-d—1)(d—k)! (3)
3 (n—k-1)! n— k 1\(n-2k-1
TKd-K)ln—k-d-1) _ )( )

where we go from (2) to (3) by Vandermonde’s identlty
Z m\[ n\_ [(m+n
INk=1] \ k |
)
This gives us the desired result. O

5. BRANCHING RULES CATEGORIFYING A RECURSION ON THE EULERIAN NUMBERS

Recall that the Eulerian numbers satisfy the recursion

=o' )

Since the different graded components of A(n) admit a $,, action, each graded component
can be thought of as a $,-representation. This inspires us to consider the following
question:

Question 5.1. Can one categorify the recursion on Eulerian numbers to a branching rule
at the level of Specht modules of the form:

A(n )klg," =X1®A(n-1)1®x2®A(n—1);

or perhaps even a S,_;-equivariant short exact sequence of the form

' S, A
0= x1® A(n—1)> A(n)y1 1g" = 2x2 ® A(n—1)je1 — 0
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where
e A(n) is either Chow(B,) or €(B,,), and

e x; and x, are S,_;-representations of dimensions n —k and k + 1, respectively?

In the cases where k = 1, we can indeed find an $,,_;-equivariant short exact sequence
involving the low-degree pieces of Chow(B,,).

Proposition 5.2. Let A(n) = Chow(B,). Then we have a short exact sequence of S,_1-
representations

0 — 81 @ A(n 1) A(n), 12" 528"V @ A(n-1); - 0.
Proof. We first identify bases of the first and last spaces in our sequence. Identify the basis
elements of §""~11/(1) a5 corresponding to the SYTs of (n—1,1)/(1), each of which can be
uniquely identified by the number k appearing in the bottom-left box, where 1 <k <n-1.
As such, we consider a basis {yk}Z;i of §=L1/(1) which gives the basis {y;® 1},’;% for
=L/ @ A(n—1),.

For the last space, recall that §(n=1) is 1-dimensional, so 28"V is 2-dimension with a
basis we call {b, b,}. Moreover, A(n); has basis x for F € B,,, |[F| > 2. This gives the basis
{01 ® X, by ® Xplpen, | |p|>2 for this last space.

We can now define our maps i and g on the basis elements as follows:

0 F=t{kn),1<k<n-1
(e ®1) =Xk, q(xp) =1 by ®xp neF
b2®xp\{n} ne€F,|F|>2

We can see that 7 is an injection since its image has the same dimension as its domain, and
we can see the exactness at A(n); lg:_l by definition. To see that g is surjective, we can
show that every basis element is in the image of gq. For an element by ® xf in the basis for
Fe B, 1, |F| =2, F € B, as well, so we see that xp is a basis element of A(n); léZ—l with

q(xg) = by ® F. Otherwise, if we have an element b, ® xp for some F € B,_;, |F| > 2, then
|[FU{n}|> 2 and q(xpy(yy) = b ®xp. This shows that the above sequence is exact everywhere.

Since this is a short exact sequence of vector spaces, it splits, yielding A(n), lg“,lz
=L/ @ A(n-1)y®28"V @ A(n—1);.

Finally, to show that this is a short exact sequence of representations, we need to show that
i and q are S,,_;-equivariant, noting that A(n); is also an S,_; representation if we leave n
invariant. For i, fix some 0 € S,,_1. Then 0+ (3x ®1) = Y5y ® 1,50 i(0 - Y ® 1) = X{5(k),n)- I
the other direction, o - i(yx ® 1) = 0 - X{k ) = X{¢(k),n}, SO i is indeed S,,_;-equivariant.

To show the S,,_;-equivariance of g, we have to treat the three cases independently. Again,

fix 0 € 5,1, and consider the three cases for xg:
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o If F={kn}forl <k<mn-1,then o Xy, = X(g(k),n, and g(o - xg) = 0 still by
construction. Similarly, o - q(xg) =0 -0 =0, as desired.

o If n ¢ F, then applying o pointwise to every element in F, 0 - xp = x;(r) where
o(F)={o(k) |k € F}, and n € o(F). Then q(0 - x¢) = by ® x5(r). Similarly, o - q(xf) =
0 - by ®xp = by ®x,(F), as desired.

e If neF, then o- XF = Xg(F\{n})u{n} and so q(O' . Xp) = Q(xU(F\{n})U{n}) = b2®xa(p\{n}).
Similarly, o - g(xf) = 0 - by ® Xp\(n) = b2 ® X5(F\{n}), s desired.

Therefore both i and g are S,,_;-equivariant, so this is indeed a short exact sequence of
S,_1-representations. This gives the desired branching rule.

O
We have an analagous short exact sequence for the case where k =n —2:

Proposition 5.3. When k = n—2, we can consider the short exact sequence

0 — 81V @ A(n—1),_, A(n),_, lg"ﬂi 28"V @ A(n—1),.3 =0

Proof. Note that from the FY-basis, we have that A(n),_; has the single basis element x[”n_]1

Less obviously, we can see that A(n),_, has a basis element for every F € B, with |F| > 2.
In particular, we can take x[”_]2 as the element corresponding to [n], and for any |F| with

2 <|F| < n, we get the basis element x'F| 1an]|F| ! which also has degree n — 2. We can show

that this list of basis elements is exhaustive from the definition of the FY-basis.

Again, supposing that 8"~11/(1) has basis {yk}k 1» and that 28("=1) has basis {b;, b,}, then
we consider the maps i and g on the basis elements of the tensor-product spaces:

0 |F|l=n-1,n€eF

b1®x[n 8 |Fl=n-1,neF
i(pe@x/i2)) =2 q(ep T = S b @ F=1[n]

broxt i 2 <|Fl<n-1,neF

b2®xrn_]@_lxﬁ1:21] 2<|F|<n-1,n€eF

Again, i is an injection as its image has the same dimension as its domain, and the exactness

at A(n),_» lg” is by construction. To see that g is surjective, we see that b; ®xf_3 and

1]

b, ®qu 31] are in the image of g, so we have to check basis elements b; ®x|F| 1xF |I;|] 2

the image. For a basis element b, ®x|F| 1xrn_|F|] ?,this is the i image of x|F| 1xrn]|F| " under q,
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|F|-1 _n—|F|-2
*[n-1]
surjective, so this is indeed a short exact sequence of vector spaces.

n—[Fl-1 JF|-1

and for a basis element b, ® x. , this is the image of XupE X[n) - AS such, g is

Finally, to show that this is a short exact sequence of representations, we need to show that
i and g are SH_l-equivariant noting that A( Jupisa S, 4 representation. For i, fix some

0 €S, 1. Then o - (yk ®x[ ]) Yo (k) ® X, 2] s0 i(0 -k ®x[n 1]) = xrn_]%{a(k)}' On the other
hand, o - i(y, ® x[n 1]) =0 an]% = an]% o since 1 is fixed by ¢ and the only element
missing from the indexing set is now o k) Thls shows that 7 is indeed S,,_;-equivariant.

To show the S, _;-equivariance of g, we again have to do casework. Fix 0 € $,,_;, and look
at all the cases for x:

e If |[F|=n-1and n € F, then F = [n]\ {k} for some 1 <k <n-1. In this case, we
have that - xrn_]%{k} = an_]i{a(k)} and g(o - x[n]\{ }) = 0 by construction. Similarly,
o-q(x [n]\ ) 0-0=0, as desired.

o If [F| =n—-1 with n ¢ F, then F = [n—1]. As such, o- xr_zl] = xF_zl], and so
g(o - x[n 21]) by ®an_—31] as before. Similarly, a-q(xrn__zl]) o-by ®x[n 1= =b; ®x[n L
as desired.

e If F = [n], then 51m11ar1y o- xF ]2 [n‘] and q(x{, [n] 2)=b, ®an‘]3, and o - q(an_]Z) =

0-by ®x[n] =b, ®x[n] , as desired.

elf n¢ Fand 2 < |F| <n-1, then applying o pointwise to every element in F,
L n-lF-L |F|—1 n—|Fl-1 JFI-1 n—IF-2

XE Xpl1] = Xo(p) Xnet . Then g(o- x'f' x[”n__@]_l) b1®X;p) Xyo1] . Similarly,
|FI-1_n—|F|-1 |FI-1 n—|F|-2 |FI-1_ n—|F|-2
o - q(xF an 1] )=0-b; ®xp Fn 1] =b1®x o(F) Fn 1 - as desired.
|FI-1_n—|F|-1 |F|-1 —|FI-1 [FI-1_n-|F|-1
o If n € F, then o - xp an—l] = Xo(F\(n))uin }an 1 and so q(o - xp x[nn 1] ) =
|F|-1 n|Fl-1, _ n-|F|-1 P2 P11
I E\omXn-1) ) = 02 X po(ryny X1y Similarly, o= g x4y 0) =
n-|F|-1_|F|-2 n-|F|-1 F|-2

by ®x Xu\F -1 = b, ®x X[n=1\o(F\fn})X[n—1]7 25 desired.

Therefore both i and g are S,,_;-equivariant, so this is indeed a short exact sequence of
S,_1-representations. This gives the desired branching rule.

O

We don’t have much hope of branching rules for higher k — the coefficients become too
small and the available irreps become too large to be tensored properly. As an example:

Example 5.4 (Non-example of branching.). When n = 5,k = 2, we wish to express
AG) lg=X®A(4) ©Y ®A4);

where X has dimension 3 and Y has dimension 3. Since A(4); = A(4); = S(2,2)+25(3,1)+35(4),
it suffices to find one representation Z of dimension 6 such that Z ® A(4), is isomorphic to

A(5),. The two options that do not introduce a sign representation in the resulting tensor
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product are S(3 1) +35(4) and 6S5(4), neither of which work. In the former case, we get rather
close, but we have numbers of irreducible representations showing up that are not quite
correct.

On the other hand, graded pieces of the colorful ring do satisfy branching rules that mirror
the recursion for the Eulerian numbers. We first establish a branching rule for ribbons
with a key symmetric function lemma.

Definition 5.5. For a tuple of non-negative integers A = (ay,...,ax), define the matrix H,
that appears in the Jacobi-Trudi identity calculation for A, where

hZ{:,ﬂz j>i
(Hrij=11 j=i-1
0 else

and in particular, if A represents a ribbon diagram (ay,...,ax) (i-e. all of the a; are strictly
positive), then s) = detH,.

Definition 5.6. The squashing of ribbon A = (ay,...,a;) at row i for 1 <i < k gives the
ribbon A ;= (ay,...,a;_1,4; + aj;1,8i42,- .., a5)-

This is the same as splitting this ribbon from row 1 to row i and from row i + 1 to row k,
and near-concatenating these two tableaux.

Now, a lemma about lowering of ribbons:

Lemma 5.7. Consider the ribbon diagram A = (ay,...,ay). We show that

Proof. From the Jacobi-Trudi identity, we see that s, = det H,, which we may expand:

k
sy=detH, = Z sign(o) ]_[(H/\)a(l)l

O’ESk =1

We now make an observation about the ¢ € S; such that the product ]—[le(H,\)g(l)l is
nonzero.

Claim 5.8. There is a bijection between compositions of k and such o € Sy.

Proof. Consider j such that o(j) = 1. We show that for all [ <j, o() =1+ 1. This can be seen
inductively — since 0(1) = 1,2 in order to produce a nonzero result, we see that o(1) = 2.
Similarly by induction, since o(I) € [l + 1] for all [, but o({j} U[l - 1]) =[], we must have
thato(l)=1+1.
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Now, we have that o([k]\ [j]) = [k]\ [j], and restricting o to the lower right (k —j) x (k—j)
submatrix of H,, we have that ¢ picks out a product of terms of this submatrix which is
also nonzero. By induction on k, we can see that such a o corresponds to a composition of
k —j, so o corresponds to a composition of k.

This correspondence is invertible — given a composition (by, ..., b,,) of k, we may consider

constructing a o € Si that produces a nonzero product by letting G(Zle i) = Z] ! b;+1
for all 1 <j <m, which forces the rest of the elements o(/) =1+ 1 by the same argument
as above. Applying the above algorithm to this permutation recovers the composition

(b1, by). 0

This allows us to reindex this sum by compositions of k. For the sake of notation, define
B,, =Y ", b;. Note that in particular, the determinant now becomes

A= Z k ”]_[th By 1 W

We can now lower this with the branching rule for a product of homogeneous polynomials.

In particular,
k r
111 Z Z]_[hzl By 1+1al blb

(b1,....b, )Ek i=1 s=

Sy ‘LS

where 0;, is the Kronecker delta (1 if i = s, 0 otherwise). This amounts to iterating through
subtracting one from the ith term of the product, where i comes from the second inner
sum and iterates from 1 to r.

We now interpret this expression combinatorially. For every composition (by,...,b,) E k,
we assign a sign to the corresponding r terms based on the parity of the number of terms
it is missing from the maximum number of terms (n). The r terms represent a way to
iteratively “tag” one of the parts of the composition that is being subtracted from in the
index, where each of these terms is a product of homogeneous polynomials that is derived
from summing corresponding parts of the composition. In summary, we get one term
corresponding to a pair of a composition of k and a tag for one of the components of that
composition, with the correct sign.

We compare this to the right-hand side and again interpret the terms combinatorially.
Considering the first sum, note that

k
_ . k r
detH/\—e,' - ZSlgn ) HA ez - Z l_[hZ, By_1+1 aj=oj;

oeSy I (by,.by)ek

where the decrease at component i in A propagates to any sum that happens to add the
component at i. Interpreting this combinatorially, fixing a composition (by,...,b,) F k, we
get k terms, which tags the component b; exactly b; times, and overcounts b; —1 times.

To correct for this overcount, we consider the second sum. We rewrite the determinants in

the same way, but note that signs and compositions change because these matrices have
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dimension (k—1) x (k—1). Suppose that A |; has entries (a;1,...,a; x_1), where a; | = a; for

I<i,a;;=a;+aj;,and a;; =a;. for [ >i. Then
k-1 r
. k=1—
detHy, o= ) sign(0] [Hipe)ep= ) 07| |hw
Yl a;,1—0j
T€SK_ =1 (b7,...,b))ek~1 s=1  TI=Bgg+l

To match the compositions of k — 1 appearing here to compositions of k, note that a term
of the form [T,_, hZB5 "y only appears (with the opposite sign) if the composition
I=By_1+1 i

of k —1 has all identical components in the same order except for one, in particular the
one where B; | <i < B;. This implies that terms corresponding to composition (by,...,b,)
where the composition is tagged at by above appear in this sum with the opposite sign
b; = bs;— 1 times when iterating over all i, which exactly corrects for our overcount.

As such, we get a term corresponding to every composition b of k and a selected component
of b exactly once on each side, multiplied by the same sign, so these two sums are in fact
equal. This completes the proof of the equality. O

Theorem 5.9. For a ribbon A = (ay,...,ay), the lowering of s) from an S,-representation to an
S,_1 representation is computed as

Su _
SA‘l$F1_' Sh-e; T SAli-ei T SAL;

ila;>1 ila;,a;1>1 continuous columns of 1s CCA,ieC

Proof. We draw upon the previous lemma. If a; > 1, we can interpret the resulting de-
terminant as s)_,, directly and include it into our sum. Otherwise, detH,_,. has its (i, 1)
component equal to /(. Using a row operation to subtract the i + 1st row from the ith row,
row i is nearly all 0 except for the (i,7) coordinate which is iy = 1. Expanding by minors
along this row, we get a positive contribution of s, . for every a; = 1.

Looking at the second terms, note that A |; is equivalent to omitting a row with one box in
it if either a; = 1 or a;,; = 1. Terms not of this form we may include directly in our final
result. Otherwise, if we have a continuous column of rows of length one that appears in A
that has length /, then the second sum supplies [ + 1 negated copies of a term that omits a
row of length one from this continuous column. These negated copies cancel the / copies
of this term that come from the terms in the first sum. This leaves one such term for each
continuous column of ones, as desired. O

Corollary 5.10. For a ribbon A = (ay,...,a;) with AT = (by,..., b;) also a ribbon, the lowering

of s, is
S z z
Sy lS:Z—lz S)—e; T S(/\T_e].)T

i|(li>1 ]|b]>1

Proof. Considering the last two sums, we can see that for every column with more than
two boxes, we may consider the rows that are contained in this column. If this column
contains exactly two boxes and the rows containing these boxes both have more than
two boxes, then the result of the squashing operation done to this column is exactly the

term obtained from the second contribution from the sum. Otherwise, such a column
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contains a column of ones, (i.e. the column contains at least one row that has exactly one
box), and the removal of exactly one box from this column corresponds to this squashing
operation. O

This gives us a branching rule for ribbons in terms of other ribbons. Observe that this
last rule is very symmetric in that the first sum consists only of ribbons that preserve the
height of the original ribbon, and the second sum consists only of ribbons that decrease
the height of the ribbon by one.

This rule also extends to graded pieces of the colorful ring:

Theorem 5.11. Let A(n) := C(B,,). Then A(n)y lg:ilz (n—k)A(n—1)_1®(k+1)A(n—1) on
the level of ribbons.

Proof. We prove this combinatorially. First, we show that among the ribbons with n -1
boxes contained within the result of the lowering, every ribbon with height k + 1 or k
appears at least once.

First, fix an arbitrary ribbon y of height k + 1 with n—1 boxes, so y = (by,...,bgy1). Then
this ribbon appears in the lowering of the ribbon (b; +1,..., by, 1) that contains n boxes, as
a result of the first summation. Similarly, if we fix an arbitrary ribbon p’ = (b},...,b;) of
height k with n —1 boxes, then taking the ribbon (1, bi, s, b,’() produces p’ from the second
sum as a result of lowering a column with at least two boxes.

To finish, we show that each ribbon with n — 1 boxes and height k + 1 or k appears with
multiplicity k + 1 and n —k in the collection of lowered ribbons, respectively. We handle
these two cases separately:

e Case 1. Consider a ribbon y = (b, ..., by, 1) with n—1 boxes. From the first sum, we
see that only the ribbons that produce y are p+¢; for 1 <i <k + 1, ribbons with n
boxes and height k + 1, of which there are k + 1 total. Therefore, y appears with
multiplicity k + 1 in the lowering of the representationcorresponding to A(n)y.

e Case 2. Consider a ribbon p’ = (by,..., b,’() with n—1 boxes. Then, the ribbon p'"
is a ribbon with height n —k, as all horizontal strings of boxes will be exchanged
for vertical boxes and vice versa, and since there are n — 1 box adjacencies, k -1
of which were vertical in p, this gives n — k vertical box adjacencies in p’'T. Then
(4’7 +e;) produces p'T in its lowering for 1 < j < n—k, and symmetrically (u'" +¢;)"
produces p” after lowering for 1 < j < n—k. Therefore, y” appears with multiplicity
n—k in the lowering of the representation corresponding to A(n).

This gives the exact multiplicities of every ribbon that can show up in the lowering of A(n)y,
since we only get ribbons of height k + 1 or k, and we have established their multiplicities
above. This gives the desired identity. O

Next, we present a short exact sequence of the graded components of the colorful ring as
vector spaces. We have attempted a homological argument, but currently have only found

this on the level of vector spaces, not as $,,_; -representations:
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Theorem 5.12. Let A(n) := C(B,,). There is a short exact sequence of vector spaces

0 (k+1)8" V@A(n—1),— A(n), igz li (n-k)S" VeA(n—1)_; — 0
Proof. Recall that the basis elements for A(n); are in bijection with the permutations of
S, that have k descents. These permutations written in one line are also in bijection with
the reading words of the standard Young tableaux of the ribbons with n boxes with height
k + 1, which are obtained by reading the entries in the tableaux from the bottom row to
the top row, left to right. As such, we may index the basis elements of the graded pieces by
standard Young tableaux of ribbons.

k+1
Again, suppose (k + 1)8""1) has basis {v; ,+ as it is a direct sum of k + 1 1-dimensional
g PP Yj j=1

—k
irreducible representations) and (1 — k)8~ has basis {21}7—1 for the same reasons. We

define the maps 7 and g.

First, define the jth descent-preserving insertion of a permutation 7 € S,,_; with k descents
to be the permutation 1w T/e $,, with k descents where n was inserted into 7 in the jth
position from the left. This allows us to define i:
l(})] ®Xy) = Xpti
For the other map, we again define it piece-wise. For 7w € $,,, define 7t | to be the permuta-
tion in $,,_; where we drop n from the one-line string representing 7. Then
(x) = 0 7t | has k descents
Pl = Zj ®Xp| 7 | has k-1 descents and (rr |) 7/= 7 for 1 <j<n-k

By construction, we have exactness at A(n) lg”_l, so we need to show the injectivity of i

and the surjectivity of g. The injectivity of i is easy to see, as insertion of n into a specific
position for some 7w € S,,_; is unique. For surjectivity, choose some o € S,,_; such that o
has k — 1 descents, and some 1 < j < n—k. Then insert n into o in the jth position that
would create a new descent in the result, to get some new permutation ¢’ € S,,. Then
q9(xy) = zj ® X, as desired.

O

6. ALGEBRAIC DESCRIPTIONS FOR KOSZUL DUALS ASSOCIATED TO THE BOOLEAN LATTICE

6.1. Koszul duals for Chow rings of matroids. In this section, we compute the quotient
ideal ] of Chow(3B,,)' explicitly, in turn proving the following theorem:

Theorem 6.1. We have Chow(B,) = A(n)' = k(zg : |F| > 2)/], where z; = x; and ] is the
two-sided ideal
<[ZGIZG]" EE: (zi},2ij] 1G] > 2>
{i,j}cG

+<[2G,zH]— ) lzezouil+2(k=1) ) [zi]-,zl-j]:GCH,|G|—|H|:k>1,|H|22>.
icH\G {i,jlcG
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For easy of notation, we will denote the set {i, j} C [n] where i, j are distinct, as ij. When
we say FUij, we mean FU {i,j} wherei,j ¢ F.
Recall the atom-free presentation of the Chow ring

Al) = k[xpzllPI >2]

where

I =(xpxg :|F|,|G| > 2,F, G incomparable >+<xp Z xg:|F|>2,i€E \F>
FvicG

+<Zx12;+ ) 2xpx;:i,je13,i¢j>.

iVjCF iVjCFCF’

We begin by massaging one of the equations in the atom-free presentation of A(n) to a
form more amenable for our purposes.

Lemma 6.2. In the atom-free presentation for A(n), one may rewrite

<le2:+2 Z xeG:i¢j>

ijcF ijCFCG
instead as

<Zx;_zz(k-1> ) szG):i¢j>

ijCF k>2 ijCFCG
|GI=[F|+k

where when k is large enough, there is no F, G s.t. |G| —|F| = k.

Proof. For an ideal I, if
<g1:"' lgn> + <f11"' :fm> =1,

then we also have
n n

G &) +{fi - chigir“':fn - Z%’&') =1

i:l 121
In this case, we are going to subtract terms in
A::<x1: Z xG:|P|22,ieEF> from B::<Zx%+2 Z xpr:i:tj>
iUFCG ijCF ijCFCG
to get the desired form.

We fix i # j. For each F, G such that {i,j} C F and G = F Uk for some k ¢ F, we consider the
term Xp ) ;- Xy in A, and subtract it from

Zx1%+2 Z XpXG € B.

ijCF ijCFCG
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We have

Z XpXG — Z XF ZXH:_Z(h_l) Z XpXG-

ijCFCG ijcF GCH h=2 ijcF
G=FUk,keF |GI=IF|+h

To see this, note that if {i,j} C F, and G = F Uk for some k ¢ F, then the term xgxs appears

exactly once in
E XF E XH/

ijcF GcH
G=FUk

so it must cancel.

In the case that {i, j} ¢ F C G where |G| —|F| = h > 1, there is exactly # number of sets H
such that H = FUk for some k € G \ F. Hence, the coefficient of xgxg is —(h—1).

Therefore, we can rewrite each generator of B as

Zx%+2 Z XpXg — le%—ZZ(k—l) Z XpXG,

ijCF ijcCFCG ijCF k=2 ijCF
|GI=|F|+k

which gives us the desired form. O
With this lemma in hand, we may now prove our theorem.

Proof of Theorem 6.1. Next, notice that for F, G incomparable, by the algorithm, the term
[xf, xg] does not appear in J, so we only need to consider terms [xg,xg] s.t. F C G (or
F > G).

For any linear function y; + ) ! ,c;v; = 0, we can choose v;,i > 1 freely, and then y; =
—-Y 1, c;iv;, i.e. the solution is generated by

—C2| €3 —Cy
1 0
: ’ 1 ’ ’
0 1

We define the set
U:={[xp,xc]: F=G,|F|=2}U{[xp,xg]: G=FUk, for k ¢ F}.

Then each linear function given by I contains exactly one [xg,xg] € U. The function has
only one term if and only if G is the whole ground set and F = G\ k, so these terms also
don’t appear in J.

Otherwise, for each [xp,xg] € U, so pairs F, G such that either they are equivalent, |F| > 2,
F C G, or |G| —|F| > 1, we can assign value to it freely, and the values of [xg,xg] € U are
determined uniquely.

Therefore, if F = G,|F| > 2, from I we have the term

[xF, xp] - Z[zijrzij];

ijCF
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and if F C G,|G| - |F| > 1, we have the term

[xpxal= ) [xpzroil+2(k=1) ) [zi52;],
ieG\F ijCF

which gives us the desired result. O

6.2. A basis for Chow(B,,)'. In this section, we find a basis for each graded component
of A'(n) by computing a Grobner basis for ] when n = 3 and n = 4. We also include a
conjecture for a Grobner basis for | for general n.

Since we are considering the Koszul dual of the Boolean lattice, we will work in the free
algebra K(xp : |[F| > 2). It will also be useful to refer to the standard basis for this ring,
denoted by B:

B = {1,21:121:2 "'ZFn : |F1| > 2}
Remark 6.3. In this section, whenever we say ijk, we assume i < j < k.

Remark 6.4. We specify an order on the generators of K(xf : |[F| > 2). Sort the generators
xp based on the rank of the flat F, where xg > xp when |G| > |F|. Among the generators of
same flat size, order the generators lexicographically.

We impose the graded lexicographic order on monomials: meaning if x* = z, ---z, and
x? = Zp, -+ 2p,, then x7 < x? if and only if there is some 1 < p <min{n, m} such that z, =z,

for k <p and Zg, < Zp,-

6.2.1. A basis for Chow(B3)". In this section, we give describe a basis for Chow(B3)"' and
prove this result using two methods. The first is an exclusion argument that considers
which monomials cannot appear in a basis for any graded component of A(Bs)' and uses
the recurrence relation for Hilb(A', t) outlined in 2.3. The second finds a Grobner basis for
J when n = 3. By the same dimension argument as in the first proof, this gives gives the
same basis for A(Bs)".

Theorem 6.5 (Basis for A(3)!d). Define the set M to be the set of all monomials of degree d that
do not contain zf23 nor 2123233. Explicitly, define My as follows:
My =1{2a12a2 " Zan | ZaiZa(i+1) # 2123 Za(j1)ZajZa(j+1) * 2123233 Visj),

Then M, is a degree d basis for A'(B3).

Proof. We first show M, is a spanning set.

2 . . 2 2 2 . .
For any zj,,, we can write it as z], + z{; + 235, then eventually we can write any monomial

containing z7,, as a finite linear combination of monomials without z, .

For monomials containing z;,3z3;, we prove it by induction on the position of where
zlzgz%3 first appear. If we have ---2123253, we can write it as

2 2 2 2 2
(215 + 213 + 233)2123 — - 2123(275 + 213),
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where each term contains neither zf23 nor 2123233.
Then inductively, if we have ---2123253 ..., we write it as

--(zf2+zf3+z§3)zlz3 ....... 2123(2%2+Z%3)'“-
If ---(zf2 + zf3 + 253)2123 .-+ is actually --'(zf2 + zf3 + 233)2:1223 .-+, we replace
Z%z3 — zi,+ Z%a + Z%s-
Then each term in the linear combination does not contain zfz3 and either does not contain

2123233 or 2123233 appears later, where by induction hypothesis is a linear combination of
our basis.

Then we show k,, := #M, is the same as the dimension of the degree n graded component,
and this means A, is a basis for the degree n component.

We first show k,, satisfies the recurrence relation k., = 4k,, — (4k,_» — k,,_3).

Consider M, and we multiply it by Z := {215,213, 23,2123} on the left to get ZM,; with
|ZM| = 4ky, and kg = 4k —#{ye My |y = 253--- ory =213}

Ify= z§3~~~, because --- can be anything in M, ,, we have #{y e M, |y = 233} =ky_s,
similarly if y = 2153212+ Or ¥ = 2123213+ ++. If Y = 2123223+, -++ can be anything in M, ,
not begin with z,3, which is h;_, — h;_3, so we have

#HyeMy|y=255-- orp=zp3--} = 4kg_p —ky_3.

Then we can show that k; also satisfies the relation k;,1 = 4k; —k;_1 givenby dy =1, d| = 4.
We verify this is true for the first several d,,’s, then for m, by induction hypothesis we have

ki1 = 4k — (dkpo — kpy3) = 4k — k1.

Because the Hilbert series of A!(B3) is m, and the coefficients, i.e. the dimension of

each graded component satisfies this relation with ¢y = 1,c; = 4 by proposition 2.18, this
means k; = ¢;.

Therefore, M, is a basis for the degree d component of Chow(B3). O
We now give a proof by giving a Grébner basis for J.

Theorem 6.6. The following is a Grobner basis for | when n = 3:
_ (2 2 _ .2 _ 2 2 2 2 _ 2 2 2
§ = {2123 = 212 = 213 = 223, Z123%12 + 2123213 + 2123223 ~ 2127123 ~ 2132123 — 2232123}

Proof. Let g; and g, be the elements of G, namely

2 2 2 2
81 = 2123 — 212~ 213~ 223

_ 2 2 2 2 2 2
82 = 2123215 + 2123213 1 2123253 — 2122123 — 2132123 — 2332123

Referring to remark 6.4, we choose the monomial order zy,3 > 255 > 213 > z1;.
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We will consider all three S-elements and show that each has a weak Grobner representa-
tion, which by proposition 2.28 implies G is a Grébner basis for J.

For g, the leading term, z7,5, can only be cancelled by multiplying on either side by z;3,
giving the following S-element:

S(81,815:1,212352123, 1) = 812123 — 212381
_ 2 2 2 2 2 2
= 212321 T 2123213 T 2123253 — 2172123 — 2132123 — 2332123
The result is defined to be g,, with leading term in(g,) = 2123253.

The only S-element between g, and itself is trivial, so by proposition 2.29, it has a weak
Grobner representation.

Finally, consider S(g;,$2):

. 2, _ 2
5(81,82;11223;2123,1)—81223—2123g2
_ 2 2 2,2
= (—21p — 213 — 233)233
2 2 2 2 2
- 2123(2123212 + 2123213 = 2122123 — 27132123 — 2232123)

) 2 2 2 2 2 2 2.2 .
= —2{53(215 + 213) + 2123(21, + 213 + 233)2123 — (21, + 213 + 253)233;

81(21) +23) + 822123 =
(2%23 -zi, - 2%3 - 233) (23, + Z%a) —z123(21, + Zf3 + 253)2123
+ (Z%2 +275+ 253)2%23
= (21, + 273 +233)(2123 — 212 — 213~ 233) ~ S(81,82)
= (21, + 213+ 233)81 — S(81,82),
This gives a weak Grobner representation for S(gy,9).

Having checked all of the S-elements, the condition given in 2.28 is satisfied, and so G is
indeed a Grébner basis for J. 0

This argument verifies that z7,, and z;,323; should not appear in a basis for the graded
components of A(3)' because they are leading terms of g; and g,, and can be replaced by
g1 —in(gy) and g, —in(gy), respectively, as outlined in the previous proof. For larger n, it is
difficult to determine which terms to exclude by inspection, but finding a Grobner basis
for | gives us this information: we can exclude the leading terms of the basis elements.

6.2.2. A basis for A(Bs)'. We now find a basis for the graded components of A(4)'. Our
line of reasoning will be similar to that of 6.5: we will choose a collection of monomials
that are a subset of in(J) and exclude these terms from all degree d monomials. We then
show that this choice gives the correct dimension for each graded component.

First, we adopt the following notation for generators of the ideal J:

2 2 2
8F2 1= 2p — E zj; 8 :=|zczr +2r26] - E [zeuize +zpzpui] + 2(k — 1)z,
ijcF ieF\E
41



Additionally, when |F| = 3 we will denote g7 by Sijk-

Theorem 6.7. Let M, be the set of all degree d monomials not in in(G), where G = U?ZlGl- and
each G; is given by:

={gr2: |F| 2 3}
GZ = {Zz]kg1]k2 gijkzzijk}
= {gar: IFI=2}

G4 = {8ruij22F — Zrui<j&Fuij,F}
Explicitly, in(G) is generated by the following set of monomials:
(g« [F| > 2)
U{zl]kz]k i<j<k}
Ufz4)zF : [F| = 2}
Ulzruijzrujze 1 < J,|F| = 2}

Then M, is a basis for the degree d piece of A(4)

Proof. First, we show that M, spans the degree d piece of A(4)', denoted (A(4)');, by
showing that in(G) C in(]). Every element in G that is not a generator of J can be found by
taking S-elements of the generators. In particular, the elements in G, are S-elements of
each gp» with itself, where |F| =

S(8r2, 8r2:Zijko i1, 2ijk) = Zijk&F2 — §F2Zijk
by the definition of an S-element. Note that the resulting initial term is z; ij]?k-
Similarly, we take F Uij = [4] with i < j to see that the elements in G4 are S-elements of

S[4)F and (VALK
S(grap, &ayr L 1, 2r5 2141, 1) = §14122F — Z[4)8F Ui F

where the resulting initial term is z[4)zFy;jzF.

Since each g € G is either a generator of | or found by taking the difference of elements in
J, every initial term of an element in G is also an initial term of an element in J, and so

in(G) Cin(J).

To show that this spanning set is a basis for (A(4)');, we show that M, satisfies the
recurrence for Hilb(A(4)'t).

The leading terms of elements in G are:
. 422 2 22 22
in(4) = {213, 2124 2134 2234, 21234} = {Zijk’21234}
U (21234212, 21234213, 2123421 4» 21234223, 21234224 Z1234234)
2 2 2 24 _ 2
U (2123253, 2124254, 2134234, 2234234} = {Zi<j<k2]-k}

U (212342124212, 212342134213, 212342134214, 212342234223, 212342234224, 212342234234}
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Let A, be the set of degree n monomials not in the ideal (in(4)), and let k,, = #A,,. We show
that k,,,; = 10k, — 10k,_, + k,,_3, which by induction means k,,; =11k, - 11k, | +k,_,.

Let A ={z;}, zijk, 21234}, then we consider AA, and remove elements in (in(4)).

For z;;A,, all terms are not in (in(4)), so this gives us 6k, elements in A,,;.

For z;.jxA,, we remove all terms starting with z;;; or ijk in A,. Let k;ji , be the elements
starting with z;; in A,,. Elements starting with sz in A, are exactly z}gkAn_z. And there are
4 of z;j’s, which gives us 4(k;, — kijx, —k,_) elements in A, ;.

For z1534A,, we only need to consider z1534z;jx -, and there are 4k; , of them. Also, we

need to remove 213342124212, » 21234, 2234234, Which are exactly (almost) z15342;x2ijAn-2,
so we subtract 6k,_,. Furthermore, in the case z;,342734234, We remove 212342234254---

which is not in z1,3427342344,,_>, so we add them back, which are 212342234z§4An_3, so has
k,—3. Therefore, this step gives us 4k;jy ,, — 6k, _5 + k;,_3.

Adding them up, we have
kn+1 = 10kn - ].Okn_2 + kn—3'

Suppose k,,,1 = 11k, —11k,,_1 + k,,_, for m < n, then

kn+l = 1Okn - 10kn—2 + kn—3
= 11kn - 10kn—2 + kn—3 - (1 1kn—l — 11kn—2 + kn—3)
= 11kn - 11kn—1 + kn—Z'

Therefore, M, is a basis for the degree d piece of A(4)". O

6.2.3. A basis for A(B,,)". Based on our observations, we have the following conjecture for
a Grobner basis for ] for arbitrary n, which leads to a conjecture for the set M.

Conjecture 6.8. We use the notation for generators of | introduced previously:

2 2 2
8F2 1= 2Zp — E z;  8cr =262 +2r2G] - E [zeuize + zEZRUi] + 2(k - 1)zZE.
ijCF ieF\E

Let G = Uf‘zlGi, where each G; is given below. Then G is a Grobner basis for | of A(B,,)":

G1 ={gp2 : [F| > 3}

Gy = {zijk&ijk2 — 8ijk2Zijk}

Gs = {gG,r}

Gy = {gruij2XF — ZFui<j&FUij,F}
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Let My be the set of all degree d monomials not in in(G), which is generated by the following
monomials:

x%:lFIZES}

U{xgxr : |G| = |F| > 2}

{
U{Zi<j<kZ]2k}
{
U{

zrui<jzruiXF | [F| <n -2}

Then M, is a basis for the degree d component of A(n)'.

One approach to proving these statements would be to confirm that the set G is indeed
a Grobner basis by considering all S-elements and showing that the condition given in
proposition 2.28 is satisfied. This would be an extension of the argument presented in
theorem 6.5. Another approach would be to show that M, spans the degree d component
of A(n)', and then use the recurrence relation on the Hilbert series to show that this gives
the correct dimension for each d, as in the proof of theorem 6.7.

7. REPRESENTATIONS FOR KOSZUL DUALS OF ALGEBRAS ASSOCIATED TO THE BOOLEAN LATTICE

7.1. Representations for the Koszul dual of Chow(B,,). Data tables for Chow(B,,)":

n=3:
degree irreps
0 mEn
1 H+20m
2 H+ S5H+ 40
3 | 7H+ 19+ 110D
4 |32H+70FP+ 370D

n=4:
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degree irreps

0 T

1 HH+2HP+ 3o

2 E+58Hj+1OEE|+18EFD+11EEED

3 28+ 1160+ 93F + 1541 + 66D

4 | 380+ 1276 + 903+ 14180+ 52311y

One can observe from the representations (in the n = 3 case, for instance) that the graded
pieces Chow(B,,)' do not admit a nice S, action as the graded pieces of Chow(B,,) do. Note
that for this to be the case we would like to have the representation corresponding to each
graded piece to be expressible as a product of homogeneous polynomials. Decomposing
the possible skew representations into irreducibles for n = 3:

E':P:H+2EF‘+IID A =H1+oD

However, Chow(iﬂn)!3 is not expressible as a linear combination of I:':P ;. and 0. As

such, we see that the Koszul dual of Chow(B,,) does not have the same nice symmetry that
Chow(B,,) does.

7.2. Representations for the Koszul dual of colorful(B,). Data tables for C(B,,)":



degree representations

0 o4O
1 H '+
2 3H+2(EF‘+EE|)+4|ID

3 8+ 10(H+H) + 8o
4 360+ 34 (FP+ ) + 3700
5 1280+ 131 (P+ ) + 12800

6 487+ 484 7+ ) + 488D

7 | 18080+ 1812 (H+f) + 1808

n=4:
degree representations
0 111
1 HY+ H+H
2 3+4@3+E'H+EH)+5(EFD+EEF‘+D:E|)+IODID
3 36§+41($+EH+EE)+SO(EFD+EH:‘+D:H)+53EED:|
4 406E+437@:‘+E'E|+EE)+462(E|I‘+EEP+|IH)+496|I|I|
5 4301E+ 4398 7+ £+ ) + 4504 (F 5+ P+ 1) + 45980




degree representations
0 A(5)o
1 A(5)
2 20A(5)g+9A(5); +5A(5), + A(5)3
3 204A(5)g + 162 A(5); + 116 A(5), + 79A(5)5 + 44 A(5),
4 | 3606A(5)+3152A(5), + 2736 A(5), + 2336 A(5)3 + 1965 A(5),

As a remark, the different graded pieces of C(B,,)' appear to be expressible as a direct sum
of the graded pieces of C(B,,). This suggests the following conjecture:

Conjecture 7.1. For A/py and Ay/p, ribbon diagrams, the internal product sy s, *Sy,/u, i
expressible as a sum of ribbons.
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