
 

Monoids Seminar 4 12 2022

chapter 6 The GrothendieckRing

Grothendieckring been free Z module
on basis

Go LM a isomorphismclassesof

fin dimil KM modsfor Ik afield

span
El Calw
o U v Wto

a s e s of
IBMmods

and multiplication via

VI W Vaw

M w MC mew



PROP 6.1 This multiplication is

o well defined
o associative commutative

o makes folk M a ringwith a

poof Well defined since

o U Up Uz
o short exact

so Us 4,7 1433

I Vat
O Vall VIA Vall

70 alsoshortexact

so Va luxon Noy

because exactness is about lkmodules vectorspaces

and V is a free lk module

Associative commutative
because is

upto iso

1 k theintodle whereevery
me M

acts as 1 on Ik

since Iko V E V is a RM mod isomorphism B

7 O V H V



REMARK 2
Everyelement it ZiKi in G km

Iz Vil Eiti
Vi

V W forfin dimil VW

Letting In
M isomorphism classes

of simple lkM
mods s

then recallthat
Jordan Holder

Theorem says

f simples S
e IMM every

kmod V has

a welldefined
compositionmultiplicity

v S
ofcompositionfactorsVi viFS

in any composition
series

O Y V C C K C Y V



PROP 6.2 O U V W TO s e s

v S u S w S Uselman

Pat Replace U with
a submoduleof V

and Wwith Vu upto isomorphisms

and then pick a comp series

o V CV C C Yr C CVE c Y V

asmgp.fr
Tgp
series for VU

Ev s U S Hu S Ba



COROWARY The map G LM 2IrrinM

PROP 6 3 V EV S Jerrym
is an abelian groupisomorphism

no ring statement

and v I vis Is in G lem

Selvam

proof It's a well defined map by

Jordan Holder and PROP
6.2

It's surjective since
S is es Sthstandardbasis

element
onright

It's injective if we believe G which

iseasytoproveby
induction on comp lengthofV

ICKY VEV

Vt I Vt i s Is byinduction D



REMARK Contrast G LM withthe

more subtle representation ring

RIM
free Z module

on basis

V isomorphismclassesof

fin dimil KM mods

owt atop

and similarmultiplication VI W VAW

It has a ringsurjection

Rim G km

NJ NJ

and one has iso classes of

RIM I 2
indecomposable km

mods

using theKnill Schmidt
Thm

Tatickierset

often infinite



6 2 The restriction isomorphism

To understand more about the ring G IlkM

we recast some of the Chap5 results

Recall for an idempotent ee M

we had A s eAe Ge
ring ChefgroupofunitsKM

and a restriction map

A mods ete mods lkGemods

V H ev eve Resew

Prop 6.4 Themap Go 11am
Ie G lkGe

V Lev

induces a well defined ringhomomorphism



Rop6.4 Themap Go11amMsGKae
V Lev

induces awelldefinedringhomomorphism

PI Reset is exact PROP 4 2

o U V W o s e s

N
o ell ell ell o s e s

because eV HomaAED
46 Y

a projectiveA
module

So it induces awell defined
abeliangp

homom

To see it respects
multiplication check that

inside VOW one has e Vow ev xo en

E Bydef n e von ev en e eView

2 er ew elev ew e e Vow

Lastlynote it maps Igum Goliad

Rese Illam elk k
age a



GOAL Compile these Reset maps into a

direct sum isomorphism G Ibm G lkGe
i

Recall for a KM simple S

that an idempotent
e EM was called an

apex for S
if ef always1kgsimple

butevery me Ie
eMe Ge

tape Es

has m5 0

PROP 5.4 He is an apexfor S then

i meM m 5 03 Ile f ImeM e Mmm

MeMETMmm

ii Another idempotent
f e M is an apex

for this same S o e

ng
f

ie MeM MFM



THEOREM 5.5 M a finitemonoid IK a field

i F a bijection
S e Imam I Irr lkGe
with apex e

s Es es

sockoindgey Vt V

top hedges

ii EveryKM simple
S has an apex e

unique up to J equivalence byProps4 in

iii f kGésimplesV everycomp
factor

of wind V hasapex f withMemeMFM

or indeed

my wig ampwww.qq eIggy
ng

DON'TNEED ButhelpfulforExercise6.1



Sonow we order a set of idempotent
E i C 2 es

representing the regular J classes of M

insisting that if Me
Me MeiM then j si

Then put a consistent
total order on

If Ink Ge and use thebijection from

TH m 5.5 to give the
same order on Irr M

TH M 6.5 Withthis set up one has a ringisomorphism

G HM Il G lkGe
Ev Lil less

which is lower unitriangularly expressed
in

our ordered 2 bases for G LM

and IIGo lkGe



proof We saw each Rese Cites lev

is a ring map
so this Res is one also

If W It W
A A

Imam IrrllkGe

withapexej

then we know gWE
W

andPROP5.4 i said Ile meM mW

meM Mem Mmm

so eiW 0 unless Meg.MEMeM

jei
Hence

ResWH Elena
Lejw I 2 few V LV

y
i i j VetrillkGe By

unitriangular



EXAMPLE 6.7

Tn full transformationmonoid
allmaps f ng in

J class of f is determinedby im f

and all I classes regular rep'dby idempotent
en la e f 1

n I 1 1 1 71

3
72 2 72

3 3 73

with Ge I Sr symmetricgroup
on r letters

ester

having IkGe simples for
char k o

given by Spechtmodules Sa a tr



Thematrix L expressing our map
G KT IIGoCkGe

G lies xGollks xG lies

is

sit sit sit sit sit sit

if O 1

a 1
if

O 1
I

p O 1 1 0 1

1 0 1 0 0 1



5 My 3 If atty

Sr Ce n'vIs i
a n o I

where
1 if M f r and a rFTIformer

because THM5.9 said

Ept N V
whereFleek Ex 0
withapex er

andemA u Spa for me

1 if
y

and af is
a horizontal 17.7
strip w Hu

becauseCor5.13 said for Osr en MI DE
r

St KI yes Su fifth
on

injective
maps rt In E SmDxMg.gs

Steps

1

andemSt SmallSmr asSmreps



Back to more generalities

6.3 ThetriangularGrothendieckring

DEF N

GRIM Span LS S e lmao disks i

a K submoduleof Go km

butalso a subalgebra since dims
dint 1

dim Sot 1

Hiscallthetriangular Grothendieckring
becauseof

LEMMA 6.8 A KM modV has

NJ e G KM V is triangularizable o ble

F abasis vi for V inwhich

every meM
actstriangularly

V v2 Un

IEEE



proof If V is a blebybasis ri then

I spancalves vi gives a 1kmmod
filtration

O V C V C c Un ca V with

factors Vi Vi that are l din l so simple

and henceV3 e G km

Hely if V e Goo km then any

comp series for Vgives
atriangularzingbasis

COROLLARY 6.9 VW D able VIN A able
and Ik is A able

proof VWo able
LU IWI e G km

VLIW Now e G km

VOW A able B



6.4 The Grothendieckgroup
notring ofprojectives

Recall a projective KM
mod P is one with a

a lifting propertyforsurjectons W is o

Equiralenty P is a direct summand of a free

KMmodule RM
I Pop for some

P

DEIN Ko Ibm

free Z module
on basis

P isomorphismclassesof

fin dim lprojective
KM mods

popi 63 61

Since P projective and P POR imply
P P projective Kollkm will be Z spanned

by f for indecomposable projectivesPi



Butthe Kent SchmidtTheorem says that

in any decomposition
P Pi

5 1

into indecomposable 1km mods Pi

the multiset of isomorphismtypesof thePi

is the same Sothis shows

Ko km I 2
is L'S pHates P

Also as beforeevery
element in Kollkm can

be written as LP Q with P Q projectives

and one can unite the
t operation as

P Q LP Q POP QQ

REMARK P Q projective Po Q projective

in general

so there is no ringstructure
on Ko km

comingfrom in general



Since direct sums
P Q also give a s e s

O P Pt Q Q o

one has a well defined K modulemap

Co2
Cartan

K Akm G km

PT P ICP S LS
Se In M

Recallingthat there is a bijection
iso classesof

indeump proj I
to classesof

simple 1kmmodsSi
KM mods Pi

Pi to top Pi Pi radar

Edt PLS
I Si

one has corresponding 2 bases for Kollam Golkar

and thematrix for C above inthosebases
is calledthe Cartan matrix

I amethodforcomputing it

comes in 7.5



Since o U V W o se s

I HomemCP forPprojective

o Hom CP4 HomafPV Hom PWho s.es
1km

getwell defined CP functional on Golkar

EP LV digHomalPV

Andsince IP001,017dm
tygfg

HomQu

IP NJ CQ CVD

it becomes a welldefined 2 bilinearpairing

Kollar x Golkar s Z

CP LV CBN



One can reformulate it for a proj indecomposable

Pi Afi for some idempotent fie A KM

Pil Cut din Homa Pi V

din Hom Ati V

dim fir
V S where SitopR

y

Ifk is algebraicallyclosed requireswork
seeWebbchap

Inparticular EP LS Pi S Si

so Pi in and Sj j r

are dual Z basesfor

Kolka and G km
withrespect to 7


